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Abstract

In this work, we propose the design and the analysis of a novel hybrid high-order (HHO) method
on unfitted meshes. HHO methods rely on a pair of unknowns, combining polynomials attached
to the mesh faces and the mesh cells. In the unfitted framework, the interface can cut through
the mesh cells in a very general fashion, and the polynomial unknowns are doubled in the cut cells
and the cut faces. In order to avoid the ill-conditioning issues caused by the presence of small
cut cells, the novel approach introduced herein is to use polynomial extensions in the definition of
the gradient reconstruction operator. Stability and consistency results are established, leading to
optimally decaying error estimates. The theory is illustrated by numerical experiments.
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1 Introduction

The meshing of complex domains or of internal interfaces is an important bottleneck in the large-
scale computation of solutions to partial differential equations. It is well-known that, for standard
finite element methods, the mesh must match the geometry sufficiently well, or accuracy will be lost.
This is particularly important for high-order methods. Recently, many methods have been developed
aiming at simplifying the meshing procedure by allowing for a larger set of geometric shapes for
the computational cells. Examples of discretization methods supporting fairly general polygonal (or
polyhedral) cells are the discontinuous Galerkin (dG) method [25, 20], the virtual element method
(VEM) [8], and hybrid nonconforming methods in various flavors, such as the hybridizable dG (HDG)
method [22], the weak Galerkin (WG) method [37], the nonconforming VEM (ncVEM) method [2]
and the hybrid high-order (HHO) method [26]. The tight connections between HDG, WG, and HHO
methods are highlighted in [21]. These three methods are formulated by means of degrees of freedom
(dofs) both in the bulk of the elements and on the element faces, whereas dG methods only use bulk
dofs. Using face dofs leads to advantageous properties, such as the elimination of bulk dofs by static
condensation and the absence of minimal threshold to weigh the stabilization.

Nevertheless, difficulties remain when using hybrid nonconforming methods in the presence of
curved boundaries or interfaces, whereas the treatment of cells with curved faces in dG methods is
more straightforward. One possibility is to enrich (with non-polynomial functions) the set of unknowns
on curved faces, as in [38] for HHO and in [9] for ncVEM. Another possibility is to work with mesh
cells having flat faces, but to build the geometric representation directly into the discretization, in such
a way that solution accuracy is not lost although the mesh does not respect the geometry. This idea
has been developed first in the framework of unfitted finite element methods. These methods originate
from the penalty method [3, 6] and were further developed for conforming FEM in [5]. Combining
the ideas of unfitted FEM with Nitsche’s method for interface problems led to a consistent unfitted
finite element method for interface problems in [28]. These ideas were then generalized to include much
more complex coupling problems including PDEs on surfaces and multiphysics coupling, leading to the
cutFEM framework [15]. Unfitted methods have also been considered for dG [7, 31, 34], HDG [23, 35],
and HHO [18] methods. A crucial problem for unfitted methods is to handle the instabilities that
can occur for certain intersections of the mesh and the interface. In the cutFEM framework using a
conforming approximation in each subdomain, this is solved by the addition of certain stabilized terms
[13], whereas in dG methods, which are much more flexible with respect to cell geometry, this can be
solved by cell agglomeration [36, 31]. This technique can also be used in the context of conforming
finite elements [4] (therein called aggregated FEM).

In the present work, we continue the development of unfitted HHO methods. The combination of
cell agglomeration and a local weak coupling derived from the HHO framework has been successfully
applied to elliptic interface problems [14], incompressible Stokes flows [16], and wave propagation in
heterogeneous media [17]. Nevertheless, if these methods have to be integrated in an existing HHO
code, the cell-agglomeration procedure becomes a disruptive element since it requires modifying part
of the mesh in the interface zone. It is often desirable to keep the underlying mesh fixed and modify
instead the algebraic structure of the bulk unknowns. One technique that fits this purpose is the idea
of polynomial extension from interior elements to stabilize the method. The idea was first introduced
in the context of Lagrange multipliers [29] and then using Nitsche’s method for finite element [33, 19],
isogeometric [12] and VEM [11, 10, 30] methods. The purpose of this work is to develop and analyze
this technique for hybrid nonconforming methods, focusing on HHO methods. Owing to the close links
between HDG, WG, ncVEM and HHO methods, the present results are relevant to the development
of these other methods as well. Moreover, we focus on elliptic interface problems, but observe that
elliptic problems posed on curved domains can be handled by the same techniques.



Let us briefly outline the main idea. Recall that a central ingredient in HHO methods is a local
gradient reconstruction from the local cell and face unknowns. The stability and consistency properties
of this reconstructed gradient crucially hinge on a discrete trace inequality on the normal derivatives
at the cell faces. In the case of ill-cut cells, the constant in this inequality degenerates. One remedy,
explored in [18, 14], is to use cell agglomeration around ill-cut cells. This procedure produces an
aggregated mesh solely composed of well-cut cells, whose size is close to that of the original mesh.
The remedy explored herein is to use the cell and face polynomials of ill-cut cells in the gradient
reconstruction of a neighboring well-cut cell. With this approach, the mesh cells remain unmodi-
fied, but the stencil associated with the gradient reconstruction operator is slightly extended. The
main question is then whether the reconstructed gradient maintains the above stability and optimal
approximation properties. The proof of these properties is by no means straightforward and is the
main contribution of this work. Interestingly, the main analysis tools (discrete trace inequality and
polynomial approximation) are of independent interest.

This work is organized as follows. In Section 2, we introduce the model problem. In Section 3,
we present the unfitted HHO method stabilized using polynomial extensions. The stability and error
analysis of the method is covered in Section 4. Numerical results are presented in Section 5. Finally,
the proofs of the analysis tools (discrete trace inequality and polynomial approximation) on unfitted
meshes is outlined in Section 6.

2 Model problem

Let Q be a polyhedral domain in R?, d € {2, 3} (open, bounded, connected, Lipschitz subset of RY),
and consider a partition of € into two disjoint subdomains £ = Q7 UQ, with interface I' := 9Q71 N9y,
as illustrated in Figure 1. For all i € {1,2}, we set 7 := 3 — i, so that 2\ Q' = Q*UT. For simplicity,
we assume that the interface I' is of class C? and that it does not touch the boundary of Q. The unit
normal vector nr to I' conventionally points from 1 to Q9. For a smooth enough function v defined
on 5 U Qy, setting v; := vlq, for all i € {1,2}, we denote its jump across I' as [v]p := v1|r — ve|r.

nr

Qs

Fig. 1: Model problem

Our goal is to approximate the solution u € H'(Q; Us) of the following elliptic interface problem:

—V-(kVu) = f in Q; UQo, (1a)
[ulr =9p onT, (1b)
[kVulr-np =gy onT, (1c)
u=20 on 012, (1d)

with f € L?(Q), gp € H %(F) and gy € L?(T). For simplicity, we consider a homogeneous Dirichlet
boundary condition on 92 (see (1d)). We assume that the diffusion coefficient « is scalar-valued and
that x; := k|q, is constant for each i € {1,2}. To fix the ideas, we assume that k1 < k3. Our analysis
covers the strongly contrasted case where k1 < k9. We emphasize that it is the property k1 < ko



that fixes the numbering of the subdomains, and not the fact that one of them touches the boundary.
Thus, the numbering in Figure 1 is only illustrative. We also notice that the above assumptions on I"
and x can be lifted with additional technicalities.

The weak formulation can be written as

Find v € V,

9pD>

a(u, w) = L(w) Yw € W, (2)

with V, == {v € HY(Q U Q) | [v]r = gpon T, v = 0on dQ}. Notice that Vo = HI(Q). The
symmetric bilinear form a and the linear form ¢ are defined as

a(v,w) = Z ki(Vvi, Vw;)q, (3a)
ie{1,2}
L(w) := (f,w)a + (g5, w)r. (3b)

Here and in what follows, for a measurable subset S C €2, we denote by (-, -)s the L?(S)-inner product
with appropriate Lebesgue measure and by ||-||s the corresponding norm. We notice that, in the weak
formulation (2), the jump condition (1b) and the boundary condition (1d) are enforced explicitly in
the definition of the functional space Vj,,, whereas the jump condition (1c) is enforced weakly (i.e.,
results from the weak formulation).

