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À ma famille et les personnes
qui me sont chères.

"One day I will find the right words,
and they will be simple."

The Dharma Bums,
Jack Kerouac





Résumé

L’objectif de cette thèse est de développer des méthodes d’approximation pour la
simulation de la propagation d’ondes élasto-acoustiques. La discrétisation spatiale
de ces équations repose sur des méthodes hybrides d’ordre élevé (HHO), qui présen-
tent plusieurs propriétés favorables telles que l’utilisation de maillages généraux,
une efficacité computationnelle et une grande précision. Une estimation d’erreur en
norme d’énergie dans le cas semi-discret en espace est obtenue. La discrétisation
en temps s’appuie sur des schémas de Runge–Kutta. Une attention particulière est
portée à la stabilité des schémas explicites, et l’efficacité des approches implicites
comme explicites. Des résultats numériques sont présentés allant jusqu’à une appli-
cation géophysique impliquant une géométrie complexe et de fortes hétérogénéités.
Un deuxième aspect important exploré dans cette thèse concerne l’utilisation de
maillages dits “unfitted” pour des problèmes elliptiques comportant des interfaces
courbes. Ces maillages ne suivent pas les interfaces physiques, ce qui conduit à des
cellules pouvant être coupées par celles-ci. Cette approche permet de simplifier la
phase de conception du maillage. Une méthode basée sur une extension polynomiale
est introduite et analysée afin de traiter les mauvaises coupes. Cette approche est
moins intrusive que celle, plus classique, basée sur une agglomération des cellules
mal coupées.

Mot-clés : Méthodes hybrides d’ordre élevé, Propagation d’ondes,
Couplage élasto-acoustique, Discrétisation temporelle, Maillages unfitted, Extension
polynomiale.





Abstract

The objective of this Thesis is to develop approximation methods for the simu-
lation of elasto-acoustic wave propagation. The spatial discretization of these equa-
tions relies on Hybrid High-Order (HHO) methods, which offer several advantageous
properties, such as the ability to handle general meshes, computational efficiency,
and high accuracy. An energy-norm error estimate is derived in the space semi-
discrete setting. The time discretization is based on Runge–Kutta schemes. Partic-
ular attention is given to the stability of explicit schemes and to the efficiency of
both explicit and implicit approaches. Numerical results are presented, including
a geophysical application involving a complex geometry and strong heterogeneities.
A second important aspect explored in this Thesis concerns the use of so-called
unfitted meshes for elliptic problems with curved interfaces. These meshes do not
conform to the physical interfaces, leading to mesh cells that may be intersected by
them. This approach simplifies the mesh design. A method based on polynomial
extension is introduced and analyzed in order to handle ill-cut cells. This approach
is less intrusive than the more classical one based on the agglomeration of ill-cut cells.

Keywords : Hybrid high-order methods, Wave propagation, Elasto-acoustic cou-
pling, Time discretization, Unfitted meshes, Polynomial extension.
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Chapter I

Introduction

This chapter summarizes in French the main topics covered in this Thesis. Specific
introductions in English can be found at the beginning of each of the following chapters.

Dans ce chapitre, nous exposons dans un premier temps le contexte, les enjeux et les
objectifs de cette thèse. Après la présentation d’un état de l’art des méthodes numériques
appliquées à la propagation des ondes mécaniques linéaires, nous proposons une introduc-
tion aux méthodes hybrides d’ordre élevé (Hybrid High-Order en anglais). Puis, nous nous
intéressons à une variante de cette méthode pour la résolution d’un problème elliptique
en présence d’une interface matérielle, pour lequel il n’y a pas de correspondance entre le
maillage et l’interface. On parle alors de méthode unfitted (ou encore cut). Enfin, nous
donnons le plan du manuscrit avec les principales contributions.

Contents
I.1 Contexte physique et objectifs de la thèse . . . . . . . . . . . . . . 13

I.2 Méthodes numériques pour la propagation d’ondes . . . . . . . . 15

I.2.1 Problème modèle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

I.2.2 État de l’art des méthodes numériques . . . . . . . . . . . . . . . . . 17

I.3 Introduction aux méthodes Hybrid High-Order (HHO) . . . . . . 22

I.3.1 Discrétisation d’un problème elliptique avec HHO . . . . . . . . . . 22

I.3.2 Liens avec les autres méthodes hybrides discontinues . . . . . . . . . 26

I.4 Introduction aux méthodes unfitted . . . . . . . . . . . . . . . . . 29

I.4.1 État de l’art des méthodes unfitted . . . . . . . . . . . . . . . . . . . 30

I.4.2 Présentation de la méthode unfitted HHO . . . . . . . . . . . . . . . 31

I.5 Plan du manuscrit et contributions . . . . . . . . . . . . . . . . . . 37

I.1 Contexte physique et objectifs de la thèse
Les ondes mécaniques sont des perturbations se propageant dans un milieu matériel.

Elles peuvent être de nature scalaire, comme c’est le cas dans les fluides (on parle alors
d’ondes acoustiques), ou vectorielle lorsqu’elles traversent un solide (on parle alors d’ondes
élastiques). L’étude de leur propagation trouve de nombreuses applications en sciences
et en ingénierie. Par exemple, la connaissance des propriétés mécaniques des tissus bi-
ologiques permet d’obtenir une imagerie fonctionnelle du vivant [170] en exploitant les
ondes élastiques (e.g. en élastographie pour la détéction et le suivi des tumeurs, voir Fig-
ure I.1 à gauche et [156]). Les ondes mécaniques sont également utilisées dans le contrôle
non destructif des matériaux [133], le sondage du sous-sol [71] ou encore la bioacoustique
pour l’étude des modes de communication animale [99].
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Dans cette thèse, nous nous intéresserons à la propagation des ondes mécaniques en
contexte géophysique [132]. Dans ce contexte, les ondes (élastiques dans la Terre solide,
acoustiques dans l’atmosphère et les océans) traversent des milieux d’intérêt, sont sensibles
à la présence d’interfaces matérielles et sont caractérisées par un spectre fréquentiel large.
De nombreux instruments déployés dans divers environnements enregistrent les signaux
associés à ces ondes. Leur analyse permet d’imager la structure interne de la Terre [108],
d’analyser la structure de l’atmosphère et sa variabilité [10], de détecter des événements
naturels ou anthropiques et caractériser leur source (séismes, explosions chimiques ou
nucléaires, accidents industriels), ou de contribuer à la surveillance des aléas naturels [117]
(voir Figure I.1 à droite pour un exemple). Tous ces phénomènes impliquent des milieux
hétérogènes et de nature variée (solide, fluide), des structures complexes, des effets de
couplage et de guidage d’ondes, ainsi qu’une large gamme de fréquences.

Ces objectifs d’analyse, de surveillance et de détection reposent ainsi fortement sur
notre capacité à comprendre l’évolution d’un champ d’ondes élasto-acoustiques lors de sa
propagation. Or, les solutions exactes ou semi-analytiques ne sont disponibles que pour les
configurations géométriques les plus simples [3], et les approches asymptotiques reposent
souvent sur des hypothèses susceptibles de ne pas être respectées dans des configurations
réalistes. Il est donc indispensable de recourir à des méthodes numériques pour simuler la
propagation d’ondes dans des milieux réalistes, caractérisés par des géométries complexes,
des hétérogénéités multi-échelles, et des interfaces fluide-solide.

Fig. I.1: Gauche: Carte de rigidité cérébrale par IRM : A - IRM classique, B - élastogra-
phie par IRM avec rigidité croissante du bleu au rouge [35]. Droite: Éruption d’un volcan
près de Grindavík, sur la péninsule de Reykjanes (@AFP - Police d’État islandaise).

Les enjeux liés à la surveillance sismique trouvent un écho particulier dans les activités
stratégiques menées par la Direction des Applications Militaires (DAM) du Commissariat
à l’Énergie Atomique et aux énergies alternatives (CEA), où j’ai réalisé ma thèse. En effet,
dans le cadre de la lutte contre la prolifération nucléaire et le terrorisme, la DAM con-
tribue activement à des programmes internationaux de vérification (Traité d’Interdiction
Complète des Essais nucléaires, TICE). Cette implication s’appuie notamment sur le suivi
et l’interprétation des événements sismiques à l’échelle mondiale. L’efficacité des diagnos-
tics fournis par la DAM, repose en grande partie sur la capacité à simuler avec précision
la propagation d’ondes élasto-acoustiques dans des milieux complexes. Ces applications
stratégiques confirment ainsi la nécessité de disposer de méthodes numériques robustes et
précises pour répondre à des objectifs à la fois scientifiques, technologiques et géopolitiques.
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I.2 Méthodes numériques pour la propagation d’ondes
Les défis évoqués ci-dessus motivent le développement de méthodes numériques avancées

grâce auxquelles on peut simuler sans biais la propagation d’ondes élasto-acoustiques.
Ces méthodes doivent être suffisamment précises et flexibles pour prendre en compte des
géométries complexes, intégrer des (fortes) hétérogénéités et représenter correctement les
différents phénomènes de transmission et réflexion au niveau des interfaces. Elles doivent
en particulier posséder de bonnes propriétés de dispersion et de dissipation numériques
afin de garantir des simulations fiables. De nombreuses méthodes numériques ont été
développées avec cet objectif.

Dans cette section, nous rappelons dans un premier temps les équations décrivant
la propagation d’ondes acoustiques et élastiques, ainsi que leur couplage. Puis, nous
présentons un état de l’art des méthodes numériques dédiées à leur résolution (dans le
domaine temporel), en mettant en lumière leurs avantages et leurs limites.

I.2.1 Problème modèle

Une police en gras (resp. en caractère double barre) est désormais utilisée pour désigner
les vecteurs (resp. les tenseurs), ainsi que les champs vectoriels (resp. tensoriels) et
les espaces composés de tels champs. Les notations usuelles concernant les espaces de
Lebesgue et de Sobolev sont adoptées. Pour un poids κ borné et strictement positif, on
définit le produit scalaire L2 pondéré par (u, v)L2(κ;Ω) :=

∫
Ω κu v dΩ pour tout u, v ∈ L2(Ω)

et la norme associée ∥u∥L2(κ;Ω) :=
∥∥∥κ 1

2u
∥∥∥

L2(Ω)
.

Soit J := (0, Tf) l’intervalle de temps de simulation, où Tf > 0 est le temps final de
simulation, et soit Ω un domaine (ouvert, borné, connexe, de frontière lipschitzienne) dans
Rd, avec d ∈ {2, 3}. Le domaine Ω est découpé en deux sous-domaines disjoints, Ωf et
Ωs, représentant respectivement les milieux fluide et solide. Ces sous-domaines partagent
l’interface Γ := ∂Ωf ∩∂Ωs, dont le vecteur normal unitaire nΓ pointe conventionnellement
de Ωs vers Ωf. Un exemple de configuration géophysique considéré dans cette thèse est
illustré dans la Figure I.2.

RocheSediment

Domaine fluide Ωf

Domaine solide Ωs

Γ
nΓ

Fig. I.2: Sous-domaine solide Ωs, sous-domaine fluide Ωf, et normale unitaire nΓ le long
de l’interface Γ (pointant du solide vers le fluide).
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L’évolution temporelle d’une onde acoustique, définie par son champ de pression
scalaire p [Pa] et son champ de vitesse particulaire m

[m
s
]
, est décrite par le système

d’équations aux dérivées partielles suivant, dans J × Ωf,

ρf∂tm − ∇p = 0, (I.1a)
1
κ
∂tp− ∇ · m = ff, (I.1b)

où ρf
[

kg
m3

]
est la densité du fluide, κ [Pa] le module de compressibilité du fluide, et ff

[
1
s

]
le terme source. Ces équations sont obtenues en considérant un fluide parfait, où le
tenseur des contraintes est défini par sf := pId où Id est le tenseur identité (au lieu de la
convention classique sf := −pId). Ce choix n’a d’autre objet que de simplifier la condition
de couplage (I.4). Les propriétés matérielles ρf et κ sont généralement constantes par
morceaux dans Ωf. La vitesse des ondes acoustiques est donnée par cf

p :=
√
κ/ρf [m

s
]
. Les

conditions initiales sont spécifiées par p(0) = p0 et m(0) = m0 avec les données initiales
p0 et m0.

Soit ∇sym := 1
2(∇ + ∇†) l’opérateur de gradient symétrique. Les ondes élastiques sont

quant à elles décrites par le tenseur des contraintes de Cauchy linéarisé s [Pa] et le champ
de vitesse v

[m
s
]
, et sont régies par les équations aux dérivées partielles suivantes dans

J × Ωs :

C−1∂ts− ∇symv = 0, (I.2a)
ρs∂tv − ∇ · s = f s, (I.2b)

où ρs
[

kg
m3

]
est la densité du solide, C [Pa] le tenseur de Hooke d’ordre quatre, et f s

[
Pa
m

]
le terme source. Les propriétés matérielles C et ρs sont généralement constantes par
morceaux dans Ωs avec une valeur fixe dans chaque couche géophysique composant Ωs.
Dans le cadre de l’élasticité isotrope, C dépend des paramètres de Lamé λ [Pa] et µ [Pa]
sous la forme Cijkl := λδijδkl + µ(δikδjl + δilδjk), pour tous i, j, k, l ∈ {1, ..., d}, où δ est
le symbole de Kronecker. Ce cadre donne lieu à deux vitesses de propagation des ondes
correspondant à deux types d’ondes volumiques, loin des interfaces matérielles :

cs
p :=

√
(λ+ 2µ) /ρs

[m
s

]
pour les ondes de compression (ondes P), (I.3a)

cs
s :=

√
µ/ρs

[m
s

]
pour les ondes de cisaillement (ondes S). (I.3b)

Nous ne considérons pas la limite incompressible où λ
µ ≫ 1, de sorte que les deux vitesses

d’ondes dans (I.3) sont du même ordre de grandeur. Enfin, les conditions initiales sont
spécifiées par v(0) = v0 et s(0) = s0, avec les données initiales v0 et s0.

Des conditions aux limites homogènes de Dirichlet sur p sur ∂Ωf \Γ et sur v sur ∂Ωs \Γ
sont imposées. Ce choix implique une réflexion parfaite des ondes acoustiques et élastiques
aux frontières du domaine, et d’éventuels retours parasites. Toutes les simulations présen-
tées dans ce manuscrit, ont été réalisées de sorte à ce que ces phases réfléchies sur les bords
du domaine de calcul, n’interfèrent aucunement avec les phases d’intérêt.
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Les conditions de couplage à l’interface sur J × Γ sont exprimées comme suit :

v · nΓ = m · nΓ, (I.4a)
s · nΓ = pnΓ, (I.4b)

où la première équation impose la continuité de la composante normale de la vitesse à
travers l’interface et la deuxième équation exprime l’équilibre des forces.

Nous définissons les espaces fonctionnels suivants :

Mf := L2(Ωf), P f :=
{
p ∈ H1(Ωf) : p|∂Ωf\Γ = 0

}
, (I.5a)

Ss := L2
sym(Ωs), V s :=

{
v ∈ H1(Ωs) : v|∂Ωs\Γ = 0

}
. (I.5b)

Le problème couplé consiste à déterminer (m, p) : J → Mf × P f et (s,v) : J → Ss × V s

tels que, pour tout t ∈ J , les équations faibles suivantes soient satisfaites :

i) Pour les équations des ondes acoustiques, pour toutes fonctions test (r, q) ∈ Mf ×
P f,

(∂tm(t), r)L2(ρf;Ωf) − (∇p(t), r)L2(Ωf) = 0, (I.6a)

(∂tp(t), q)L2( 1
κ

;Ωf) + (m(t),∇q)L2(Ωf) + (v(t) · nΓ, q)L2(Γ) = (ff(t), q)L2(Ωf). (I.6b)

ii) Pour les équations des ondes élastiques, pour toutes fonctions test (b,w) ∈ Ss ×V s,

(∂ts(t),b)L2(C−1;Ωs) − (∇symv(t),b)L2(Ωs) = 0, (I.7a)
(∂tv(t),w)L2(ρs;Ωs) + (s(t),∇symw)L2(Ωs) − (p(t)nΓ,w)L2(Γ) = (f s(t),w)L2(Ωs).

(I.7b)

Les conditions de couplage sont imposées de manière faible, dans la mesure où (I.4a) et
(I.4b) sont intégrées respectivement dans (I.6b) et (I.7b).

I.2.2 État de l’art des méthodes numériques

Nous nous intéressons à présent à l’état de l’art des méthodes numériques permettant
d’approcher la solution du problème modèle défini par (I.6)–(I.7). L’objectif est de motiver
le développement de l’approche HHO proposée dans cette thèse. De manière générale, les
principaux défis qui se posent aux méthodes numériques sont leur capacité à prendre en
compte des géométries réalistes, caractérisées par des interfaces complexes et de fortes
hétérogénéités, tout en permettant l’utilisation d’intégrateurs en temps efficaces.

Différences finies (FD, de l’anglais Finite Differences). Les différences finies
sont parmi les méthodes les plus largement utilisées en raison de leur simplicité con-
ceptuelle et de leur efficacité numérique. Toutefois, elles présentent plusieurs limitations.
En particulier, les méthodes FD rencontrent des difficultés dans les géométries complexes
et introduisent des erreurs géométriques aux interfaces [173], bien que des techniques
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basées sur des transformations géométriques puissent améliorer leurs performances [8]. De
plus, les méthodes FD sont sujettes à la dispersion numérique, que l’on peut atténuer
en utilisant des schémas d’ordre élevé. Cependant, ces schémas d’ordre élevé nécessitent
des stencils étendus, ce qui nuit à la scalabilité parallèle, et leur discrétisation temporelle
explicite est en outre, délicate à mettre en œuvre [159].

Éléments finis continus (FEM, de l’anglais Finite Element Method). Une
alternative naturelle aux FD sont les éléments finis (voir [102, 103, 104] pour une introduc-
tion au sujet, [82, 128] pour des revues sur les applications à la propagation d’ondes ainsi
que [19, 100] pour des travaux pionniers sur l’analyse de la méthode dans ce contexte).
Les méthodes FEM permettent de traiter naturellement les géométries complexes avec
interfaces, mais leur efficacité est limitée par l’utilisation de schémas en temps implicites
dus à la non-diagonalité de la matrice de masse globale (des exemples de discretisation
sont donnés à la Figure I.3).

Pour permettre l’utilisation d’intégrateurs explicites en temps, la méthode des Élé-
ments Spectraux (SEM, de l’anglais Spectral Element Method) a été introduite. Elle
utilise des points de quadrature alignés avec les nœuds d’interpolation tensorisés de Gauss–
Lobatto–Legendre (base nodale de type Qk, un exemple est donné à la Figure I.3 à droite)
sur des maillages quadrangulaires/hexaédriques, menant à une matrice de masse diagonale
(mass lumping), sans perte de précision. L’inconvénient principal de SEM est la nécés-
sité de recourir à des maillages structurés rendant difficile la discrétisation de géométries
complexes.

Fig. I.3: Gauche: Inconnues discrètes P2-FEM, sur éléments triangulaires. Droite:
Inconnues discrètes Q2-FEM, sur éléments quadrangulaires.

Maillages généraux. Dans le but d’introduire davantage de flexibilité afin de traiter
des géométries réalistes, l’idée est d’utiliser des maillages généraux. De tels maillages sont
composés de cellules polyhédriques (polygonales en 2D) de forme relativement générale
(modulo des contraintes de régularité, voir par exemple [70], [88], [58]). Les maillages
généraux sont particulièrement avantageux pour la discrétisation de géométries complexes.
Les méthodes numériques capables de prendre en charge de tels maillages, appelées méth-
odes polytopales, offrent par conséquent une grande flexibilité géométrique. Un exemple
simple mais important est celui des maillages non conformes contenant des nœuds orphe-
lins. En effet, les méthodes polytopales vont interpréter la présence d’un nœud orphelin
comme une division d’une arête/face formant un angle plat (180◦), ce qui revient à aug-
menter de un le nombre d’arêtes/faces dans les éléments partageant cette arête/face. Ces
éléments sont alors traités comme des polyhèdres dont certaines arêtes sont alignées (voir
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Figure I.4 pour une illustration). La capacité à gérer des maillages généraux constitue
un avantage significatif par rapport aux méthodes FEM classiques, car la construction de
maillages sans nœuds orphelins est souvent une tâche laborieuse pouvant conduire à des
maillages très irréguliers, ce qui peut nuire à la précision de la solution et/ou détériorer le
conditionnement de la matrice du système.

Quadrangles

Hexagones

Triangles

Quadrangles

Fig. I.4: Exemple de maillages généraux avec nœuds orphelins. Les cellules à fond bleu
sont considérées comme des quadrangles au lieu de triangles, et celles à fond rouge comme
des hexagones au lieu de quadrangles.

Deux grandes approches permettant la prise en compte de maillages généraux sont
disponibles dans la littérature. La première repose sur une formulation H1-conforme,
représentée par la méthode des éléments virtuels, qui constitue une généralisation des
éléments finis aux maillages généraux. La seconde s’appuie sur une stratégie non H1-
conforme fondée sur des fonctions discrètes discontinues, permettant elles aussi de traiter
des maillages généraux.

Éléments virtuels (VEM, de l’anglais Virtual Element Method). Inspirée
par les idées des méthodes de différences finies mimétiques [37, 36], la méthode des élé-
ments virtuels (VEM) a été développée dans un cadre de type Galerkin continu [27],
dans le but de généraliser la méthode des éléments finis continus aux maillages généraux
(voir Figure I.5 pour un exemple de discrétisation). L’idée centrale de cette approche
réside dans la définition implicite des espaces d’approximation locaux, d’où l’appellation
«virtuelle». Il en résulte que ces espaces incluent généralement des fonctions non polynomi-
ales. Toutefois, ceci n’est pas problématique car VEM ne requiert que la connaissance d’un
sous-espace polynomial de l’espace discret local. Cette propriété est rendue possible par la
séparation (décomposition orthogonale) de la contribution de ce sous-espace polynomial
de celle du sous-espace virtuel non polynomial complémentaire, au moyen d’opérateurs
de projection appropriés, calculables uniquement à partir des degrés de liberté. Depuis
leur création, les éléments virtuels ont été étendus à un large éventail d’applications [7].
En lien avec la propagation d’ondes, on peut citer en particulier, leur utilisation pour la
résolution du problème de Helmholtz dans le cadre d’ondes planes [158], le développement
de formulations espace-temps pour l’équation des ondes [179], ainsi qu’une approche basée
sur des éléments virtuels aux faces courbes en dimension 2 [84] également pour l’équation
des ondes.
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Dofs de sommet Dofs de face ⋆ Dofs de cellule

Fig. I.5: Inconnues discrètes VEM d’ordre k = 2 sur un maillage conforme (gauche) et
non-conforme (droite).

Élements finis discontinus (dG, de l’anglais discontinuous Galerkin). La
deuxième possibilité permettant de gagner en flexibilité géométrique est de passer par des
méthodes non H1-conformes. C’est dans ce cadre qu’ont été introduites les méthodes
de Galerkin discontinues, d’abord pour des problèmes de neutronique [164, 140] et hyper-
boliques [127, 81], puis pour des problèmes elliptiques [9]; voir également les monographies
[121, 90]. Plus récemment, ces méthodes ont été appliquées à la propagation d’ondes, en
formulations d’ordre un [107, 151] et d’ordre deux [112] en temps (voir [5, 6] pour le cou-
plage élasto-acoustique). En renonçant à produire des solutions H1-conformes (continues),
les méthodes dG permettent de traiter des maillages généraux (voir Figure I.6 pour un
exemple de discrétisation). L’inconvénient principal des méthodes dG est leur coût de
calcul élevé en raison du grand nombre de degrés de liberté (dofs) en comparaison à FEM.

Fig. I.6: Inconnues discrètes dG d’ordre k = 1 sur un maillage conforme (gauche) et
non-conforme (droite).

Élements finis hybrides discontinus. Les méthodes hybrides discontinues con-
stituent un développement ultérieur des méthodes dG. Ces méthodes introduisent une
inconnue supplémentaire définie sur les faces du maillage. Comparativement aux méth-
odes dG, ces inconnues de face permettent de réduire les coûts de calcul via une procédure
de condensation statique (utilisant un complément de Schur). Cette procédure permet
d’éliminer localement les inconnues de cellules, réduisant ainsi la taille du système à ré-
soudre.

On peut considérer que la classe des méthodes hybrides discontinues est composée des
méthodes HDG (de l’anglais Hybridizable Discontinuous Galerkin [76]), HHO (de l’anglais
Hybrid High-Order [92]), WG (de l’anglais Weak Galerkin [175]) et ncVEM (de l’anglais
non-conforming Virtual Element Methods [13, 60]). Les méthodes HDG, HHO et WG ont
été appliquées avec succès aux problèmes de propagation d’ondes. Dans le cas acoustique,
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on trouve notamment [154, 168] pour HDG, [48, 106, 169] pour HHO et [124, 183] pour
WG, et pour la propagation d’ondes élastiques, on peut citer [154] pour HDG et [51] pour
HHO. De plus, dans le contexte du couplage élasto-acoustique, ces méthodes permettent
d’imposer de manière naturelle les conditions de couplage aux interfaces via les inconnues
de faces [172].