3 Unfitted HHO methods

In this section, we present the unfitted HHO method with stabilization of ill-cut cells using poly-
nomial extensions.

3.1 Unfitted meshes

Let 73 be a mesh that covers 2 exactly. A generic mesh cell is denoted T' € Ty, it is considered to
be an open set, hp denotes its diameter, and np its unit outward normal. The mesh size is defined
as h := maxpecr, hp. For all T € Ty, its neighboring layers A;(T') C 7; are defined by induction
as Ao(T) := T and A;(T) := {T’ ETh|T'NA_(T) # (Z)} for all j € M. In what follows, we use
J € {1,2}. To alleviate the notation, we set A(T) := A(7T"). We make the mild assumption that, for

every mesh cell T' € Ty, its convex hull, conv(7T), satisfies
conv(T) C A(T). (4)

For instance, this assumption trivially holds true if all the mesh cells are convex sets, and it remains
a reasonable assumption if the mesh cells are nonconvex. One can also assume more generally that
conv(T") C Ap,(T') for some fixed integer ng.

The mesh 7}, is typically composed of cells having a simple shape (although this is not a necessary
assumption); in our illustrations, we consider a structured mesh composed of squares. Quite impor-
tantly, the mesh 7}, is not fitted to the interface I', so that I' can cut arbitrarily across any mesh cell.
For all T € Ty, we set TV := T NT and T% := T N Q' for all 4 € {1,2} (some of these sets may be
empty). The first obvious partition among the mesh cells is between uncut and cut cells. Moreover,
among cut cells, we distinguish between well-cut and ill-cut cells. Specifically, we fix a parameter
¥ € (0,1) and say that a cut cell T is a well-cut cell if, for all i € {1,2}, T* contains a ball of radius
Yhp, whereas T is an ill-cut cell if this condition fails. It is shown in [18, Lemma 6.2] that, it the mesh
size h is small enough (with respect to the curvature of the interface) and the parameter ¢ is small
enough (with respect to the shape-regularity parameter of the mesh), then, for every ill-cut cell, the



above condition fails on one and only one side of 1. In what follows, we assume that this is always
the case. The above considerations lead to the following partitions:

77L — ﬁluncut U 7;lcut7 7-ffut — EOK U 771KO7 (5)

where T,"% collects the uncut cells, 7, the cut cells, ThOK the well-cut cells, and ThKO the ill-cut
cells. Setting 7;! := {T' € T, | T C } for all i € {1,2}, we have T,**"* = T, U T,2. For every
T € Tyoent we define «(T) € {1,2} as the index such that T € 7;;(7“). Moreover, for all T € TXO,
we define «(T") € {1,2} as the index for which the above ball condition fails. We then consider the
partition 7;IKO = 771KO’1 U 771KO’2, where T' € 771Ko’i if «(T") = i. In conclusion, a mesh partition that is
finer than (5) is

T = 7711 U 7712 U EOK U EKO,I U EKOQ . (6)
Tﬁlncut :,7—hcut

Fig. 2: Left: Illustration of the different types of cell in the unfitted mesh. Right: Zoom on the local degrees of
freedom in a cut cell T € T,°K; here, the approximation is affine in the sub-cells and constant on the sub-faces.

The polynomial extension technique we propose relies on a pairing operator, which maps every
ill-cut cell T € TXO to an uncut or a well-cut cell that belongs to the neighborhood A(T'). We denote
the pairing operator as A" : T,K© — Tj,, so that we have

N:TEO 38— T e (TRUTPRUTEO) NA(S), i:=uT). (7)

Letting N := N| xo. for all i € {1,2}, we have more specifically
h

N TR0 3 8§ T e (TR UTPRUTEO N A(S). (8)

KO,i

We notice that the set 7, can be partitioned as follows:

TEO = NTUTH UNTHTEY UNTH TR, vie {1,2). (9)

The pairing operator is essentially the one constructed in [14, Algorithm 1]. One difference, however,
is that after Step 3 of this algorithm, we need to add an additional Step 4 performing the same
operations as in Step 3, but for any mesh cell in 771KO’2. One way of proceeding is to set Na(T') := S,
whenever T := Ni(S) € EKO’Q for some cell S € 7;LKO’1. Thus, the well-cut part of S in Q9 will be
used for T', and the well-cut part of T in €27 will be used for S. The reason why Step 4 is not needed
in the context of cell-agglomeration is that by agglomerating 7" and S in Step 3, T does not require
any further stabilization. An illustration of the pairing operators A7 and N5 is shown in Figure 3,
and two concrete examples are displayed in the central column of Figure 5 below. Notice that it may
happen that some cells in 7,°K are in the image of both A7 and Nb.

The mesh faces are collected in the set F, and we set Fi := {F € F,, | F C ;} for all i € {1,2}.
For every mesh face F € F} := Fj, \ (F} U F?) cut by the interface I', we define its two sub-faces
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Fig. 3: Pairing operators N7 and A5 acting on the ill-cut cells.

as F' := FNQ; for all i € {1,2}. For all T € Ty, For is the collection of mesh faces composing the
boundary 0T. Moreover, for every cut cell T' € ’ROK U ’ELKO, recalling that 77 = TN T, the boundary
O(T?) of the sub-cell T is decomposed as

AT := (T uT", (A7) =0T N(Q\I'), Vie{1,2}. (10)
To unify the notation, for every uncut cell T € 7;' with i := +(T') € {1, 2}, we set (recall that 7 = 3 —1)
T =T, T':=0, (O7):=0T, (A7) :=0, T' :=0. (11)

Finally, for all T € T, and all i € {1,2}, the (possibly empty) set Foryi := {F' = FNQ; | F € Faor}
is the collection of the (sub-)faces composing (9T)".

3.2 Unfitted HHO spaces

HHO methods utilize polynomial unknowns attached to the mesh cells and to the mesh faces. We
consider here the mixed-order HHO method, where the degree of the face unknowns is &k > 0 and that
of the cell unknowns is (k+1). For the motivation of using a mixed-order setting, we refer the reader
to [18, Remark 4.1].

For every uncut cell T € 7;3, i € {1,2}, the local discrete HHO unknowns are a pair composed of
one cell polynomial and a collection of face polynomials (one for each face of T'), so that

g = (ur,ugr) € Up := P**Y(T;R) x P(Fop;R), PF(For;R):= X PF(F;R).  (12)
FeFyr

Here, P**1(T;R) (resp., P¥(F;R)) consists of the restriction to T (resp., F') of scalar-valued d variate
polynomials of degree at most (k+1) (resp., (d — 1)-variate polynomials of degree at most k& composed
with any affine geometric mapping from the hyperplane supporting F' to R¥1). For every cut cell
T e EOK U EKO, following [18, 14], we double the HHO unknowns so as to have the usual unknowns
available in each sub-cell, except on T' where there are no unknowns. Thus, the local HHO unknowns
in every cut cell are

’l)T = (ﬁT1,ﬁT2) = (uT17u(6T)17uT27 U(aT)Q) S Z;{\T = Z;[\Tl X Z;l\TQ, (13)

with Ups == PEFHL(T7) x PE(Fgrys) and PR(Fropyi) = X pie o PE(F?), for alli € {1,2}. To unify the

notation between cut and uncut cells, we write 47 in the same format as in (13) for every uncut cell

as well. Thus, we write 4r := (ur,usr,0,0) for all T € T;} and 47 := (0,0, ur, ugr) for all T € T;2.
The global HHO space on the unfitted mesh is

Z:Zh = Z/l7-h1 X MJ_—% X UThz X Ufz, (14)

6



where

Ui = X PMYTSR), Ug = X PH(F%R), Vie {1,2}. (15)

TET, FEF,

To enforce the homogeneous Dirichlet boundary condition on 02, we consider the subspace LA{ho =
Ut X Upig X Ur2 X Uz, where Uz and Uz are the subspaces of Uz and Uz, respectively, where
all the unknowns attached to faces located on 0f) are set to zero. Recall that only one of the two
subdomains §2; touches the boundary, so that, in practice, only one of the two face spaces is modified
to account for Dirichlet conditions.