Les méthodes hybrides discontinues utilisent des polynômes d’ordre arbitraire (k ≥ 1
pour l’élasticité, sinon k ≥ 0 pour l’acoustique) associés aux faces du maillage, et des
polynômes d’ordre k′ ∈ {k, k+1} associés aux cellules (voir Figure I.7 pour un exemple de
discrétisation). Elles reposent sur deux opérateurs locaux : un opérateur de reconstruction
du gradient et un opérateur de stabilisation. Ces méthodes présentent plusieurs avantages,
tels qu’un traitement naturel des maillages généraux, des propriétés de conservativité locale
et des taux de convergence optimaux (ordre (k+ 1) en norme d’énergie et ordre (k+ 2) en
norme L2), soit un ordre de plus que pour les méthodes dG. De plus, contrairement à ces
dernières, elles ne nécessitent pas de seuil minimal pour pondérer la stabilisation. Enfin,
dans le cadre de la plasticité, la méthode HHO permet d’éviter de faire appel à la loi de
comportement non-linéaire aux points de quadrature sur les faces du maillage [2], ce qui
constitue un avantage important par rapport à l’approche dG.

Comme pour les méthodes dG, les méthodes hybrides discontinues reposent sur une
formulation discontinue qui conduit naturellement à une matrice de masse bloc-diagonale,
permettant l’utilisation efficace d’intégrateurs explicites en temps. En outre, dans le cas
d’intégrateurs en temps implicites, les méthodes hybrides discontinues permettent de lim-
iter le coût de calcul élevé des méthodes dG grâce à la procédure de condensation statique
mentionée ci-dessus qui permet l’élimination locale des inconnues de cellule, en ne conser-
vant que les inconnues de face. Par conséquent, les méthodes hybrides discontinues offrent
une plus grande flexibilité dans le choix des intégrateurs temporels, tout en maintenant un
bon compromis entre précision et efficacité. En outre, la possibilité de monter facilement
en ordre, combinée à un taux de convergence légèrement plus élevé que pour dG, permet
de limiter les coûts de calcul liés à l’usage de méthodes d’ordre faible, qui nécessitent
souvent des raffinements excessifs du maillage pour atteindre une précision comparable.

Les liens entre les méthodes HHO, HDG, WG et ncVEM ont été établis dans [73, 70, 89]
et nous les détaillerons ci-dessous. Les travaux de cette thèse portent spécifiquement sur
les méthodes HHO, mais en raison de ces liens étroits, ils s’étendent naturellement aux
autres méthodes de la classe des méthodes hybrides discontinues.

Dofs de cellule (degré k′) Dofs de face (degré k)

Fig. I.7: Inconnues discrètes HHO d’ordre k′ = k = 1 sur un maillage conforme (gauche)
et non-conforme (droite).
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Remarque I.2.1 (Problème fréquentiel). La propagation d’ondes elasto-acoustiques a
également été abordée dans le domaine fréquentiel. En particulier, des formulations mixtes
ont été proposées dans [110], en utilisant une formulation mixte-duale dans la région solide
et une formulation primale standard dans le fluide.

I.3 Introduction aux méthodes Hybrid High-Order (HHO)
Dans cette section, nous presentons la discrétisation HHO d’un problème elliptique puis

nous présentons les liens avec les autres méthodes hybrides discontinues. La discrétisation
HHO de l’équation des ondes sera abordée au chapitre suivant.

Soit Ω un domaine polyédrique de Rd, avec d ∈ {2, 3} (ouvert, borné, connexe, à
frontière lipschitzienne). Notre objectif est d’approcher la solution p ∈ H1

0 (Ω) du problème
elliptique suivant :

−∇ · (κ∇p) = f dans Ω, (I.8a)
p = 0 sur ∂Ω, (I.8b)

avec f ∈ L2(Ω) et κ un coefficient de diffusion scalaire. Pour simplifier, nous considérons
une condition de Dirichlet homogène sur ∂Ω. La formulation faible s’écrit

Trouver p ∈ H1
0 (Ω), a(p, q) = ℓ(q) ∀q ∈ H1

0 (Ω). (I.9)

La forme bilinéaire symétrique a et la forme linéaire ℓ sont définies par
a(p, q) := (∇p,∇q)L2(κ;Ω),

ℓ(q) := (f, q)L2(Ω).

(I.10a)

(I.10b)

Les hypothèses du lemme de Lax-Milgram sont vérifiées, ce qui assure l’existence et
l’unicité de la solution de la formulation faible (I.9).

I.3.1 Discrétisation d’un problème elliptique avec HHO

Maillage. Soit T un maillage polyédrique recouvrant exactement Ω. Les faces du
maillage sont regroupées dans l’ensemble F , que l’on scinde en F := F◦ ∪ F ∂, où F◦

contient toutes les interfaces internes du maillage, et F ∂ contient les faces du maillage
situées sur la frontière ∂Ω. Par la suite, nous utiliserons également la notation M :=
(T ,F). Une cellule générique du maillage est notée T ∈ T , son diamètre hT , son vecteur
normal unitaire sortant nT , et les faces constituant la frontière de T sont regroupées dans
le sous-ensemble F∂T ⊂ F . Enfin, par souci de simplicité, nous supposons que le coefficient
de diffusion κ est constant par morceaux. Il est donc constant dans chaque cellule T ∈ T
et sa valeur y est notée κT .

Espaces d’approximations. Soit k ≥ 0 le degré polynomial. Les inconnues HHO
sont constituées d’un couple composé d’une composante cellule et d’une composante face.
La composante cellule est un polynôme par morceaux de degré k′ ∈ {k, k + 1}, et la
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composante face est un polynôme par morceaux de degré k. On parle de discrétisation du
même ordre si k′ = k et d’ordre différent si k′ = k+ 1. On considère les espaces suivants :

P̂ k(M) := P k′(T ) × P k(F), (I.11)

où P k′(T ) := ×
T ∈T

P k′(T ) et P k(F) := ×
F ∈F

P k(F ). Les éléments de P̂ k(M) sont notés

p̂M := (pT , pF ) ∈ P̂ k(M), où pT constitue la composante cellule de p̂M et pF sa com-
posante face. Pour tout T ∈ T , les composantes locales de p̂M forment la paire

p̂T := (pT , p∂T ) ∈ P̂ k
T := P k′(T ) × P k(F∂T ), (I.12)

où p∂T := (pF )F ∈F∂T
et P k(F∂T ) := ×

F ∈F∂T

P k(F ). De plus, afin d’imposer la condition de

Dirichlet homogène sur p, nous considérons le sous-espace

P̂ k
0 (M) :=

{
p̂M ∈ P̂ k(M) | pF = 0, ∀F ∈ F ∂

}
. (I.13)

Ainsi, nous approchons la pression p par une inconnue HHO p̂M ∈ P̂ k
0 (M).

Soit Πk′
T (resp. Πk

F et Πk
∂T ) la projection L2-orthogonale locale sur l’espace P k′(T )

(resp. P k(F ) et P k(F∂T )). On note Πk′
T (resp. Πk

F ) la projection L2-orthogonale globale
sur P k′(T ) (resp. P k(F)). On peut alors définir l’opérateur d’interpolation HHO Îhho

M :
H1

0 (Ω) → P̂ k
0 (M) tel que, pour tout p ∈ H1

0 (Ω),

Îhho
M (p) := (Πk′

T (p),Πk
F (p|F )) ∈ P̂ k

0 (M). (I.14)

On peut également définir son pendant local, Îhho
T : H1

0 (T ) → P̂ k
T (T ) tel que, pour tout

T ∈ T , tout p ∈ H1(T ),

Îhho
T (p) := (Πk′

T (p),Πk
∂T (p|∂T )) ∈ P̂ k

T (T ). (I.15)

Opérateurs de reconstruction. Pour tout T ∈ T , nous définissons l’opérateur de
reconstruction locale du gradient gT : P̂ k

T → P k(T ) (on rappelle que la police en gras fait
référence aux champs de vecteurs) tel que, pour tout p̂T ∈ P̂ k

T ,

(gT (p̂T ), r)L2(T ) = (∇pT , r)L2(T ) − (pT − p∂T , r·nT )L2(∂T ), ∀r ∈ P k(T ). (I.16)

Remarquons que gT (p̂T ) repose sur la formule d’intégration par parties et peut être évalué
composante par composante en inversant la matrice de masse associée à une base de
l’espace des polynômes scalaires P k(T ). On définit l’opérateur global de reconstruction
du gradient gT : P̂ k(M) → Mk(T ) par gT (p̂M)|T := gT (p̂T ) pour tout T ∈ T et tout
p̂M ∈ P̂ k(M).

On peut également définir un opérateur de reconstruction du potentiel Rk+1
T : P̂ k

T →
P k+1

∗ (T ) en résolvant, pour tout p̂T ∈ P̂ k
T , le problème de Neumann suivant :(

∇Rk+1
T (p̂T ) ,∇q

)
L2(T )

= (∇pT ,∇q)L2(T ) + (p∂T − pT ,∇q · nT )L2(∂T ) , ∀q ∈ P k+1
∗ (T ),

(I.17)
où P k+1

∗ (T ) :=
{
q ∈ P k+1(T ) | (q, 1)T = 0

}
. On impose en outre la condition de valeur

moyenne (Rk+1
T (p̂T ), 1)L2(T ) = (pT , 1)L2(T ). On notera que pour les problèmes non linéaires,

il est préférable de considérer l’opérateur de reconstruction du gradient gk
T plutôt que

∇Rk+1
T , comme discuté dans [87, 1].
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Remarque I.3.1 (Convergence des opérateurs de reconstruction). Notons que l’on a les
propriétés suivantes, pour tout T ∈ T et pour tout p ∈ H1(T ),

gT (Îhho
T (p)) = Πk

T (∇p), (I.18a)
∇Rk+1

T (Îhho
T (p)) = ∇Ek+1

T (p), (I.18b)

où Ek+1
T : H1(T ) → P k+1(T ) désigne la projection elliptique. Les opérateurs de recon-

struction satisfont donc les propriétés d’approximation suivantes :∥∥∥∇p− gT (Îhho
T (p))

∥∥∥
L2(T )

≲ Chk+1|p|Hk+2(T ), (I.19a)∥∥∥∇p− ∇Rk+1
T (Îhho

T (p))
∥∥∥

L2(T )
≲ Chk+1|p|Hk+2(T ), (I.19b)

pour tout p ∈ Hk+2(T ).

Opérateur de stabilisation. Définissons l’opérateur de stabilisation local S∂T :
P̂ k

T → P k(F∂T ) tel que, pour tout p̂T ∈ P̂ k
T , S∂T (p̂T ) := S̃∂T (δ∂T (p̂T )) avec δ∂T (p̂T ) :=

pT |∂T − p∂T où pour tout δ ∈ P k(F∂T ),

S̃δ(δ) :=
{

Πk
∂T (δ + (I − Πk

T )Rk+1
T (0, δ)|∂T ), si k′ = k,

Πk
∂T (δ), si k′ = k + 1.

(I.20)

La forme bilinéaire de stabilisation globale sM sur P̂ k(M) × P̂ k(M) est définie par

sM(p̂M, q̂M) :=
∑
T ∈T

τT (S∂T (p̂T ), S∂T (q̂T ))L2(∂T ), ∀p̂M, q̂M ∈ P̂ k(M), (I.21)

où, pour tout T ∈ T , le paramètre de stabilisation τT > 0 est pris égal à

τT := κT h̃
−α
T (I.22)

avec α ∈ {0, 1}, h̃T := hT
ℓΩ

, (la normalisation par ℓΩ := diam(Ω) est introduite pour des
raisons de cohérence dimensionnelle). Le paramètre α est important car il permet de
choisir entre une stabilisation O(1) pour α = 0 et une stabilisation O( 1

h) pour α = 1. Les
deux choix s’avèreront utiles dans cette thèse pour l’équation des ondes. Dans le cas des
problèmes elliptiques, on considère uniquement le choix α = 1.

Remarque I.3.2. La stabilisation dans le cas d’ordre différent est celle introduite par
Lehrenfeld–Schöberl dans le cadre des méthodes HDG [138].

Problème global. Le problème discretisé en espace s’écrit comme suit: Trouver p̂M ∈
P̂ k

0 (M) tel que pour tout q̂M ∈ P̂ k
0 (M),

aM(p̂M, q̂M) = (f, qT )L2(Ω), (I.23)

avec
aM(p̂M, q̂M) := (gT (p̂M), gT (q̂M))L2(κ;Ω) + sM(p̂M, q̂M),

:=
∑
T ∈T

{
(gT (p̂T ), gT (q̂T ))L2(κ;T ) + τT (S∂T (p̂T ), S∂T (q̂T ))L2(∂T )

}
.

(I.24)

On montre que le problème (I.23) est bien posé [93].
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Réalisation algébrique. Définissons les dimensions des espaces globaux P k′(T ) et
P k(F◦) comme

Nk′
T := dim(P k′(T )), Nk

F := dim(P k(F◦)), (I.25)

et notons leur bases polynomiales respectives comme

{φi}1≤i≤Nk′
T
, {ψi}1≤i≤Nk

F
. (I.26)

Soit (PT ,PF ) ∈ RNk′
T ×RNk

F les vecteurs composantes de p̂M = (pT , pF ) ∈ P̂ k
0 (M). Soit

K la matrice de rigidité globale (symétrique, définie positive), notons KT T , KT F , KFF les
différents blocs de cette matrice. La réalisation algébrique de (I.23) peut être formulée de
la manière suivante : KT T KT F

K†
T F KFF


PT

PF

 =

FT

0

 , (I.27)

où FT a pour composantes ℓ(φi) pour tout i ∈ {1, . . . , Nk′
T }.

Anayse d’erreur. Nous rappelons maintenant les principaux résultats relatifs à l’analyse
d’erreur [93].

Théorème I.3.1 (Estimation d’erreur en norme d’énergie). Soit p ∈ H1
0 (Ω) et p̂M ∈

P̂ k
0 (M) les solutions uniques de (I.9) et (I.23) respectivement. Il existe une constante
C > 0, dépendant de la regularité du maillage et du degré polynomial mais indépendante
de h, telle que, en supposant la régularité supplémentaire p ∈ Hk+2(Ω),

∥∇p− gT (p̂M)∥L2(Ω) ≤ Chk+1|p|Hk+2(Ω). (I.28)

Nous avons également une estimation d’erreur L2 optimale pour le potentiel sous
hypothèse de régularité elliptique. Pour simplifier, nous supposons que le coefficient de
diffusion κ est constant dans Ω. Dans ces conditions, nous supposons qu’il existe une
constante Cell > 0 et un indice de régularité s ∈ (1/2, 1] ne dépenant que de Ω tels que,
pour tout g ∈ L2(Ω), la solution unique ζ ∈ H1

0 (Ω) du problème elliptique adjoint telle
que a(ζ, q) = (g, q)L2(Ω) pour tout q ∈ H1

0 (Ω) satisfait l’estimation de régularité

∥ζ∥H1+s(Ω) ≤ Cell∥g∥L2(Ω). (I.29)

Théorème I.3.2 (Estimation d’erreur L2 pour le potentiel). Outre les hypothèses du
théorème I.3.1, supposons que le problème (I.8) vérifie la propriété de régularité elliptique
ci-dessus et que f ∈ H1(Ω) dans le cas k = 0. Il existe une constante C > 0, dépendant de
la régularité de Ω et du degré polynomial mais indépendante de h, telle que, pour k ≥ 1,∥∥∥Πk′

T (p) − pT
∥∥∥

L2(Ω)
≤ Chk+1+s|p|Hk+2(Ω), (I.30a)

et pour s = 1 et k′ = k = 0,∥∥∥Πk′
T (p) − pT

∥∥∥
L2(Ω)

≤ Ch2(|p|H2(Ω) + |f |H1(Ω)). (I.30b)
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Le cas optimal dans (I.30a) est obtenu lorsque s = 1 (régularité elliptique maximale),
auquel cas la borne supérieure dans (I.30a) décroit en hk+2. Lorsque k′ = k+1, une simple
inégalité triangulaire conduit alors à une estimation d’ordre k + 2 sur ∥p − pT ∥L2(Ω). En
revanche, lorsque k′ = k l’estimation (I.30a) s’interprète comme un résultat de supercon-
vergence.

I.3.2 Liens avec les autres méthodes hybrides discontinues

Comme évoqué dans la section précédente, les méthodes HDG, WG et ncVEM présen-
tent des liens étroits avec HHO [73, 89, 70].

Liens avec les méthodes HDG. La principale différence entre les méthodes HHO
et HDG est que dans HHO, on approche la paire d’inconnues (p, p|F ) et que dans HDG, on
approche le triplet d’inconnues (−∇p, p, p|F ). Ainsi, dans le contexte HDG, on considère
explicitement la variable duale σ := −∇p (souvent appelée flux). Une discrétisation HDG
se formule à l’aide des espaces locaux ST , VT et VF pour tout T ∈ T et tout F ∈ F . En
définissant les espaces globaux

ST := ×
T ∈T

ST , VT := ×
T ∈T

VT , VF := ×
F ∈F

VF (I.31)

ainsi que VF0 :=
{
µF := (µF )F ∈F ∈ VF | µF = 0,∀F ∈ F∂

}
, la méthode HDG consiste

à chercher le triplet (σT , pT , λF ) ∈ ST × VT × VF0 tel que, pour tout (τ T , wT , µF ) ∈
ST × VT × VF , tout T ∈ T et tout F ∈ F◦, on ait

(σT , τ T )L2(T ) − (pT ,∇ · τ T )L2(T ) + (λ∂T , τ T · nT )L2(∂T ) = 0, (I.32a)

−(σT ,∇wT )L2(T ) + (ϕ∂T · nT , wT )L2(∂T ) = (f, wT )L2(T ), (I.32b)

(Jϕ∂T K · nF , µF )L2(F ) = 0, (I.32c)

avec λ∂T := (λF )F ∈F∂T
, le flux numérique HDG ϕ∂T := (ϕ∂T )T ∈T défini par

ϕ∂T := σT |∂T + shdg
∂T (pT |∂T − λ∂T )nT , ∀T ∈ T , (I.33)

avec un opérateur de stabilisation shdg
∂T et le saut normal à travers l’interface F = ∂T− ∩

∂T+ ∈ F◦ défini par

Jϕ∂T K · nF := (ϕ∂T − |F − ϕ∂T + |F ) · nF = (ϕ∂T − · nT−)|F + (ϕ∂T + · nT+)|F , (I.34)

où nF pointe conventionnellement de T− vers T+. L’équation (I.32a) est la contrepartie
discrète de σ = −∇p, l’équation (I.32b) celle de ∇ · σ = f , et l’équation (I.32c) im-
pose faiblement la continuité de la composante normale du flux numérique à travers les
interfaces du maillage.

En conclusion, les méthodes HDG sont obtenues en choisissant les espaces locaux
ST , VT , VF et l’opérateur de stabilisation shdg

∂T . Comme établi dans [73], ce paradigme
s’applique à la méthode HHO.
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Proposition I.3.1 (Équivalence entre HHO et HDG). La méthode HHO peut être réécrite
comme une méthode HDG en posant

ST := P k(T ), VT := P k(T ), VF := P k(F ), (I.35)

et l’opérateur de stabilisation HDG

shdg
∂T (v) := h−1

T (S̃∗
∂T ◦ S̃∂T )(v), ∀v ∈ P k(F∂T ) := ×

F ∈F∂T

VF . (I.36)

La variable duale HDG est donnée par σT = −gT (p̂T ) pour tout T ∈ T et la variable de
trace est λF = pF pour tout F ∈ F .

Liens avec les méthodes WG. La méthode Weak Galerkin, introduite dans [177,
175], peut également être interprétée comme une instance particulière des méthodes HDG,
comme le démontre [72, Section 6.6]. Les liens avec la méthode HHO sont particulièrement
immédiats, puisque les deux méthodes HHO et WG sont formulées à l’aide d’une paire
approchant (p, p|F ). La seule différence est dans la terminologie : le "gradient faible" dans
WG n’est rien d’autre que le gradient reconstruit dans HHO. On notera également que la
stabilisation de même ordre dans HHO n’a jamais été considérée dans les méthodes WG,
ce qui conduit à une perte d’optimalité (d’un ordre) pour ces dernières. En outre, dans
le cas d’ordre différent, l’utilisation de la projection pour définir l’opérateur de stabilisa-
tion a souvent été omise dans les méthodes WG, ce qui conduit, à nouveau, à une perte
d’optimalité (d’un ordre).

Liens avec les méthodes ncVEM. L’objectif de ce paragraphe est de montrer que
la méthode HHO peut s’écrire dans le formalisme ncVEM, en suivant les idées présentées
dans [73, 89, 70], voir également [69, 65]. Pour une étude plus systématique, on pourra
consulter [139].

Soit k ≥ 0 le degré polynomial. Considérons l’espace fonctionnel de dimension finie,

Pk
T :=

{
p ∈ H1(T )

∣∣∣ ∆p ∈ P k(T ), nT · ∇p|∂T ∈ P k(F∂T )
}
. (I.37)

On observe que P k+1(T ) ⊂ Pk
T , mais que Pk

T contient également d’autres fonctions
"virtuelles", i.e. inaccessibles au calcul direct.

Définissons l’espace global de type Crouzeix–Raviart d’ordre élevé

Pk
T :=

{
pT ∈ L2(Ω)

∣∣∣ pT |T ∈ Pk
T ∀T ∈ T , Πk

F (JpT KF ) = 0 ∀F ∈ F◦
}
, (I.38)

où JpT KF désigne le saut de pT à travers l’interface F , et F◦ est l’ensemble des faces
intérieures, de sorte à avoir une réponse univaluée sur chaque face. On pose également

Pk
T 0 :=

{
pT ∈ Pk

T

∣∣∣ Πk
F (pT |F ) = 0 ∀F ∈ F∂

}
. (I.39)

Une formulation naturelle pour résoudre le problème (I.8) consiste à chercher

pT ∈ Pk
T 0, ancVEM(pT , qT ) = ℓ(Πk

T (qT )), ∀qT ∈ Pk
T 0, (I.40)
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avec la forme bilinéaire ancVEM : Pk
T 0 × Pk

T 0 → R définie par

ancVEM(pT , qT ) := (∇T pT ,∇T qT )L2(Ω), (I.41)

où ∇T est l’opérateur gradient brisé.
Pour tout T ∈ T , nous définissons l’opérateur de reconstruction (virtuelle) RncVEM

T :
P̂ k

T → Pk
T tel que, pour tout p̂T ∈ P̂ k

T , la fonction RncVEM
T (p̂T ) ∈ Pk

T est définie de manière
unique en résolvant le problème de Neumann suivant :

(∇RncVEM
T (p̂T ),∇q)L2(T ) = −(pT ,∆q)L2(T ) + (p∂T ,nT · ∇q)L2(∂T ), (I.42a)

(RncVEM
T (p̂T ), 1)L2(T ) = (pT , 1)L2(T ). (I.42b)

où la relation (I.42a) est satisfaite pour tout q ∈ Pk
T . Le lien entre les espaces HHO et

ncVEM est établi par le diagramme suivant :

Pk
T

Îhho
T

RncVEM
T

P̂ k
T (I.43)

avec Îhho
T l’opérateur de projection usuel HHO défini en (I.15), la composition des deux

opérateurs donnant l’identité.
En utilisant l’opérateur de reconstruction ci-dessus, une reformulation équivalente de

(I.40) consiste à chercher

p̂M ∈ P̂ k
0 (M), âncVEM(p̂M, q̂M) = ℓ(qT ) ∀q̂M ∈ P̂ k

0 (M), (I.44)

avec
âncVEM(p̂M, q̂M) := (∇T RncVEM

T (p̂M),∇T RncVEM
T (q̂M))L2(Ω), (I.45)

et RncVEM
T (p̂M)|T := RncVEM

T (p̂T ) pour tout T ∈ T .
Pour faire le lien entre les deux méthodes, on remarque tout d’abord qu’une formulation

équivalente de la méthode HHO consiste à chercher

pT ∈ Pk
T 0, ahho(pT , qT ) = ℓ

(
Πk

T (qT )
)
, ∀qT ∈ Pk

T 0, (I.46)

où la forme bilinéaire ahho : Pk
T 0 × Pk

T 0 → R est définie par

ahho(pT , qT ) := (∇Rk+1
T (pT ),∇Rk+1

T (qT ))L2(Ω) + sM(Îhho
M (pT ), Îhho

M (qT )). (I.47)

La relation de Pythagore donne,

(∇T RncVEM
T (p̂M),∇T RncVEM

T (q̂M))L2(Ω)

= (Π∇P k+1RncVEM
T (p̂M),Π∇P k+1RncVEM

T (q̂M))L2(Ω)

+ ((I − Π∇P k+1)(RncVEM
T (p̂M)), (I − Π∇P k+1)(RncVEM

T (q̂M)))L2(Ω),

(I.48)

où Π∇T P k+1 désigne la projection L2-orthogonale sur ∇P k+1(T ). En observant que

∇Rk+1
T (p̂M) = Π∇P k+1RncVEM

T (p̂M), (I.49)



Chapter I. Introduction 29

le lien entre les méthodes HHO et ncVEM est assuré dès lors que

sM(p̂M, p̂M) ≈ ((I − Π∇P k+1)(RncVEM
T (p̂M)), (I − Π∇P k+1)(RncVEM

T (p̂M)))L2(Ω). (I.50)

au sens des formes quadratiques semi-définies positives. Ainsi, le rôle de la stabilisation
dans la méthode HHO peut être interprété comme un moyen de garantir que la méthode
reste H1-coercive dans Pk

T 0, dans l’esprit des idées développées dans le cadre de la méthode
des éléments virtuels.