3.3 Local reconstruction operator

The local reconstruction operator is a central tool in the devising of HHO methods. Recall that,
in the fitted case, one possibility (see [1, 24]) is to consider, for all T € Ty, the operator G& : Up —
P¥(T;R?) such that, for all 47 = (ur,ugr) € Ur and all g € P*(T;RY),

(G5 (ar), @)1 == (Vur, @) + (uor — ur, ¢-nr)or. (16)

In the unfitted case, the idea proposed in [14] is to reconstruct a gradient in each sub-cell T%. Thus,
one defines a pair of local operators Gl%i : Ur — PE(THRY), i € {1,2}, such that, for all a7 =
(upr, uaryr, ur2, upry2) € Ur and all q € PF(T% RY),

(Ghi(ir), @)i == (Vugi, @)ri + (wory — uri, gnr) o) — 6i([urlr, ¢nr)qr, (17)

with Jur]r := upi|pr — ug2|pr and 6;1 denotes the Kronecker delta. Notice that the two gradients are
reconstructed independently, but G?l depends on the cell components on both sides of the interface
owing to the last term in (17). This term is only present when i = 1 because we assumed x; < k2 (to
fix the ideas, otherwise the term is present only when ¢ = 2). As discussed in [14, Section 2.5], this is
instrumental to achieve robustness of the error estimate in the highly contrasted case k1 < Ko.

Owing to the use of polynomial extensions in the present work, the stencil of the local gradient
reconstruction operator needs to be extended. Indeed, on a given mesh cell T € T, this operator
now involves the local cell and face unknowns in 7' (as before), but also the cell and face unknowns
of the ill-cut cells S € N7L(T) (those are the cells S € T;, such that there exists i € {1,2} so that
Ni(S) =T). Therefore, for all T' € Ty, we introduce the notation

@y = (ur, (Us)sen-1(ry) EUY =Upr x X Us. (18)
SeN—1(T)

We can now define, for all T' € 7Ty, the local gradient reconstruction operators Gk, - ﬁgﬁf —
Pk(T%; R%), for all i € {1,2}. For a polynomial q € P¥(T% R?) with i € {1,2}, ¢* denotes its extension
t0 T UUgen1 () S Then, for all @7/ uy,

i) If T € T,2nut we set, for all g € P*(T%R?) with i := «(T),

(GE (), @)7i == (Vugs, @)7i + (ugary — uri, @n1) o7y
+ Y { sy —us atms) sy — du(luslr gt mr)srf, (192)
SeN;H(T)
GE.(a)) =0, (19D)

where the summation over S € N *(T) is void if T is not in the image of Nj;

7



(a) T c 7thncut

Fig. 4: Local stencil for gradient reconstruction operator

i) If T € T,0K, we set, for all i € {1,2} and all g € P¥(T%R9),

(G (@)), @) = (Vugs, @)ri + (wory — wri, @nr) oy — 0 ([urlr, gnr)r
+ ) {(“(aS)i —ugi, g ns)gs) — 0in([us]r, q+'nr)sr}; (20)
SeN;HT)
i) If T € T,KO, we set, for all § € P*(T%;RY) with i := «(T),
Glf_-?wz (ﬁé\“/’) = V’LLTi, (21&)
(GE:(27), @) s == (Vurs, @)p + (wor)y — urs, @nr)ory — 0 ([ur]r, gnr)pr

+ Z {(U(as)i — uSi,ﬁ—i_-nS)(aS)i — (551([[US]]F,§+-’I’LF)SF} . (21b)
SeNH(T)

Since the discretization method is formulated on the mesh sub-cells, we consider the collection
thereof, which is conveniently described as a subset of the product set 7, x {1,2}. Specifically, we set

P = {(Tu(T) | T € ™Y U{(T, 1), (T,2) | T € TPXYU{(T,2), | T € T,*0,i = u(T)},
(22a)
PRO = ((T,i) | T € TEC,i:=(T)}. (22D)

Notice that Py, := PP UPKO is the collection of all the mesh sub-cells. As a consequence of (9), the
subset PKO can be enumerated as follows:

PiO ={(8,0) € Py | S € N[ H(T), (T,i) € PP5}. (23)

The above notation allows us to rewrite in a synthetic form the formula for the gradient re-
construction while avoiding the proliferation of cases. Indeed, one readily sees that the formulas
(19a)-(20)-(21b) are equivalent to setting, for all (T,i) € POX, all @)l € Uy and all g € PF(T%RY),

(GE(@)), @)7i == (Vugs, @)7i + (ugory — wri, @nr)ory — 6 ([urlr, gmr)gre

+ ) {(U(as)i — ugi, g ns)os) — i ([us]r, q+"nr)sF}» (24)
SeN;H(T)



where the summation over S € N, }(T) is void if T is not in the image of N;. Moreover, (21a) means
that, for all (T',4) € P,Ifo, we set
GE. () := Vg (25)

For all (T,1) € PPX, it is convenient to define the discrete lifting operator L%, : L2(T) —
Pk(T1;R?) such that, for all g € L(T') and all ¢ € P¥(T1;R9),

(L5i(9). @)1 = (g, qmr)er + Y. (9,97 nr)gr. (26)
SeNTHT)

It is also convenient to define on I' the function given by the jump of the cell components of a
discrete HHO variable. Specifically, we define the function [u7, |r on T’ such that, for all 7' € T,,
[uz Ir := upt|pr — upz|pr. Then, for all (T,i) € PPK, we can rewrite (24) as follows:

(G (g ) + 6 L ([ug, Ir), @) i := (Vugi, @) 7 + (uiory — tpi, @nr) oy

+ Y (ugsy — usi, @ ng)as)- (27)
SeN;H(T)

3.4 Stabilization

We consider three local stabilization bilinear forms. The first one is the usual HHO stabilization
bilinear form in the mixed-order setting (in the spirit of the HDG Lehrenfeld—Schoberl stabilization
[32]). Its role is to weakly enforce the matching between cell- and face-based HHO unknowns on the
sub-faces of the mesh sub-cells in each sub-domain. For all oy, Wy, € Z/Alho, we set

si (o, n) = Y wihp (Wi (vri) = varyi Wapys (wri) = wory ) oy, (28)
(Ti)ePy,

where H’gaT)i denotes the L?-orthogonal projector onto P¥ (.F(aT)i; R).

The second stabilization bilinear form is the same as the one introduced in [18, 14] to control the
jumps across the interface I'. Specifically, we set, for all 0y, W, € Upg,

sh(0p,0p) ==Y k1hg ([or]r, [wr]r)r. (29)
Teﬁut

The third stabilization bilinear form is specific to the present setting using polynomial extensions.
Its aim is to provide some control on the cell components in ill-cut cells. Specifically, we set, for all
Op, Wi, € Unp,

s';Lv(@h, Wy) = Z Z nihgl(vsi — v}ri,wsi - U);:i)(as)i, (30)
(Ti)ePPK SeN(T)

where the superscript * denotes the extension of a polynomial originally defined on T¢ to T% U

USGM—l(T) SZ.
Putting everything together, we define, for all oy, Wy € Upg,

S (O, W) = 5 (0n, 0n) + 5k (On, Dp) + 57 (On, D). (31)
3.5 Discrete problem

The global discrete problem reads as follows: Find 4y, € LA{hO such that,

ap (T, wp) = £y (p)  Vidy, € U, (32)



where the bilinear ay, is defined as follows: For all vy, Wy, € Zjlho,

an(On, Wp) 2= bp(On, Wp) + sp(0n, W), (33)

with

(in i) = Y (G0, G (31)
(T,i)ePy,

Moreover, the linear form ¢;, is such that, for all wy, € Z/Alho,

Ch(@p) = Y (frwpi)pi+ ) {(gNawTQ)TF +’€1h:F1(9DaﬂwTﬂF)TF}

(Ti)ePy, TeTm
- Y mZha(gp), Gha(07))p, (35)
(T,1)ePPX

where the lifting operator L’%l is defined in (26). Notice that, in the discrete problem (32), only the
Dirichlet boundary condition is enforced explicitly (on the face unknowns located on the boundary
09Q), whereas both jump conditions across the interface, (1b) and (1c), are enforced weakly. We notice
that cell unknowns can still be eliminated from (32) by static condensation. Whenever N ~1(T) is
nonempty for a mesh cell T € 7, all the cell unknowns attached to T"U Ugepr—1(7) S are blocked
together.