I.4 Introduction aux méthodes unfitted
Le maillage des domaines complexes représente un défi important dans la résolution

des équations aux dérivées partielles. Il est bien établi que, pour les méthodes classiques
d’éléments finis, une adéquation suffisante entre le maillage et la géométrie est nécessaire,
sous peine de compromettre la précision des solutions obtenues. Cela est particulièrement
crucial pour les méthodes d’ordre élevé. On a vu dans la section précédente que de nom-
breuses méthodes ont été développées dans le but de simplifier le processus de maillage
en permettant un plus grand ensemble de formes géométriques pour les cellules de calcul.
Par exemple, l’utilisation de méthodes hybrides discontinues possédant des dofs sur les
faces mène à des propriétés avantageuses, comme discuté ci-dessus. Cependant, des diffi-
cultés subsistent lors de l’utilisation de méthodes hybrides non conformes en présence de
frontières ou d’interfaces courbes, alors que le traitement des cellules avec faces courbes
dans les méthodes dG est plus direct. Pour résoudre cette difficulté, une possibilité est
d’enrichir (avec des fonctions non polynomiales) l’ensemble des inconnues sur les faces
courbes, comme dans [181] pour HHO et dans [29] pour ncVEM. Une autre possibilité est
de travailler avec des maillages dont les cellules ont des faces planes, mais de construire
la représentation géométrique directement dans la discrétisation, de sorte que même si
le maillage n’est pas adapté à l’interface (voir la Figure I.8), la précision de la solution
n’est pas dégradée. On parle alors de méthode de discrétisation unfitted. Un problème
crucial pour les méthodes unfitted est la gestion des instabilités qui surviennent lorsque
l’interface coupe une cellule en produisant une sous-cellule de très petite taille ou très
aplatie. On parle de mauvaise coupe. Notre intérêt à poursuivre le développement des
méthodes unfitted HHO est motivé par l’objectif de les appliquer à la propagation d’ondes
élasto-acoustiques.

Fig. I.8: Exemple de maillage non-adapté à l’interface.
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I.4.1 État de l’art des méthodes unfitted

Dans cette section, nous nous intéressons à l’état de l’art des méthodes unfitted. Dans
ce contexte, le principal défi est de parvenir à traiter les mauvaises coupes.

Méthodes continues. Les méthodes unfitted FEM ont été introduites dans [20] en
s’inspirant des méthodes de pénalisation [15, 22]. Une avancée majeure dans le développe-
ment des méthodes unfitted FEM a été accompli dans [113] en utilisant la méthode de
Nitsche, qui est une méthode de pénalisation consistante conçue à l’origine pour imposer
les conditions de Dirichlet au sens faible dans le problème de Poisson [155]. Ces idées ont
ensuite été généralisées pour inclure des problèmes de couplage plus complexes, y compris
des EDP sur des surfaces et des couplages multiphysiques, conduisant au cadre cutFEM
[44] dont un exemple de discrétisation est donnée à la Figure I.9; voir également [135, 137].
Le principe général est de doubler les inconnues dans les cellules coupées et d’utiliser la
méthode de Nitsche afin d’imposer faiblement les conditions de saut (éventuellement nul)
à l’interface. Dans le cadre cutFEM, la gestion des instabilités dues aux mauvaises coupes
est effectuée par l’ajout de certains termes stabilisés (dits de pénalisation fantôme) [40]
pénalisant le saut des dérivées normales à travers les interfaces proches des cellules mal
coupées.

AJOUT DES TERMES DE

PÉNALISATION FANTÔME

Ω1

Ω2

Fig. I.9: Doublement des inconnues Q1-FEM, sous-cellules mal coupées (rayés) et ensemble des
faces impactées par la pénalisation fantôme.

Méthodes discontinues. Les méthodes unfitted ont également été considérées pour
les méthodes dG [25, 125, 144, 118], HDG [78, 162] et HHO [52, 42]. Dans le cadre
des méthodes discontinues, l’approche la plus naturelle pour traiter les mauvaises coupes
consiste à agglomérer chaque cellule mal coupée avec une cellule voisine qui est bien
coupée [125] (cette approche a été étendue aux méthodes FEM conformes dans [17]).
Pour les méthodes hybrides discontinues, la combinaison de l’agglomération de cellules
et d’un couplage faible local dérivé du cadre HHO a été appliquée avec succès à des
problèmes elliptiques avec interface [42], aux écoulements de Stokes incompressibles [46]
et à la propagation d’ondes acoustiques [49]. Cependant, il s’avère compliqué d’intégrer
la procédure d’agglomération dans un code préexistant puisqu’elle nécessite de modifier
une partie du maillage. Il est souvent souhaitable de conserver le maillage sous-jacent fixe
et de modifier plutôt la structure algébrique des inconnues. Une technique qui répond
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à cet objectif est celle d’extension polynomiale pour stabiliser la méthode. Des idées
similaires ont été introduites dans des contextes différents en utilisant des multiplicateurs
de Lagrange [115] puis la méthode de Nitsche pour les éléments finis [141, 56], les méthodes
isogéométriques [38] et VEM [33, 31, 122].

I.4.2 Présentation de la méthode unfitted HHO

Dans cette section, nous présentons les principaux ingrédients de la méthode unfitted
HHO tels que développés dans [42]. On considère une partition de Ω en deux sous-domaines
disjoints Ω = Ω1 ∪ Ω2, avec une interface Γ := ∂Ω1 ∩ ∂Ω2, comme illustré à la Figure I.10.
Pour tout i ∈ {1, 2}, on pose ı̄ := 3−i, de sorte que Ω\Ωi = Ωı̄∪Γ. Par souci de simplicité,
on suppose que l’interface Γ est de classe C2 et qu’elle ne touche pas la frontière de Ω.
Le vecteur normal unitaire nΓ à Γ est orienté conventionnellement de Ω1 vers Ω2. Pour
une fonction suffisamment régulière v définie sur Ω1 ∪ Ω2, en notant vi := v|Ωi pour tout
i ∈ {1, 2}, on définit son saut à travers Γ par :

JvKΓ := v1|Γ − v2|Γ. (I.51)

Ω2

Γ

nΓ

Ω1

Fig. I.10: Problème modèle.

Problème modèle. Le problème modèle correspond à chercher la solution p ∈ H1(Ω1∪
Ω2) du problème elliptique avec interface suivant :

−∇·(κ∇p) = f dans Ω1 ∪ Ω2, (I.52a)
JpKΓ = gD sur Γ, (I.52b)

Jκ∇pKΓ · nΓ = gN sur Γ, (I.52c)
p = 0 sur ∂Ω, (I.52d)

avec f ∈ L2(Ω), gD ∈ H
1
2 (Γ) et gN ∈ L2(Γ). Pour simplifier, on considère une condition

de Dirichlet homogène sur ∂Ω.
On suppose que le coefficient de diffusion κ est scalaire, et que κi := κ|Ωi est constant

pour tout i ∈ {1, 2}. Pour fixer les idées, on suppose que κ1 ≤ κ2. La méthode couvre le
cas fortement contrasté où κ1 ≪ κ2. Il est important de souligner que c’est la propriété
κ1 ≤ κ2 qui détermine l’orientation de nΓ, et non le fait que l’un d’eux sous-domaine
touche la frontière. Ainsi, la numérotation dans la Figure I.10 est uniquement illustrative.
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On remarque également que les hypothèses précédentes sur Γ et κ peuvent être levées au
prix de considérations techniques supplémentaires.

La formulation faible s’écrit :

Trouver p ∈ VgD , a(p, q) = ℓ(q) ∀q ∈ V0, (I.53)

avec VgD := {v ∈ H1(Ω1 ∪Ω2) | JvKΓ = gD sur Γ, v = 0sur ∂Ω}. On note que V0 = H1
0 (Ω).

La forme bilinéaire symétrique a et la forme linéaire ℓ sont définies par :
a(p, q) :=

∑
i∈{1,2}

κi(∇pi,∇qi)L2(Ωi),

ℓ(q) := (f, q)L2(Ω) + (gN , q)L2(Γ).

(I.54a)

(I.54b)

On notera que la condition de saut (I.52b) est imposée au sens fort dans (I.53), alors que
(I.52c) est imposée au sens faible.

Maillage. Le maillage T est typiquement composé de mailles de forme simple (bien
que cela ne soit pas une hypothèse nécessaire). Un point important est que le maillage T
n’est pas adapté à l’interface Γ, de sorte que cette dernière peut couper arbitrairement une
maille quelconque. Une première partition naturelle des mailles est celle entre les mailles
coupées et non coupées,

T := T uncut ∪ T cut, (I.55)

où T uncut désigne l’ensemble des mailles non coupées, T cut celui des mailles coupées.
Pour toute maille T ∈ T , on définit l’interface locale TΓ := T ∩ Γ et, pour tout i ∈ {1, 2},
T i := T ∩ Ωi (certains de ces ensembles peuvent être vides). Nous conservons la notation
M := (T ,F).

Les faces du maillage sont regroupées dans l’ensemble F , et l’on définit F i := {F ∈
F | F ⊂ Ωi} pour tout i ∈ {1, 2}. Pour chaque face F ∈ FΓ := F \ (F1 ∪ F2) coupée
par l’interface Γ, on définit ses deux sous-faces F i := F ∩ Ωi pour tout i ∈ {1, 2}. Pour
toute maille T ∈ T , on note F∂T l’ensemble des faces composant sa frontière ∂T . De plus,
pour toute maille coupée T ∈ T cut, en rappelant que TΓ = T ∩ Γ, la frontière ∂(T i) de la
sous-maille T i se décompose comme suit :

∂(T i) := (∂T )i ∪ TΓ, (∂T )i := ∂T ∩ (Ωi \ Γ), ∀i ∈ {1, 2}. (I.56)

Pour unifier les notations, pour toute maille non coupée T ∈ T i avec i := ι(T ) ∈ {1, 2}
(et ı̄ := 3 − i), on pose :

T i := T, T ı̄ := ∅, (∂T )i := ∂T , (∂T )ı̄ := ∅, TΓ := ∅. (I.57)

Enfin, pour toute maille T ∈ T et tout i ∈ {1, 2}, l’ensemble (éventuellement vide)
F(∂T )i :=

{
F i = F ∩ Ωi | F ∈ F∂T

}
représente l’ensemble des (sous-)faces composant (∂T )i.
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Degrés de liberté. Dans chaque cellule coupée T ∈ T cut, les inconnues HHO sont
doublées (comme illustré dans la Figure I.11 à droite) de manière à disposer des inconnues
usuelles dans chaque sous-cellule, sauf sur TΓ où il n’y a pas d’inconnues. L’absence
d’inconnues sur l’interface rend nécessaire l’utilisation d’inconnues de cellule de degré
k′ = k + 1 afin de préserver l’ordre de convergence optimal de la méthode unfitted HHO.
Ainsi, les inconnues locales HHO dans chaque cellule coupée sont données par

p̂T := (p̂T 1 , p̂T 2) := (pT 1 , p(∂T )1 , pT 2 , p(∂T )2) ∈ P̂ k
T := P̂ k

T 1 × P̂ k
T 2 . (I.58)

avec P̂ k
T i := P k+1(T i) × P k(F(∂T )i) et P k(F(∂T )i) := ×F i∈F(∂T )i

P k(F i), pour tout i ∈
{1, 2}. Pour unifier la notation entre cellules coupées et non coupées, on écrit p̂T dans le
même format que dans (I.58) pour chaque cellule non coupée. Ainsi, p̂T := (pT 1 , p(∂T )1 , 0, 0)
pour tout T ∈ T 1 et p̂T := (0, 0, pT 2 , p(∂T )2) pour tout T ∈ T 2.

L’espace global HHO sur le maillage unfitted est

P̂ k(M) := P k(T 1) × P k(F1) × P k(T 2) × P k(F2), (I.59)

où
P k(T i) := ×

T ∈T
P k+1(T i), P k(F i) := ×

F ∈F
P k(F i), ∀i ∈ {1, 2}. (I.60)

Pour imposer la condition aux limites de Dirichlet homogène sur ∂Ω, nous considérons le
sous-espace

P̂ k
0 (M) := P k(T 1) × P k

0 (F1) × P k(T 2) × P k
0 (F2), (I.61)

où P k
0 (F1) et P k

0 (F2) sont les sous-espaces de P k(F1) et P k(F2), respectivement, où
toutes les inconnues attachées aux faces situées sur ∂Ω sont nulles. Rappelons que seule
l’un des deux sous-domaines Ωi touche la frontière, de sorte que, en pratique, seul l’un des
deux espaces de faces est modifié pour tenir compte des conditions de Dirichlet.

T 1

T 2

T KO,1

T KO,2

T OK

T1 T2

(∂T)1 (∂T)2

TΓ

Fig. I.11: Gauche. Différent types de cellules dans le cas d’un maillage unfitted. Droite.
Inconnues locales HHO dans une cellule coupée.
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Opérateurs locaux. L’idée est de reconstruire deux gradients, un dans chaque sous-
cellule. Ainsi, on définit une paire d’opérateurs locaux gT i : P̂ k

T → P k(T i), i ∈ {1, 2}, tels
que, pour tout p̂T := (pT 1 , p(∂T )1 , pT 2 , p(∂T )2) et tout q ∈ P k(T i),

(gT i(p̂T ), q)L2(T i) := (∇pT i , q)L2(T i) +(p(∂T )i −pT i , q·nT )L2((∂T )i) −δi1(JpT KΓ, q·nΓ)L2(T Γ),

(I.62)
avec JpT KΓ := pT 1 |T Γ − pT 2 |T Γ et δi1 désignant le delta de Kronecker. On pourra remar-
quer que les deux gradients sont reconstruits indépendamment, mais que gT 1 dépend des
composantes cellules des deux côtés de l’interface en raison du dernier terme dans (I.62).
Ce terme n’est présent que lorsque i = 1 afin de garantir la robustesse du schéma dans le
cas fortement contrasté où κ1 ≪ κ2.

Nous considérons deux formes bilinéaires locales de stabilisation. La première est la
stabilisation usuelle des méthodes HHO (ici la stabilisation de Lehrenfeld–Schöberl puisque
k′ = k + 1). Son rôle est d’imposer faiblement la consistance entre les inconnues cellules
et faces sur les sous-faces des sous-cellules du maillage dans chaque sous-domaine. Pour
tous p̂M, q̂M ∈ P̂ k

0 (M), on définit

s◦
M(p̂M, q̂M) :=

∑
T ∈T

∑
i∈{1,2}

κih
−1
T (Πk

(∂T )i(pT i)−p(∂T )i ,Πk
(∂T )i(qT i)−q(∂T )i)L2((∂T )i), (I.63)

où Πk
(∂T )i désigne le projecteur orthogonal L2 sur P k(F(∂T )i). La seconde forme bilinéaire

de stabilisation a pour but de contrôler les sauts à travers l’interface Γ. Plus précisément,
pour tous p̂M, q̂M ∈ P̂ k

0 (M), on pose

sΓ
M(p̂M, q̂M) :=

∑
T ∈T cut

κ1h
−1
T (JpT K, JqT K)L2(T Γ). (I.64)

En regroupant les deux termes, on définit, pour tous p̂M, q̂M ∈ P̂ k
0 (M),

sM(p̂M, q̂M) := s◦
M(p̂M, q̂M) + sΓ

M(p̂M, q̂M). (I.65)

Problème global. Le problème discret global s’écrit comme suit : Trouver p̂M ∈
P̂ k

0 (M) tel que
aM(p̂M, q̂M) = ℓM(q̂M) ∀q̂M ∈ P̂ k

0 (M), (I.66)

où la forme bilinéaire aM est définie comme suit :

aM(p̂M, q̂M) := bM(v̂h, q̂M) + sM(p̂M, q̂M), (I.67)

avec
bM(p̂M, q̂M) :=

∑
T ∈T

∑
i∈{1,2}

κi(gT i(p̂T ), gT i(q̂T ))L2(T i). (I.68)

De plus, la forme linéaire ℓM est définie par

ℓM(ŵh) :=
∑
T ∈T

∑
i∈{1,2}

(f, qT i)T i

+
∑

T ∈T cut

{
(gN , qT 2)T Γ + κ1h

−1
T (gD, JqT KΓ)T Γ − δi1κ1(gD, gT i(q̂T ))T Γ

}
.

(I.69)
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On remarque que, dans le problème discret (I.66), seule la condition aux limites de Dirichlet
est imposée explicitement (sur les inconnues de face situées sur la frontière ∂Ω), tandis
que les deux conditions de saut à travers l’interface, (I.52b) et (I.52c), sont imposées de
manière faible.

Cellules mal coupées. Parmi les mailles coupées, on distingue ensuite les mailles
bien coupées des mailles mal coupées. Plus précisément, on fixe un paramètre ϑ ∈ (0, 1),
et on dit qu’une maille coupée T est bien coupée si, pour tout i ∈ {1, 2}, T i contient une
boule de rayon ϑhT ; sinon, la maille T est dite mal coupée. Comme établi dans [42],
si ϑ est suffisamment petit et le maillage suffisamment fin (par rapport à la courbure de
l’interface), la condition de boule ci-dessus ne peut échouer que au plus dans une des deux
sous-cellules. Ces considérations conduisent à la partition suivante :

T cut := T OK ∪ T KO, (I.70)

où T OK celui des mailles bien coupées, et T KO celui des mailles mal coupées. En posant
T i := {T ∈ T | T ⊂ Ωi} pour tout i ∈ {1, 2}, on a T uncut = T 1 ∪ T 2. Pour toute maille
T ∈ T uncut, on note ι(T ) ∈ {1, 2} l’indice tel que T ∈ T ι(T ). Par ailleurs, pour toute
maille T ∈ T KO, on définit ι(T ) ∈ {1, 2} comme l’indice pour lequel la condition de boule
échoue. On introduit alors la partition T KO = T KO,1

h ∪ T KO,2
h , où T ∈ T KO,i si ι(T ) = i.

On obtient ainsi une partition plus fine du maillage que celle de (I.55)-(I.70) :

T := T 1 ∪ T 2︸ ︷︷ ︸
T uncut

∪ T OK ∪ T KO,1
h ∪ T KO,2

h︸ ︷︷ ︸
=T cut

. (I.71)

Un exemple de partionnement est donné à la Figure I.11 à gauche.

Opérateur d’appariement. Le traitement des mauvaises coupes repose sur un opéra-
teur d’appariement, qui associe à chaque maille mal coupée T ∈ T KO une maille non
coupée ou bien coupée appartenant au voisinage ∆(T ). On note cet opérateur N :
T KO −→ T , tel que

N : T KO ∋ S 7−→ T ∈ (T i ∪ T OK ∪ T KO,̄ı) ∩ ∆(S), i := ι(T ). (I.72)

En notant Ni := N |T KO,i pour tout i ∈ {1, 2}, on a plus précisément :

Ni : T KO,i ∋ S 7−→ T ∈ (T i ∪ T OK ∪ T KO,̄ı) ∩ ∆(S). (I.73)

L’ensemble T KO,i se décompose alors comme suit :

T KO,i = N −1
i (T i) ∪ N −1

i (T OK) ∪ N −1
i (T KO,̄ı), ∀i ∈ {1, 2}. (I.74)

Une illustration des opérateurs d’appariement N1 et N2 est présentée sur la Figure I.12.
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N1

N2 T OK

T KO,2
h

T KO,1
h

T 2

T 1

T OK

T KO,2
h

T KO,1
h

T 2

T 1

Fig. I.12: Opérateurs d’appariement N1 et N2 agissant sur les mailles mal coupées.

Stabilisation des mauvaises coupes. Afin d’assurer la stabilité de la méthode,
deux stratégies peuvent être envisagées (voir Figure I.13). La première, de nature géo-
métrique, exploite les capacités polyédriques de la méthode HHO : elle consiste à ag-
glomérer une cellule mal coupée T ∈ T KO avec ses voisines S ∈ Ni(T ). Cette approche
permet d’assurer l’optimalité en norme H1 du schéma HHO, sans nécessiter de modifica-
tion supplémentaire. Cette approche présente toutefois l’inconvénient de nécessiter une
modification de la structure de données du maillage, ce qui peut s’avérer problématique
pour une intégration dans un code de calcul préexistant. C’est pourquoi, dans cette thèse,
nous explorerons une autre voie pour la stabilisation de ces méthodes. Cette seconde
stratégie repose sur l’extension, vers les cellules mal coupées T ∈ T KO, des polynômes
définis sur les cellules voisines S ∈ Ni(T ) ne présentant pas de coupe défavorable. Comme
évoqué précedemment, ce second choix s’avère moins intrusif dans le cadre d’une intégra-
tion dans un code préexistant, mais demande cependant des modifications non-triviales
dans la partie assemblage du schéma numérique.

Rappelons qu’un ingrédient central des méthodes HHO est la reconstruction locale du
gradient à partir des inconnues locales de cellule et de face. Les propriétés de stabilité
de ce gradient reconstruit dépendent fondamentalement d’une inégalité de trace discrète
sur les dérivées normales aux faces des cellules. Dans le cas des cellules mal découpées,
la constante dans cette inégalité dégénère. La solution explorée ici consiste à utiliser
les polynômes de cellules et de faces des cellules mal coupées dans la reconstruction du
gradient d’une cellule voisine bien coupée. Avec cette approche, les cellules du maillage
restent inchangées, mais le stencil associé à l’opérateur de reconstruction du gradient est
légèrement étendu.
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Fig. I.13: Gauche: Maillage intial avec interface circulaire. Centre: Maillage ag-
gloméré. Droite: Modification du stencil pour l’extension polynomiale.

I.5 Plan du manuscrit et contributions
Outre ce chapitre introductif, le manuscrit se compose de trois chapitres techniques

puis d’une conclusion.
Le Chapter II, intitulé HHO methods for elasto-acoustic wave propagation in the time

domain, est consacré au développement des méthodes HHO pour la propagation d’ondes
à travers des milieux de nature différente (solide, fluide). Nous dérivons dans un premier
temps une estimation d’erreur optimale en norme d’énergie dans un cadre semi-discret
en espace. Puis, nous présentonsles principaux résultats de l’étude numérique : (i) une
analyse spectrale mettant en évidence la nécessité d’une stabilisation d’ordre O(1) dans
le cadre de discrétisations temporelles explicites afin d’éviter des conditions CFL trop
restrictives ; (ii) des taux de convergence optimaux d’ordre (k+ 1) dans les configurations
à ordre égal (k′ = k) et à ordre différent (k′ = k + 1) avec une stabilisation O(1), et
atteignant l’ordre (k + 2) pour une discrétisation à ordre différent avec une stabilisation
d’ordre O( 1

h) et une discrétisation en temps implicite; (iii) des cas tests avec une ondelette
de Ricker en condition initiale illustrant la pertinence de la méthode proposée pour la
simulation de la propagation d’ondes élasto-acoustiques dans des milieux présentant de
forts contrastes de propriétés matérielles. Ce chapitre repose sur un article soumis en
2025 à ESAIM: Mathematical Modelling and Numerical Analysis (M2AN) [153].

Le Chapter III, intitulé Wave propagation in geophysical media using HHO methods
on general meshes, approfondit l’étude numérique menée au chapitre précédent, en mon-
trant qu’il est intéressant d’éliminer localement les inconnues de face dans le cas explicite
et les inconnues de cellule dans le cas implicite. Ce chapitre contient également un cas
test géophysique réaliste. Les principaux résultats numériques sont les suivants : (i) une
procédure de condensation statique dans le cadre implicite et son pendant explicite ; (ii)
une étude numérique de stabilité pour divers degrś polynomiaux et diverses formes de
mailles, aboutissant à un critère CFL pour le choix du pas de temps ; (iii) une nouvelle
étude sur l’ondelette de Ricker afin de comparer l’efficacité des approches implicite et
explicite en temps et vérifier également la satisfaction de la condition de couplage (rap-
pelons que celle-ci est satisfaite de manière faible); (iv) des simulations en configuration
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géophysique réaliste bidimensionnelle démontrant la grande flexibilité géométrique de la
méthode HHO : les maillages hybrides ainsi que les maillages non conformes (avec nœuds
orphelins) sont pris en charge sans perte de précision. Ce chapitre repose sur un article
soumis en 2025 à Computer Methods in Applied Mechanics and Engineering (CMAME)
[152].

Le Chapter IV, intitulé Unfitted HHO methods stabilized by polynomial extension, ap-
porte une nouvelle contribution au développement des méthodes unfitted HHO. L’objectif
est de concevoir et d’analyser une stratégie de stabilisation par extension polynomiale pour
ces méthodes. Après avoir présenté les idées principales sur comment intégrer l’extension
polynomiale dans les opérateurs locaux de reconstruction du gradient, une analyse de
stabilité et d’erreur est menée, suivie d’un ensemble de résultats numériques illustrant le
comportement de la méthode. On y trouve notamment : (i) une comparaison des ap-
proches par agglomération et par extension polynomiale avec une comparaison des profils
de sparsité des matrices de rigidité obtenues par les deux méthodes; (ii) des taux de conver-
gence pour différents centrages des bases polynomiales et différentes valeurs du paramètre
ϑ du critère de boule, afin d’analyser la sensibilité de la méthode aux mauvaises coupes;
(iii) une étude de robustesse par rapport au contraste et aux sauts à l’interface; (iv) une
étude du conditionnement de la matrice de rigidité. Ce chapitre repose sur un article
soumis en 2025 à SIAM Journal on Numerical Analysis (SINUM) [55].