To prepare for the consistency error analysis, we state a useful result on the discrete bilinear and
linear forms.

Lemma 3.1 (Consistency: preparatory identity). Let u be the weak solution to (2). Let 9y € Upg be
arbitrary and set

JT,Z- = Gl%l (@T ) + 52'11-/!}1([[14]1“) — Vui\Ti, V(T, Z) € P, (36&)
01,50 = {GE(0)) + 6 Ly ([ulr)} i — Vuilgi,  Y(T,i) € PO¥, vS € N7 H(T), (36D)

where, consistently with the notation introduced above, the superscript ¥ applied to a polynomial in
Pk (T% R%) indicates its extension to T* U USGN_A(T) St. Then, the following holds for all Wy, € Uy,

ap (O, p) — Lh(dp) = Y ki(81,5 Vwri)ps
(T3)ePy,

+ > ’ii{(éT,i'nT,w(aT)i —wri) @7y — Git(dr1-mr, [wr]r)pr
(Ti)ePPK

+ Y. {(0rsins, wosy — wsi) sy — i (01,5100, [[ws]]r)sr}}
SeNT(T)
ofn Nin  o» 1
+ 53, (O, W) + s, (O, Wp) + Z kihy ([vr — ulr, [wr]r)pr. (37)
TeTm

Proof. (1) Recalling the properties (1a)-(1c) satisfied by the exact solution and the definition (35) of
the linear form ¢, we infer that, for all @y, € Upo, Ly (W) = Ly + Lo + L3 with

Ly := Z —(V(HZV’U,Z), wTi)Ti + Z ((RlV’Ul - HZV'UQ)'”F:U)TQ)TF?

(T)EP TeTMm
Lyi= Y sy (el [wrlo)ee,  Lsi=— Y mi(Lga([ulr), Gha(@p)).
TeTm (T,1)ePPX
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Integrating by parts and re-organizing the boundary term on I' (recall that n1 = —np2 = np) gives

Z —(V-(mNui),wTi)Ti = Z Hi{(vuz‘, vai)Ti - (Vui'nT,wT@-)(aT)i}
(T,i)ePp, (T,i)eP,

— Z {(51VU1'TLF,’UJT1)T1‘ - (KIQV’U/Q‘TLF,'LUTQ)TF}.
TeTm

Since Vu; is single-valued on (97)* N €2; and w(gry: vanishes on the mesh boundary faces, we obtain

Z —(V-(ki V), wpi)pi = Z kil (Vui, Vi) pi + (Vuine, wery — wri) oryi }
(Ti)ePy, (Ti)ePp,

— Z {(/{1Vu1-np,wT1)Tr — (K/QVUQ‘TLF,U)TQ)TF}.
TeTm

Therefore, we have

L1 = Z mi{(Vui, V’UJTi)Tz' + (VUZ‘-TLT, U)(@T)i - wTi)(aT)i} - Z ml(Vul-np, [[’U)T]]F)TF.
(Ti)ePr TeT,Mmt

A rewriting of the last term on the right-hand side gives

L= Z Iii{(V’ui, vai)Ti + (Vul--nT, WT)i — wTi)(aT)i - (5i1(Vu1-np, [[U)T]]F)TI‘}.
(TR)ePy,

We now use the enumeration formula (23) for the pairs (7',7) € P,Ifo. This gives

Ly = Z ﬁi(Vui, V'LUTi)Ti
(T0)ePy,

+ Z /ﬁi{(Vui-nT, UJ(aT)i - ’LUTi)(aT)i - 52'1 (Vul-np, [['LUT]]]")TI‘
(T,i)ePPK

+ Y {(Vuins, wpsy — wsi)os) — u(Vm-nr,[[ws]]r)sF}}-
SeNTH(T)

(2) For all ©), € Uy, setting Yri = G% (o) + 8Lk ([ur) for all (T,4i) € POX and Yri =
GE. (o)) for all (T,4) € PXO, and using the definition (34) of the bilinear form by, we infer that

bn(Onytin) — La = Y miGR(07), Ghi(a )i+ > k(L ([ulr), G (07)

(T3)EPy, (T,1)ePPK
= Z Ki (Y105 G} (@7)pi + Z Ki (Y105 G} (@5) .
(T,i)ePOK (T,i)ePRO

Using the definitions (24)-(25) of the gradient reconstruction operator and since v7; € P*(T% R?) for
all (T',i) € Py, we obtain

bh(Op,on) = Y ki(vp s, Vwp:)pi
(Tvi)eph

+ > /‘éi{(’YT,i'nTﬂv(aT)i —wri)@ryi — it (yp1mrs [wr]r) e

+ Y {(vdims, wos) — wsi) sy — 0in(v§,-nr, [[ws]]r)sf}}-

(3) Combining the identities from Steps (1) and (2) and recalling that a;, = by, + s;, completes the
proof. ]
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4 Stability, consistency, and error estimate

In this section, we perform the stability and error analysis for the unfitted HHO method introduced
in the previous section. We use the convention A < B to abbreviate the inequality A < C'B for positive
real numbers A and B, where the constant C only depends on the polynomial degree, the mesh shape-
regularity, the parameter ¥ used in the definition of the pairing operator, and the space dimension.

4.1 Analysis tools

In this section, we present the main tools to perform the error analysis. The proofs are postponed
to Section 6. For all (T,i) € P,?K, the superscript T is used here to indicate the extension of a
polynomial originally defined on T to A(T) (recall that T'U Usen—1() S C A(T)).

Lemma 4.1 (Discrete inverse inequalities). The following holds for all (T, 1) € P;?K, all ¢ € PY(T%R),
and all £ >0,

1
> {llotls +h2le* losyusr | S lollze, (382)
Se{TYUN(T)
_1
Y hgt Il =g (M)l es) S IVl (38b)

Se{TYUN(T)

For all s > 0 and all i € {1,2}, let Ef : H*(Q;) — H*(R?) be a stable extension operator. For all
v € H(Qy UQy) with s > $ and all (T,i) € PYX, we define

IF (vi) = T (B (v)) s € PHH(TR), (39)

where H?H denotes the L2-orthogonal projection onto P*¥1(T;R). (Notice that the operator Iéf,fl
depends on the Sobolev index s, but this dependency is not tracked to simplify the notation; notice
also that the extension operator is not needed if T' is an uncut cell.) Let us set

1
eri(vi) = > {Hw — I () T llgs + h2llvi — IR (vs) Tl s
Se{TYN; ! (T)
3
+ hg||V(vi — I (0) )|l go + W2V (vs — fﬁl(w)ﬂll(asy}- (40)

Lemma 4.2 (Approximation). For allv € H*(Q UQs) with s € (3,k + 2] and all (T,i) € PP, we

have
eri(vi) S hplE; (Vi) s am))s (41a)
1
> 2l = I () Iellse Shs > 1B (0)|ms(asry) (41b)
Se{T}uUN; (T) i€{1,2}

where v — Iéi‘*‘l(v)*]]p\sr = (v1 — Ié‘i}*'l(vl))\sr — (vg — I;;’—l('l)g))‘sr.
4.2 Stability and well-posedness

We introduce the following norm on ﬁhgz For all vy, € ﬁhg,

lonllio == D= wall Vors 3 + [8al3 + sh (0n. 0n) + 53 (0n. 0n), (42)
(Tvi)E,Ph
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where
~ 12 -1 2
2= 3w lvory — vrlZ, (43)
(Tvi)GP}L
and the stabilization bilinear forms are defined in Section 3.4. We observe that in general |y,|? #
sy (0p, 0p,) since the cell component is projected when evaluating the latter. Furthermore, we notice
the following rewriting:

lonlfo = > wi{lIVorlide + bz lvry — vrellfory + ik I [orlele }
(T,i)G'Ph
+ ) > “ih?”@}si—v;ﬁﬁasya (44)

(T)ePPK SeN(T)

where (we recall that) v, denotes the extension of the polynomial vz: € PEHL(T%R) to T'UU SeN—1(T) S,

It is straightforward to verify that (42) defines a norm on Uno. Indeed, if 9y, € Uy satisfies 0% ||ho = 0,
then all the cell unknowns and all the face unknowns are constant and take the same value inside each
sub-domain €2; and globally in the domain 2. Since the face unknowns on the boundary 92 vanish,
we conclude that all the components of ¥, are zero.