L’ensemble des développements informatiques et numériques présentés dans les chapitres
II et III ont été intégrés au sein du code open-source disk++, développé au CERMICS
[68]. Les méthodes unfitted nécessitant une structure de données spécifique, les développe-
ments associés au chapitre IV ont été réalisés dans la plateforme de prototypage ProtoN,
également un code open-source du CERMICS. Un portage progressif des outils unfitted
vers disk++ est prévu prochainement. Ces travaux de nature informatique ont donné
lieu à la création d’une nouvelle branche dans chacun de ces deux codes, nécessitant des
modifications substantielles à de nombreux niveaux : structure des données, opérateurs
discrets, processus d’assemblage, interfaçage avec différents solveurs et preconditionneurs,
post-traitement des résultats.



Chapter II

HHO methods for elasto-acoustic wave
propagation in the time domain

Abstract

We devise a Hybrid High-order (HHO) method for the coupling between the acous-
tic and elastic wave equations in the time domain. A first-order formulation in time is
considered. The HHO method can use equal-order and mixed-order settings with poly-
nomial degree k ≥ 0 for the face unknowns, together with O(1)- or O( 1

h)-stabilization.
An energy-error estimate is established in the time-continuous case. A numerical spectral
analysis is performed, showing that O(1)-stabilization is required to avoid excessive CFL
limitations for explicit time discretizations. Moreover, the spectral radius of the stiffness
matrix is found to be fairly independent of the geometry of the mesh cells. For analytical
solutions on general meshes, optimal convergence rates of order (k+ 1) are shown in both
equal- and mixed-order settings using O(1)-stabilization, whereas order (k+2) is achieved
in the mixed-order setting using O( 1

h)-stabilization. Test cases with a Ricker wavelet as
an initial condition showcase the relevance of the proposed method for the simulation of
elasto-acoustic wave propagation across media with contrasted material properties.

This chapter is based on a paper published in ESAIM: Mathematical Modelling and
Numerical Analysis (M2AN) entitled “Hybrid high-order methods for elasto-acoustic wave
propagation in the time domain” [153].
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II.1 Introduction
The propagation of acoustic and elastic waves plays an important role in the mod-

eling of various physical phenomena in many applications, such as medical imaging and
geophysical exploration. In many of these applications, the interaction between solid and
fluid domains plays a central role. The main field of application that interests us in this
paper is the propagation of waves through rocks, water and air leading to the coupling of
elastic and acoustic waves in several media with contrasted material properties. Scenarios
of interest range from relatively simple configurations, such as wave propagation in lay-
ered media, to complex cases involving heterogeneous domains with intricate geometries.
Capturing the wave propagation as well as the dynamics of wave transmission and reflec-
tion at fluid-solid interfaces is essential to accurately predict the physical behavior of the
phenomena under study. Additionally, employing discretization schemes with moderate
numerical dispersion and dissipation is critical to the reliability of simulations. These
challenges motivate the development of advanced numerical methods that can address the
complexity of coupled wave problems in the time domain.

Finite Differences (FD) are one of the most widely used methods for space discretiza-
tion due to their conceptual simplicity and computational efficiency. However, they have
several limitations. In particular, FD methods meet with difficulties in complex geometries
and are subject to geometrical errors owing to inaccuracies at interfaces [173], although
geometric mappings can enhance flexibility [8]. Moreover, FD methods are also subject
to numerical dispersion, which can be tempered by using high-order schemes. However,
high-order FD schemes require large stencils which can hinder parallel scalability, and
their explicit time discretization can be challenging [159]. An alternative to high-order FD
methods are high-order continuous finite elements (see [82] for a review). These methods
provide a natural way to handle non-planar complex geometries with interfaces. However,
their efficiency is hampered by the presence of a global non-diagonal mass matrix, and
the simulations can be polluted by spurious modes [143]. To make explicit time-stepping
possible, Spectral Element Methods (SEM) were introduced. These methods align quadra-
ture points with Lagrangian interpolation nodes that are Gauss–Lobatto–Legendre points,
leading to a diagonal mass matrix (mass lumping), without loss in accuracy. The main
drawback of SEM is to rely almost exclusively on quadrangular/hexahedral meshes with
tensorization of quadrature nodes to be very efficient, making the discretization of com-
plicated geometries quite challenging.

To obtain more geometric flexibility, discontinuous Galerkin (dG) methods were intro-
duced both in first-order [107, 151] and second-order time formulations [112] of the wave
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equation (see [5, 6] for the elasto-acoustic coupled problem). In general, in dG schemes for
the first-order formulation in time, stabilization acts as a dissipative mechanism, whereas
it is possible to identify a discrete energy that is conserved for the second-order time
formulation. For an energy-conserving dG discretization of the first-order formulation,
see [67] where some continuity of the unknowns is enforced. The main drawback of dG
methods is their computational cost since they involve much more degrees of freedom
than continuous finite element methods. Hybridizable Discontinuous Galerkin (HDG)
methods [76] introduce an additional unknown defined over the mesh skeleton and offer
a reduction of the computational cost by the use of static condensation. Moreover, in a
coupling wave context, HDG methods weakly enforce the transmission conditions at the
interface in a seamless way [172]. In comparison with the second-order formulation, the
first-order formulation allows to approximate the primal and dual variables simultaneously.
Furthermore, the first-order formulation offers a wider choice of high-order time-discrete
schemes, such as Runge-Kutta schemes, whereas high-order approximation schemes of the
second-order time derivative are less straightforward.

Coupled elasto-acoustic wave propagation has also been adressed in the frequency
domain. In particular, mixed finite element formulations have been proposed in [110]
using a dual-mixed formulation in the solid region, and a standard primal formulation in
the fluid region. In this context, the key challenge lies in coupling the solid stress tensor
with the Helmholtz equation governing the fluid pressure. This is achieved by enforcing
one of the transmission conditions weakly using a Lagrange multiplier.

The present work focuses on the coupling between elastic and acoustic wave equations
in the time domain in the first-order formulation within the framework of hybrid high-order
(HHO) methods for space semi-discretization. HHO methods make use of polynomials of
arbitrary order (k ≥ 1 for elasticity, k ≥ 0 for diffusion) attached to the mesh faces and
polynomials of order k′ ∈ {k, k+1} attached to the mesh cells [70, 88]. Initially developed
for linear diffusion problems [93] and locking-free linear elasticity [92], HHO methods of-
fer several advantages, including the natural handling of polyhedral and nonconforming
meshes, local conservativity, and optimal convergence rates (order (k + 1) in the energy
norm). Additionally, a static condensation procedure enables the local elimination of the
cell unknowns, enhancing computational efficiency. HHO methods rely on two locally
defined operators: a gradient reconstruction operator and a stabilization operator. The
close connection between HHO, HDG and Weak Galerkin (WG) methods has been es-
tablished in [73]. HHO methods have been extended to wave propagation in [51, 48] for
both first- and second-order time formulations, see also [106, 169] for further developments
on explicit time schemes for the second-order in time formulation of the wave equation.
As HDG methods, a key advantage of HHO methods is their easy handling of coupling
conditions through face-based degrees of freedom, which enables a natural and efficient
treatment of interface conditions in multiphysics problems.

The present work brings several advances in the development and analysis of Hybrid
High-order (HHO) methods for coupled elasto-acoustic wave propagation. Our first contri-
bution is an energy-error estimate in the space semi-discrete case. In particular, we lever-
age the fact that the coupling terms exhibit a skew-symmetric, and thus non-dissipative,
structure. We improve on the analysis in [51] since we treat coupled elasto-acoustic wave
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problems, and we simplify the error estimate by exploiting tighter consistency properties of
the method. Our second contribution is a spectral analysis of the resulting algebraic formu-
lation, that reveals a behavior of the spectral radius of the stiffness matrix as min(η, 1/η)
with η the scaling of the stabilization. Interestingly, this scaling is fairly independent
of the geometry of the mesh cells (triangular, quadrangular or polygonal). Thus, explicit
time schemes are recommended with O(1)-stabilization, whereas implicit time schemes can
be combined with either O(1)- or O( 1

h)-stabilization (see Remark II.3.1 for the scaling of
the stabilization). The third contribution concerns optimal convergence rates for smooth
solutions where we observe that O( 1

h)-stabilization leads to improved rates in the energy
norm (order (k + 2) instead of (k + 1)). The last contribution is a more realistic study
featuring interface, Rayleigh-type waves and complex transmission phenomena where we
perform a comparison of HHO solutions with a reference solution obtained by a numerical
computation using Green functions. Finally, we notice that our discretization method dif-
fers from [172] since the primal variable in the fluid domain is the pressure here, whereas
it is the fluid velocity in [172]. Moreover, we allow for implicit and explicit schemes as
well as O(1)- and O( 1

h)-stabilizations, whereas [172] focuses on explicit time schemes and
O(1)-stabilization.

The chapter is organized as follows. In Section II.2, we present the model problem for
the elasto-acoustic coupling as well as its weak formulation. In Section II.3, we detail the
HHO space semi-discretization. In Section II.4, we present the energy-error analysis in the
time-continuous setting. In Section II.5, the algebraic realization of the space semi-discrete
problem is discussed. Finally, numerical results are presented in Section II.6.

II.2 Model problem
This section introduces the domain configuration, and the coupling of the acoustic

and elastic wave equations. We use boldface (resp. blackboard) fonts for vectors (resp.
tensors), as well as for vector-valued (resp. tensor-valued) fields and spaces composed of
such fields.

Let J := (0, Tf) be the time interval with the final time Tf > 0, and Ω be a polyhedral
domain in Rd, d ∈ {2, 3} (open, bounded, connected, Lipschitz subset of Rd). We consider
a partition of Ω such that Ω := Ωs ∪ Ωf into two disjoint, open, polyhedral subdomains
Ωs and Ωf constituting the elastic medium and the acoustic medium, respectively, sharing
the polygonal interface Γ := ∂Ωs ∩ ∂Ωf. We fix the unit normal vector nΓ to Γ as
conventionally pointing from Ωs to Ωf (see Figure II.1).

Γ
nΓ

∂Ωs\Γ

Ωs
∂Ωf\Γ

Ωf

Fig. II.1: Elastic domain Ωs, acoustic domain Ωf, and unit normal nΓ along the interface
Γ.
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II.2.1 Strong formulation

Acoustic wave equation. The acoustic wave equation governs the scalar pressure field
p [Pa] and the velocity field m

[m
s
]

solving the following PDE system in J × Ωf:

ρf∂tm − ∇p = 0, (II.1a)
1
κ
∂tp− ∇·m = ff, (II.1b)

with the fluid density ρf
[

kg
m3

]
, the fluid bulk modulus κ [Pa], and the source term ff

[
1
s

]
.

The celerity of the acoustic waves is cf
p :=

√
κ/ρf [m

s
]
. We assign the initial conditions

p(0) = p0 and m(0) = m0, (II.2)

with given data p0 and m0. For simplicity, we enforce homogeneous Dirichlet boundary
conditions on p on ∂Ωf\Γ.

Elastic wave equation. Let ∇sym := 1
2(∇ + ∇†) be the symmetric gradient operator.

The elastic wave equation governs the (linearized) Cauchy stress tensor s [Pa] and the
velocity field v

[m
s
]

solving the following PDE system in J × Ωs:

C−1∂ts− ∇symv = 0, (II.3a)
ρs∂tv − ∇·s = f s, (II.3b)

with the solid density ρs
[

kg
m3

]
and the source term f s

[
Pa
m

]
. In the framework of isotropic

elasticity, the 4th-order Hooke tensor C [Pa] only depends on the Lamé parameters λ [Pa]
and µ [Pa], and is such that Cijkl := λδijδkl +µ(δikδjl +δilδjk), where the δ’s are Kronecker
symbols. In this setting, there are two wave speeds

[m
s
]

related to two types of body waves,
far from material interfaces:

cs
p :=

√
(λ+ 2µ) /ρs for compressional (or P-) waves, (II.4a)

cs
s :=

√
µ/ρs for shear (or S-) waves. (II.4b)

We do not consider here the incompressible limit as λ
µ ≫ 1, so that both wave speeds in

(II.4) are of similar magnitude. We assign the initial conditions

v(0) = v0 and s(0) = s0, (II.5)

with given data v0 and s0. For simplicity, we enforce homogeneous Dirichlet boundary
conditions on v on ∂Ωs\Γ.

Coupled problem. The interface conditions on J × Γ are

v·nΓ = m·nΓ, (II.6a)
s·nΓ = p nΓ, (II.6b)

where the first equation is a kinematic condition and the second equation is a balance of
forces per unit surface (namely, tractions) at the interface.
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We mention that (II.1a)-(II.1b) can be interpreted as the momentum balance and the
(linearized) mass conservation equations in the fluid domain, and (II.3a)-(II.3b) as the
constitutive assumption and momentum balance equation in the solid domain. Finally,
we notice that in (II.6), only the normal component of the velocity is continuous at the
interface.