Lemma 4.3 (Stability and boundedness). We have, for all 05, € Uno,
oz S an(@n, o) < [l9nll7o- (45)

Proof. (1) Bounds on reconstructed gradient. Let (T,i) € PPX. Then, taking q := Vo € P*(T%R?)
in (24), we obtain

[VogillF: = (Ghe(07), Voga)r: = (vory: — vre, Vopeng)ary + 0 ([orlr, Vognr) g

— > {esy — v (Vor) tns)es); — da([vsle, (Vor) Fnr)sr .
SeN;THT)

Since Vupi-ng € Pk(}"(@T)i; R) and (Vop:)Tng € Pk(f(as)i; R), we infer that

IVori|[F: = (G (97), Vori)ri = (vary — Uy (vri), Vorinr) oryi + 6 ([or]r, Vorinr)pr

= > {®sy — Wyeyvs), (Vor) " ns)as): — Gia([vsIr, (Vop) T nr)sr }.
SeNTHT)

Invoking the Cauchy—Schwarz inequality and the discrete trace inequality (38a), we infer that

IVordde SIGE@IE+ Y {5 lvws)y — sy (ws)lFsy: + duhs | lvslrlé: }-
Se{TYUN; |(T)

Proceeding similarly proves that

IG5 @R SIVorl+ X {hgtlvasy — Mgy (s)liasy + dahs I TvsIrllée }-
Se{TYuN; (1)

Moreover, for all (T,i) € P,Ifo, we have G?i(@é\f ) = Vopi in T%. Therefore, multiplying by ; and
summing over all (7,i) € Py, we infer that

> kil Vuri|Fe S bn(on, 0) + 55(0n, ) + sh (0n, On), (46a)
(T,’L’)G’Ph
b (On,0n) S Y Kl Vuga|[F + 85 (0n, 1) + s, (0n, On).- (46b)
(Tvi)eph
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Since s§ (9, 95) < |94]2, the upper bound in (45) readily follows from (46b).
(2) To prove the lower bound in (45), it remains to estimate |9,|2. We first observe that

o= Y. ki > hs'llv@sy — vsilltas):-
(T)ePPK  Se{TYUN ! (T)

Consider first the case S =T. The triangle inequality gives
lvory — vrillary < llvery — Wyry:(vra)llory + 1T = i) (vri) | orys,
(97) (9T)

and owing to (38b), we infer that

1
lvary: — vrillory < llveary — HlfaT)i(UTi)|’(aT)i + b3 [ Vori || i (47)
Let now S € ./\/i_l(T). The triangle inequality implies that
lv@asy: — vsillosy < lvasy — Magyi (vsi)llasy + 1T — Mpgy) (vsi — vE:) [l o5y
I = Tyey:) (v1:) [l o)

For the second term on the right-hand side, we simply notice that ||({ — ngﬁs)i)(vsi — U;i)”(as)i <

llvgi — U,E (95)i, whereas we invoke (38b) to bound the third term. Altogether, this gives

1
lv@asy: — vsillasy: S llvasy — H’f@g)i(”Si)H(@S)i + [lvgi — v llasyi + hEIIVopi |l 7i.

Squaring this inequality, multiplying by /ﬁ?z‘hEl, summing over S € ./\/'Z-_I(T), combining with (47), and
finally summing over (T,4) € PYK, we infer that

|0n]2 < 85.(0n, 0n) + SN (0n, 0n) + Y kil Vo |2
(T7Z)€Ph

Combining this bound with (46a) gives

ST kil Vori R+ 02 S ba(0n,0n) + 85.(0n, 0) + 8§ (0, 0n) + sA (0, 1) = an(0n, 0n),
(Tvi)eph

whence the lower bound in (45) readily follows. O

4.3 Interpolation operator

For all T € T}, the local interpolation operator is defined as follows:
FE(v) 1= (B (0), Ba(0) = (I8 (00), Iy (1), 557 (02), Tl (0)) € T, (48)

where I{ﬁl(vi) is defined in (39) for all (T,4) € PPK, whereas for all (S,4) € PRO, we set

If;?l(v@-) = Iécjl(vz‘)ﬂsia T := N;(95), (49)
where we recall that the superscript ™ is used to indicate the extension of a polynomial originally
defined on T* to T% U USeNfl(T) St

The global interpolation operator is denoted by I }’f cH5 (O UQg) — L?h and is such that the local
components of IF(v) on a mesh cell T € Tj, are those given by I%(v|r). Notice that [F(u) € Uy for
the exact solution since u|pq = 0.
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Lemma 4.4 (Approximation). For all v € H*(21 UQy), s > %, and all (T,i) € PPK, set
87,4(v) = Gl (I (YY) + 6 L ([v]r) — Vil (50a)
07,5i(v) == {GE (L)) + 61 Lk ([v]r)}  |gi — Vuilgs, VS € NH(D), (50Db)

and recall the error measure er;(v) defined in (40). Then, the following holds:

1
167,:(0)[|l7: + h2[|67,:(v) [l oryiurr S by {eri(vi) + dinera(va)}, (51a)

1
> {lI8rsi@)s + B3110T5:) | @syusr } S hr'{eri(v) + Suers(va)}.  (51D)
SeNTH(T)

Proof. Let v € H¥(Q1 USQy), s > 2, and let (T,i) € PYX. Set
Ti(v) = G (IF (YY) + 0 LA ([v]r) — VIE ! (v;) € PFFH(TYR).
(1) Let I%j ! be composed of the two cell components of . We notice that

187 (0|3 = (G (5 (0)) + 0 Lha ([wlr) — VIE (v3), 875(v)) i
= (GE: (IF()N) + 0 L5 (LIE (0)[r) — VIES (v), 84 (v))
+ 851 (LA ([o — TEF (0)]r), 8% 4(v)) -

Owing to (27) and the definition of the operators féﬁ and L%l, we infer that
187, (0) 174 = (Wi (v5) = L (v3), 87,3 (0)1er) oryi + Sin ([o — L5 ()], 7,1 (0) 7o) e

+ Y {(Hl(ﬁasy(vi)—fﬁl(vi)ﬂ 7.:(0)"ng) g
seN )

+ 8 ([o = I (0) I, 84,1 () Fmer)sr }.
Invoking the definition of the L?-orthogonal projections ngaT)i and Hl(%s)i gives

1873 (0) 1|7 = (v = L (00), 87 (0) ) oryi + ia ([ — 157 (0)]e, 81 (v) mr) e

+ 3 = )T 8(0) ) sy
SeN;H(T)

+ 8t ([o = I (0) T, 87y (0) T mer) e }.

Invoking the Cauchy—Schwarz inequality and the discrete trace inequality (38a), we infer that

1
h 187 ()l S llve = I (i)l oy + Saal v — I3+ (0) e [l

+ > {llvi— I ) llosy + alllv — IEH () Irllsr }-
SeNTH(T)

Recalling the definition (40) of er;(v) gives
167 ()[l7: < hy' {eri(vi) + Siera(va) }, (52)
and owing to the discrete trace inequality (38a), we obtain
1
1875 ()i + B2 ()| oryrvre S 17l S b {eri(vi) + dinera(va)}.

Finally, since d7,4(v) = 07, (v) — V(v; — Igﬁl(vi)) invoking the triangle inequality proves (51a).
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(2) Assuming that N, (T) is nonempty, for all S € N; *(T), we have
87,5,:(v) = 873(v) F |5 + VIE (i) g — vilse)-

The discrete trace inequality (38a) and (52) imply that

1
1675 (0)  llsi + h21187:(0) Tl asyivsr S 107:(0) [l S byt {eri(vi) + dinera(va)}.

Invoking the triangle inequality and recalling (40) proves (51b). O
4.4 Consistency

Lemma 4.5 (Consistency). Let u be the weak solution to (2). Assume that u € H*(Q1 UQy), s > 3.
Set Op(wy) = ah(f,’f(u), wp) — Lp(wp) for all Wy, € Upg. The following holds:

1
2
|‘1>h(@h)|§{ > RihT2€T,i(ui)2} [[@n|no- (53)

(Ti)ePPK

Proof. Owing to (37) from Lemma 3.1, we have ®p(wy,) = A1 + A2 + A3 with

Ar= Y ri(8r(u), Vwri)pi,
(TR)ePy,

A2 = Z /ﬁ;i{(éTji(u)-nT, w(aT)i — wTi)(aT)i — 51-1(5T,1(u)-np, [[wT]]F)TF
(Ti)ePPK

+ Y. A{Orsi(u)ns, wesy — wsi) sy — i1 (01,51 (u)nr, [[wS]]F)sF}}7
SeNTY(T)
Ag = sp(IF(u),on) + Y mhp (5 (w) — ulr, [wrle)e + sh (I (w), ),

TeTm

where 87;(u) and d7.5,(u) are defined in (50) for all (7,i) € POX, whereas we set d7,(u) :=
V(Iéﬁfl(ui) — ;) for all (T,i) € PKO, and where [[L_’ﬁ“(u) — ur is defined in Lemma 4.2. Owing
to (49), we infer that the term A; can be rewritten as follows:

Al = Z /-{i{((sT,i(u), vai)Ti + Z ((ST,S,Z'(’LL), szz‘)si}.
(Ti)ePRX SeN;THT)

Invoking the Cauchy—Schwarz inequality together with the approximation results from Lemma 4.4
gives

1 1
2 2
_ 2
PSS { > wihp?{eri(ui) + Sunera(uz)} } { > Hz‘HVwTiH?ri} :
(T,z)E'P}?K (Tui)eph
Since k1 < ko and recalling the definition (42) of the stability norm |||/, we infer that
1
2
|A1| < { > "fz‘hT26T,z‘(uz‘)2} |0 || no-
(Ti)ePPK

The same arguments prove that

1
2

|A2\§{ > HihEQET,i(Ui)Q} |0 | no-
(T

JeEPPK
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Finally, let us write A3 = A3y + Aszy + Az with obvious notation. First, observing that s}, (W, 0p,) <
|y|2, we obtain

2
\A31\§{ > HihEll\HlfaT)i(ui—Iﬁl(ui))”%aw} | ls
(T,i)ePp,

2
<{ > mh#uui—fﬁl(unuﬁani} il
(T,i)ePy,

where the second bound follows from the L?-stability of H’(%T)i. Owing to (49), the summation on the
right-hand side can be rewritten as

2
!A:nlé{ > > ,@-hsluuiIﬁl(ui)ﬂﬁ%)i} | ]s-
(Ti

)EPYK Se{TYUN; (T)

Therefore, we conclude that

1
2
!A31|§{ > Féih}ZET,z’(ui)Q} |p s
(T,i

JEPPK

Concerning Agzs, the Cauchy—Schwarz inequality and the same arguments as above give

3
| As2| S{ > f*%hTZGT,z(Ui)2} sk (p, 0n)?.
(

T,i)ePPK

Finally, S{L\f (f (u),10p) = 0 owing to (49). Putting everything together proves the claim. O
4.5 Error estimate

We are now ready to establish the main result of our error analysis.

Theorem 4.6 (Error estimate). Let u be the weak solution to (2). Assume that u € H*(; US) with
s € (3,k+2]. The following holds:
! ! 1
{ > kil V(i — UTZ’)H%W} S { > Hih?r(s_l)’Ef(uz‘)ﬁ{s(Ag(T))} SETY YT K |wal e ay)-
(T,i)EPn (T,i)ePO¥ ie{1,2}

(54)
Proof. Define the discrete error as é, := f}’f(u) — @y, € Upg. Since ap(én, ép) = ®p(ép), invoking the
stability result from Lemma 4.3 and the bound on the consistency error from Lemma 4.5 gives

lenllio S D2 mihg era(ui)®.
(T,5)ePOK

Invoking the triangle inequality and the approximation result from Lemma 4.2 establishes the first
bound in (54). The second bound follows from the shape-regularity of the mesh, and the H*-stability
of the extension operators E?. O

5 Numerical results

In this section, we present numerical results to illustrate the convergence rates established in The-
orem 4.6. We also compare the present method to the one from [14] stabilized by a cell-agglomeration
procedure, and we briefly investigate some aspects related to the implementation (quadrature, local
polynomial bases, pairing criterion).
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Fig. 5: Circular (top row) and flower-like (bottom row) interfaces. Left column: Coarsest mesh. Central
column: Outcome of pairing procedure for polynomial extension stabilization, cells in 7;1KO’1 are colored in
green, and cells in 7;LKO’2 are colored in blue, arrows indicate the pairing cell. Right column: Outcome of
pairing procedure for cell-agglomeration stabilization, agglomerated cells are colored in dark.

In all cases, we consider the unit square domain Q := (0,1)? discretized with uniform Cartesian
meshes of size h := /2 x 0.1 x 27¢ with ¢ € {0,...,4}. The polynomial degree is taken such that k €
{0,...,3}. The interface is defined using a level-set function ®, with I' := {(x,y) € Q | ®(z,y) = 0}
and Q; = {(z,y) € Q| (=1)!®(x,y) > 0} for all i € {1,2}. We always take x; := 1, and modify the
diffusivity contrast by taking ko = 10™, m € {1,...,4}, where m = 1 correspond to no contrast and
m = 4 to a highly contrasted setting. We consider two shapes for the interface: a circular shape and
a flower-like shape, defined by the following level-set functions:

O (2,y) = (x —a)’ + (y — b)* = R?, (b5a)
®p(z,y) = (x — a)®> + (y — b)® — R? + ccos(nb), (55b)

with 6 := arctan (y_b) if £ > a, and 6 := 7 + arctan (i’—:(’;) ifzr<a a:=0b:=05 R=1% c:=0.03,

+

+
z—a 3

and n = 8. Figure 5 illustrates on the coarsest mesh (¢ = 0) the two interfaces (left column), and

the outcome of the pairing procedure for polynomial extension stabilization (central column) and for
cell-agglomeration stabilization (right column).

5.1 Implementation aspects

Quadratures along the interface and in the cut sub-cells are realized by dividing the interface into
2" segments, 7 € N, and creating a sub-triangulation of the two cut sub-cells. The construction of
the sub-triangulation is performed as discussed in [14]; see, in particular, Figure 4.1 therein for an
illustration. Unless explicitly stated otherwise, we set r := 8.

Another important aspect is the choice of the polynomial bases in the sub-cells and the sub-faces.
Both bases are realized by considering centered and scaled monomials. In particular, the barycenter
of each sub-cell is used for the centering of the corresponding basis. The barycenter is computed
using the above sub-triangulation. Unless explicitly stated otherwise, the scaling of the monomials is
isotropic and uses half of the diameter of the original cell.
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5.2 Convergence rates

H'-ERROR

POLYNOMIAL EXTENSION 1077 —— PoLyNOMIAL EXTENSION
3 T AGGLOMERATION

—— k=0~O0(h")

1077

fffff AGGLOMERATION
—— k=0~ O0O(hY)

—— k=2~ 01}

—— k=30

—— k=2~ 0"
—— k=3~0(" 0

107°

1072 5x 1072 107 107 5% 1072 107

Fig. 6: Errors as a function of the mesh-size for the exact solution (56). Comparison between stabilization
by polynomial extension (solid lines) and by cell agglomeration (dashed lines). Left: Circular interface. Right:
Flower-like interface.

We consider first a test case with no contrast and no jumps (g9p = gy = 0). The exact solution is

taken to be (in Cartesian coordinates (z,y))
u(x,y) := sin(wx) sin(ry). (56)

Errors are reported in Figure 6 for the circular interface (left panel) and the flower-like interface (right
panel). Here and below, errors are evaluated using the energy norm considered in Theorem 4.6. In
both panels, we compare the results obtained using stabilization by polynomial extension (solid lines)
and by cell agglomeration (dashed lines). Both approaches yield similar results, with slightly better
errors when using polynomial extension, especially on coarse meshes.

107! 10 1A
‘"‘\
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-3 o
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I~ o
I o
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= = "
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) = 0.2 , —— =02
1077 ; o 10"
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""" CELL-CENTERED BASES ----- CELL-CENTERED BASES
—— SUBCELL-CENTERED BASES —— SUBCELL-CENTERED BASES
102 5% 1072 10°! 1072 5x1072 107!

Fig. 7: Errors as a function of the mesh size for the exact solution (56) for ¥ = 3 and various values of the
pairing parameter 9 used for flagging ill-cut cells. Left: polynomial extension. Right: cell agglomeration.

We next study the sensitivity of the errors with respect to the value of the pairing parameter
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¥ used for flagging ill-cut cells. We consider again the exact solution (56). Errors are reported in
Figure 7 for k = 3 and 9 € {0,0.1,0.2,0.3} (¥ = 0 corresponds to no pairing, irrespective of the ill
cut). The left (resp., right) panel corresponds to polynomial extension (resp., cell agglomeration).
Solid lines correspond to polynomial bases centered at the barycenter of each sub-cell (the default
choice in our implementation), whereas dashed lines correspond to centering at the barycenter of the
original cell for both sides of the cut. We observe that this second choice yields poor results owing to
poor conditioning of the local matrices, whereas the first choice is robust to the presence of ill cuts.
Somewhat surprisingly, the robustness is such that it allows to flag cells with a very loose criterion
(¥ =0.1) or even to flag no cells at all (¢ = 0), and still obtain close-to-optimal errors.

0 50 100 150 200 250 300 350 0 50 100 150 200 250 300

Fig. 8: Sparsity profiles of the stiffness matrices obtained using polynomial extension (left) and cell agglomer-
ation (right). In the left panel, the red dots indicate the coupling blocks resulting from polynomial extension.
In both panels, the global block-decomposition into cell and face unknowns is indicated by black dashed lines.
Coarsest mesh (¢ = 0).

A further comparison between polynomial extension and cell agglomeration is provided in Figure 8
which compares the sparsity profiles of the stiffness matrices obtained with both procedures. We ob-
serve that both approaches lead to a similar sparsity profile, an that the stiffness matrix corresponding
to cell agglomeration is slightly smaller (as expected). The sparsity pattern of the matrix correspond-
ing to cell agglomeration directly results from the data structure of the agglomerated mesh, whereas
the sparsity pattern of the matrix corresponding to polynomial extension is derived at the assembly
stage by means of the pairing operator.

We now turn our attention to a test case with diffusivity contrast and jumps across the interface.
We first consider the exact solution for the circular interface such that (in radial coordinates (p, 6))

wp) =2 =2 w1 (57)

K1 K2 K1 K2
Notice that this solution does not exhibit jumps across the interface (gp = gy = 0). The errors in the
highly contrasted case where ko = 10*k1 exhibit the same optimal convergence rates as those reported
in Figure 6 (not shown for brevity). To highlight the robustness of the approach with respect to the
diffusivity contrast, we report in the left panel of Figure 9 the errors as a function of ko = 10k,
m € {0,...,4}, obtained on the finest mesh (¢ = 4) and for various polynomial degrees (k € {0,...,3}).
The right panel of Figure 9 underlines the importance of ensuring sufficient geometric resolution when
performing quadratures in the cut sub-cells. Therein, we report the error as a function of the mesh
size for the sub-triangulation parameter r € {2,4, 6,8} and various diffusivity contrasts. We observe
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Fig. 9: Left: Errors for the exact solution (57) as a function of the diffusivity contrast on the finest mesh
(¢ = 4) and for various polynomial degrees (k € {0,...,3}). Right: Errors as a function of the mesh size
for various values of the sub-triangulation parameter, k = 3, r € {2,4,6, 8}, and various diffusivity contrasts,

me{l,...,4}.

that in all cases, taking » > 6 is required to avoid that the geometric errors pollute the optimal decay

of the discretization errors.
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Fig. 10: Errors as a function of the mesh size for the exact solution (58a) (left) and the exact solution (58b)
(right) for various polynomial degrees k € {0, ..., 3}; diffusivity contrast set to o = 10%k;.

We now include jumps across the interface while considering the highly contrasted setting where
k2 = 10%k1. For this purpose, we modify the exact solution in (57) and set

6 8 8 6
p p°—R R
ui(p) = . uz(p) 1= Ty + P (58a)
p° p°
ui(p) = P us(p) = P (58b)

Notice that, for the exact solution (58a), we have gy = 2R%(3 — 4R?) and gp = 0, whereas, for the
exact solution (58b), we have gy = 0 and gp = RG(%1 - %2) Errors as a function of the mesh size are
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reported in Figure 10 for polynomial degrees k € {0,...,3}. Optimal convergence rates are observed
in all cases. Actually, the errors for both exact solutions are very similar.

107!
1074

H'-ERROR
H'-ERROR

—— PoLyNoMIAL EXTENSION
—— k=0=0(h")

—— k=2~0(h)
107 —— k=3~ 0(h" 107

1072 5x1072 107! 1072 5x 1072 10-1

Fig. 11: Left: Errors as a function of the mesh size for the exact solution (59) for various polynomial degrees
k € {0,...,3} (with sub-triangulation parameter set to r = 10). Right: Errors as a function of the mesh size
for k =3 and r € {2,4,6,8,10}. No diffusivity contrast.

A more challenging setting is obtained when considering for the exact solution

ui(z,y) := cos(y)e”, uz(x,y) := sin(wz) sin(my), (59)
leading to variable jump data gp and gy. Here, we do not consider a diffusivity contrast (k1 = ko = 1).
Errors as a function of the mesh size are reported in the left panel of Figure 11 for various polynomial
degrees k € {0,...,3} and sub-triangulation parameter set to » = 10. Optimal convergence rates are
observed in all cases. To motivate the choice for r, we report in the right panel of Figure 11 the errors
as a function of the mesh size for k = 3 and r € {2,4,6,8,10}. We observe that the geometric error
does not pollute the discretization error only for = 10 (notice in passing the very low values attained
by the error).

Finally, we perform a brief study of the conditioning of the stiffness matrix. In the left panel of
Figure 12, we consider a circular interface with radius R = % + 312, i € {—4,...,4}, and we report
the Euclidean condition number as a function of the radius, using either polynomial extension (solid
lines) or cell agglomeration (dashed lines). We consider the coarsest mesh (¢ = 0) and polynomial
degrees k € {0,...,3}. We observe that, for each polynomial degree, the conditioning remains fairly
insensitive to the stabilization method of the ill-cut cells. To exacerbate the effect of ill-cut cells,
we now consider a square interface with level-set function ®¢(x,y) := max(z —a,y — b) — (0.25 4 9)
and position parameter § = 0.5 x 107P, p € {1,...,5}. Since cut cells can become very anisotropic,
we use here an anisotropic scaling of the polynomial bases in each sub-cell, whereby the variable x
(resp., y) is scaled by %hx (resp., %hy), where (hg, hy) are the lengths of the sides of the bounding box
of the sub-cell. The right panel of Figure 12 reports the Fuclidean condition number as a function
of the position parameter of the square interface. We observe that the use of polynomial extension
leads to some sensitivity of the conditioning for severe ill cuts, with a linear growth in §~'. Similar
observations are reported in [12] in the context of isogeometric methods. Somewhat surprisingly,
the cell agglomeration approach appears to deliver robust condition numbers. We emphasize that
the errors still behave optimally when using polynomial extension (figure omitted for brevity), in
agreement with the above convergence analysis.
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Fig. 12: Euclidean condition number of the stiffness matrix on the coarsest mesh (¢ = 0) as a function of the
radius of the circular interface (left) and as a function of the position parameter § for the square interface, using
polynomial extension (solid lines) and cell agglomeration (dashed lines).

6 Proofs

This section collects the proofs of the two results stated in Section 4.1.

6.1 Proof of Lemma 4.1

Proof. (1) Proof of (38a). Let (T,i) € PPX and ¢ € PY(T%R). Invoking the discrete trace inequality
from [18, Lemma 3.4] shows that

1
> {H¢+HS + héHqﬁ*H(asyusr} S > 6% s < o™ lac,

Se{TYUN;|(T) Se{TIUN;H(T)

where the last bound follows from the construction of the pairing operator. We next observe that
there is a ball B(A(T)) of diameter yhz such that A(T) C B(A(T)), where v only depends on the
mesh shape-regularity parameter. We also recall that, since (7,i) € PPK, there is a ball B(T,i) of
diameter Yhr, so that B(T,i) C T'. We then infer that

o Nlary < o™ Isaey) S Nollsry < 16llr,

where the inverse inequality invoked in the second inequality follows by the arguments given in the
proof of [14, Lemma 3.4]. This completes the proof of (38a).

(2) Proof of (38b). Let (T,i) € PP¥ and ¢ € PY(T%R). Let (¢)B(1,i) denote the mean-value of ¢
in B(T, ). Since (I — H?@s)i)(¢+) =~ Hl(gas)i)«(b — (#)B(r,1)) "), invoking the L*-stability of HI(C(?S)Z’
followed by (38a) gives

Y. bl =Ths)(@Mwsy < D hs? (6= (D)srn) tllos):

Shrtlle— (D) BTl

where we also used the mesh shape-regularity which implies that hy < hg < hy for all S € A(T'). The
bound (38b) now follows from the discrete Poincaré inequality established in [14, Lemma 3.4]. O
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6.2 Proof of Lemma 4.2

Proof. Let v € H*(91 U Q) with s € (3,k+ 2] and let (T,4) € PPK. Set 9; := E(v;).
(1) Recall that the ball B(T, i) of diameter ¥hy is a subset of T* since (T,) € PPX. Let (vi)p(r;)
denote the mean-value of v; in B(T,4). In this step, we prove that, for all S € {T} UN; *(T),

19 — (vi)pr,iylls S PrlIVOillacr)- (60)

We have ||9; — (vi) g1,y ls < 1|8 — (vi) B(75)ll a(r) since, by construction, S C A(T'). Let (9;) A(ry denote
the mean-value of 9; on A(T'). Invoking [27, Lemma 5.7] gives

19: = (D) aylacry S Prl Vil acr.-
Moreover, letting OB(T), i) denote the boundary of the ball B(T,4) and since B(T,i) C A(T'), we have

[(vi) BT,y — (Oi) aemyllacry = 1A(T)]
1 N — L
< JA(T)|2[0B(T, )72 ([[vi — (vi) sz los(z.) + |

N
S5
o)
—~
~
-~
= =
|
[SIE
s
=
N

|
=
\'/
<
3
=
5
&

v — (D) acry loB(rs))

since ¥;|ap(15) = vilas(r,)- Invoking a multiplicative trace inequality from 9B(T,i) to B(T, 1) gives

_1 1
|vi = (Vi) serollosr,y S hr?llvi — (i) g llBers + b7l Vvill s,

and the Poincaré inequality in B(7',7) then gives

1
lvi — (vi) perpyllosrsy S bl Vvillper,i)-

The same arguments, together with B(7,i) C A(T') and the mesh shape-regularity, lead to
1
19: — (D) acryllosrsy S b7Vl acT)-

Combining the above bounds and since \A(T)\%WB(T, z)\_% < h:%F proves (60).

(2) The higher-order version of (60) is established by invoking the Morrey polynomial of v; based
on mean-values of higher-order derivatives of v; (see, e.g., the proof of [27, Lemma 5.6]). Omitting
the details for brevity, this gives, for all 0 < m < s, a polynomial g, (v;) € P**1(T% R) such that, for
all S € {T}UN; (T,

10 = am (vi)lrm(s) S B "0l s (a(ry)- (61)

(3) Since Iéﬁfl(qo(vi)) = qo(v;), the triangle inequality gives
19 =I5 (o) Flls < 1185 — qo(wi) s + I3 (v = qo (i) s

The first term on the right-hand side is estimated by using (61) with m = 0. For the second term, the
discrete inverse inequality (38a) gives

I (0 = qo(vi) T lls S IR (v = ao(wi))llze < I (vi = ao(0i)) |7 < 1185 — go(wi) |17,

where we used the L2-orthogonality of I:’ﬁl in 7. Invoking again (61) with m = 0 and combining the
above two bounds proves that

oo e = I )T lls < REIGasary)-
Se{TYuUN; ! (T)
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A similar reasoning with ¢;(v;) in (61) also gives

> hs||V (0 — L (o) D)lls S W loil s ary)-
Se{TIUN; ()

Altogether, this proves that

S {loi = B @) s+ hsll Vs = 5 (00 )]s}
Se{TYUN(T)
< Y Al -B @) s+ hsI V@ - L @) )lls b S BB eac).
Se{T}uN;1(T)

(4) Invoking a multiplicative trace inequality on all the faces composing (9S)" for all S € {T'} U
./\/’471

. (T), and since s > % by assumption, we infer from the above bounds that

1 3
> {hé\lvi — IE (i) tll oy + RENV (vi — fﬁl(vz‘)ﬂ\\(asy} S POl s acry)-
Se{TYUN"\(T)

This completes the proof of (41a).

(5) To prove (41b), we bound the jump across ST by the triangle inequality, so that we need to
estimate the traces on ST from both sides of S', for all S € {T} UN; }(T). On each side, we invoke
a multiplicative trace inequality on ST. This inequality is established with a slight adaptation of the
arguments in the proof of [18, Lemma 3.3], whereby we make a specific choice for the apex of the cone,
say C(S'), considered in that proof.

(5a) Assume first that S = T. The triangle inequality gives

1 1 1
hillv = 177 (0)Irller < hgllvi = I @i)llee + B llvs = I (v3) [
For the first term on the right-hand side, the apex of the cone C(T") is taken to be the center of the

ball B(T,i). Since C(T") C conv(T) C A(T) by the assumption (4), we infer that

1
hillv; — It (v)lpe S 118 — I (i) M| agry + hrl| V(0 — IE (00) )| acr),

and adapting the above arguments gives
1
h2|lvi = I (i) ll7e S hloil s acry)-

1
To bound hil||v; — I:’ﬁjl(vg)HTr, we can consider the same cone to derive the multiplicative trace
inequality, so that
1
1 L ~
h2llor — I (v) llpe S W lnl s acry).»

where 07 := E2(v;). Altogether, this proves that

1
h2ll[o — IFP )ellze S >0 hloil gsacry)-
ie{1,2}

(5b) Assume now that S € A '(T). Then, the apex of the cone, C'(S'), to establish the multi-
plicative trace inequality is taken to be the center of the ball B(S,7) (indeed, if (S,i) € PKO, then
(S,7) € PPK). This yields C(ST) C conv(S) C A(S) C Ay(T). Invoking the same arguments as above
then yields

1
fq”[[I;H(U)JF —v]rllsr < Z h%’f’ﬂHs(Az(T))-
i€{1,2}

This completes the proof. ]
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