II.2.2 Weak formulation

We define the functional spaces

H1
0Γ(Ωf) := {p ∈ H1(Ωf) : p|∂Ωf\Γ = 0}, (II.7a)

H1
0Γ(Ωs) := {v ∈ H1(Ωs) : v|∂Ωs\Γ = 0}, (II.7b)

taking into account the homogeneous Dirichlet boundary conditions. For weighted Lebesgue
spaces, we use the notation (u, v)L2(κ;Ω) :=

∫
Ω κuv dΩ for all u, v ∈ L2(Ω) and for a

bounded and uniformly positive weight κ. A similar notation is used for inner products
involving vector- and tensor-valued fields. Focusing for simplicity on a smooth solution
in time which requires initial conditions (m0, p0) ∈ L2(Ωf) × H1

0Γ(Ωf) and (s0,v0) ∈
L2

sym(Ωs)×H1
0Γ(Ωs), the coupled elasto-acoustic wave problem consists of finding (m, p) ∈

C1(J ; L2(Ωf)) × (C1(J ;L2(Ωf)) ∩ C0(J ;H1
0Γ(Ωf))) and (s,v) ∈ C1(J ;L2

sym(Ωs))
×(C1(J ; L2(Ωs)) ∩ C0(J ; H1

0Γ(Ωs))) such that, for all (r, q) ∈ L2(Ωf) × H1
0Γ(Ωf), all

(b,w) ∈ L2
sym(Ωs) × H1

0Γ(Ωs), and all t ∈ J,

(∂tm(t), r)L2(ρf;Ωf) − (∇p(t), r)L2(Ωf) = 0, (II.8a)

(∂tp(t), q)L2( 1
κ

;Ωf) + (m(t),∇q)L2(Ωf) + (v(t)·nΓ, q)L2(Γ) = (ff(t), q)L2(Ωf), (II.8b)

and

(∂ts(t),b)L2(C−1;Ωs) − (∇symv(t),b)L2(Ωs) = 0, (II.9a)
(∂tv(t),w)L2(ρs;Ωs) + (s(t),∇symw)L2(Ωs) − (p(t)nΓ,w)L2(Γ) = (f s(t),w)L2(Ωs). (II.9b)

Notice that the coupling condition (II.6a) is enforced weakly in (II.8b), and the coupling
condition (II.6b) is enforced weakly in (II.9b).

II.2.3 Mechanical energy.

The total mechanical energy E(t) := Es(t) + Ef(t) of a wave propagating through an
elasto-acoustic medium is expressed as the sum of the mechanical energy in each medium
involving the kinetic and the potential energy as follows:

Ef(t) := 1
2∥m(t)∥2

L2(ρf;Ωf)+
1
2∥p(t)∥2

L2( 1
κ

;Ωf), Es(t) := 1
2∥v(t)∥2

L2(ρs;Ωs)+
1
2∥s(t)∥2

L2(C−1;Ωs).

The following result is well-known, but we present it for completeness.

Lemma II.2.1 (Energy balance). The following energy balance holds: For all t ∈ J ,

E(t) = E(0) +
∫ t

0

{
(ff(τ), p(τ))L2(Ωf) + (f s(τ),v(τ))L2(Ωs)

}
dτ. (II.10)
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Proof. Testing (II.8) with (m(t), p(t)) and (II.9) with (s(t),v(t)) gives

(∂tm(t),m(t))L2(ρf;Ωf) − (∇p(t),m(t))L2(Ωf) = 0, (II.11a)

(∂tp(t), p(t))L2( 1
κ

;Ωf) + (m(t),∇p(t))L2(Ωf) + (v(t)·nΓ, p(t))L2(Γ) = (ff(t), p(t))L2(Ωf),

(II.11b)

and

(∂ts(t), s(t))L2(C−1;Ωs) − (∇symv(t), s(t))L2(Ωs) = 0, (II.12a)
(∂tv(t),v(t))L2(ρs;Ωs) + (s(t),∇symv(t))L2(Ωs) − (p(t)nΓ,v(t))L2(Γ) = (f s(t),v(t))L2(Ωs).

(II.12b)

Summing (II.11a)-(II.11b) and (II.12a)-(II.12b), we get

d
dtEf(t) = (ff(t), p(t))L2(Ωf) − (v(t)·nΓ, p(t))L2(Γ),

d
dtEs(t) = (f s(t),v(t))L2(Ωs) + (p(t)nΓ,v(t))L2(Γ).

Summing the two equations and integrating over (0, t) for all t ∈ J proves the claim.

II.3 HHO space semi-discretization
This section presents the key ingredients of the HHO discretization, namely the discrete

spaces and the discrete operators leading to the space semi-discrete HHO formulation.

II.3.1 Meshing and discrete spaces

Admissible mesh. Let T be a polyhedral mesh of Ω that fits the partition of Ω into Ωs

and Ωf. For simplicity, we assume that all the material properties are piecewise constant on
T . We define the two sub-meshes T s and T f which cover exactly Ωs and Ωf, respectively.
The mesh faces are collected in the set F which is split into F := F◦∪F ∂, where F◦ collects
all the mesh interfaces (inside Ω, including on Γ) and F ∂ collects all the mesh boundary
faces on ∂Ω. With obvious notation, we further decompose F◦ := F◦f ∪ F◦s ∪ FΓ and
F ∂ := F ∂f ∪ F ∂s. Later on, we also use the notation Mf := (T f,Ff) and Ms := (T s,Fs)
where Ff := F◦f ∪ F ∂f ∪ FΓ and Fs := F◦s ∪ F ∂s ∪ FΓ. A generic mesh cell is denoted
T ∈ T , its diameter hT , its unit outward normal nT , and the faces composing the bound-
ary of T are collected in the subset F∂T ⊂ F . We also set h̃T := hT

ℓΩ
, where the scaling by

ℓΩ := diam(Ω) is introduced for dimensional consistency.

Approximation spaces. In each subdomain, we consider a mixed formulation with one
primal variable (p and v) and one dual variable (m and s). The idea is to discretize
the primal variables using the HHO method and the dual variables using a classical dG
approach. Let k ≥ 1 be the polynomial degree. The dG variables are piecewise polynomials
of order k, whereas the HHO variables are composed of a pair with one cell component and
one face component. The cell component is a piecewise polynomial of order k′ ∈ {k, k+1}
and the face component is a piecewise polynomial of order k ≥ 1. The HHO discretization
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is said to be of equal-order if k′ = k and of mixed-order if k′ = k + 1. The setting is
illustrated in Figure II.2 for k = k′ = 1.

vF

vT

pF

pT
sT mT

Elastic unknowns Acoustic unknowns

Fig. II.2: Elasto-acoustic unknowns with a equal-order discretization (k′ = k = 1). Left
panel: Primal variables discretized using HHO. Right panel: Dual variables discretized
using dG.

Let ℓ ≥ 0. We introduce the local polynomial spaces Pℓ
sym(T ), P ℓ(T ) and P ℓ(T ) (resp.

P ℓ(F ) and P ℓ(F )) as the restrictions to T (resp. F ) of symmetric tensor-, vector- and
scalar-valued d-variate polynomials of degree at most ℓ (resp. (d− 1)-variate polynomials
of degree at most ℓ).

Acoustic wave equation. The discrete dG and HHO spaces are

Mk(T f) := ×
T ∈T f

P k(T ), P̂ k(Mf) := P k′(T f) × P k(Ff), (II.13)

where P k′(T f) := ×
T ∈T f

P k′(T ) and P k(Ff) := ×
F ∈Ff

P k(F ). The global and local generic

elements in P̂ k(Mf) are denoted by

p̂Mf := (pT f , pFf) ∈ P̂ k(Mf),
p̂T := (pT , p∂T ) ∈ P̂ k

T := P k′(T ) × P k(F∂T ) ∀T ∈ T f,
(II.14)

where p∂T := (pF )F ∈F∂T
and P k(F∂T ) := ×

F ∈F∂T

P k(F ). Moreover, to enforce the homoge-

neous Dirichlet boundary condition on p, we consider the subspace

P̂ k
0 (Mf) :=

{
p̂Mf ∈ P̂ k(Mf) | pF = 0, ∀F ∈ F ∂f

}
. (II.15)

For all t ∈ J , we approximate the pressure p(t) by the HHO unknown p̂Mf(t) ∈ P̂ k
0 (Mf)

and the velocity m(t) by the dG unknown mT f(t) ∈ Mk(T f).

Elastic wave equation. The discrete dG and HHO spaces are

Sk
sym(T s) := ×

T ∈T s

Pk
sym(T ), V̂ k(Ms) := V k′(T s) × V k(Fs), (II.16)
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where V k′(T s) := ×
T ∈T s

P k′(T ) and V k(Fs) := ×
F ∈Fs

P k(F ). The global and local generic

elements in V̂ k(Ms) are denoted by

v̂Ms := (vT s ,vFs) ∈ V̂ k(Ms),
v̂T := (vT ,v∂T ) ∈ V̂ k

T := P k′(T ) × P k(F∂T ) ∀T ∈ T s,
(II.17)

where v∂T := (vF )F ∈F∂T
and P k(F∂T ) := ×

F ∈F∂T

P k(F ). Moreover, to enforce the homo-

geneous Dirichlet boundary condition on v, we consider the subspace

V̂ k
0(Ms) :=

{
v̂Ms ∈ V̂ k(Ms) | vF = 0, ∀F ∈ F ∂s

}
. (II.18)

For all t ∈ J , we approximate the velocity v(t) by a HHO unknown v̂Ms(t) ∈ V̂ k
0(Ms)

and the stress tensor s(t) by a dG unknown sT s(t) ∈ Sk
sym(T s).

L2-orthogonal projections. Let Πk′
T (resp., Πk

F and Πk
∂T ) be the local L2(T )- (resp.,

L2(F )- and L2(∂T )-) orthogonal projection onto P k′(T ) (resp., P k(F ) and P k(F∂T )). Let
Πk′

T • (resp. Πk
F•) be the global L2-orthogonal projections onto P k′(T •) (resp. P k(F•))

with • ∈ {f, s}. A similar notation is used for vector- and tensor-valued fields.

II.3.2 HHO local operators

The HHO discretization is formulated locally using the following two key operators:

i) a local gradient reconstruction operator for the acoustic wave equation and a local
symmetric gradient reconstruction operator for the elastic wave equation;

ii) a stabilization operator that penalizes the difference between the trace of the cell
unknowns and the face unknowns for the HHO components on both subdomains.

The discrete problem is then assembled by summing the contributions of all the mesh cells.

Acoustic wave equation. We define the local gradient reconstruction operator gT :
P̂ k

T → P k(T ) such that, for all p̂T ∈ P̂ k
T ,

(gT (p̂T ), r)L2(T ) = (∇pT , r)L2(T ) − (pT − p∂T , r·nT )L2(∂T ), ∀r ∈ P k(T ). (II.19)

Notice that gT (p̂T ) can be evaluated componentwise by inverting the mass matrix associ-
ated with a basis of the scalar-valued polynomial space P k(T ).

We define the local stabilization operator S∂T : P̂ k
T → P k(F∂T ) such that, for all

p̂T ∈ P̂ k
T ,

S∂T (p̂T ) := Πk
∂T (δ∂T (p̂T )) with δ∂T (p̂T ) := pT |∂T − p∂T . (II.20)

We define the global gradient reconstruction operator gT f : P̂ k(Mf) → Mk(T f) as
gT f(p̂Mf)|T := gT (p̂T ) for all T ∈ T f and all p̂Mf ∈ P̂ k(Mf), and the global stabilization
bilinear form sMf on P̂ k(Mf) × P̂ k(Mf) as

sMf(p̂Mf , q̂Mf) :=
∑

T ∈T f
τf

T (S∂T (p̂T ), S∂T (q̂T ))L2(∂T ), ∀p̂Mf , q̂Mf ∈ P̂ k(Mf), (II.21)
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where, for all T ∈ T f, the stabilization parameter τf
T > 0 is taken equal to (see also

Remark II.3.1 below)

τf
T := ζfh̃−α

T with ζf := (ρfcf
p)−1 = cf

pκ
−1, α ∈ {0, 1}. (II.22)

Elastic wave equation. We define the local symmetric gradient reconstruction operator
g

sym
T : V̂ k

T → Pk
sym(T ) such that, for all v̂T ∈ V̂ k

T ,

(gsym
T (v̂T ),b)L2(T ) = (∇symvT ,b)L2(T ) − (vT − v∂T ,b·nT )L2(∂T ), ∀b ∈ Pk

sym(T ).
(II.23)

Notice that gsym
T (v̂T ) can be evaluated componentwise by inverting the mass matrix as-

sociated with a basis of the scalar-valued polynomial space P k(T ).
We define the local stabilization operator S∂T : V̂ k

T → P k(F∂T ) such that, for all
v̂T ∈ V̂ k

T ,

S∂T (v̂T ) := Πk
∂T (δ∂T (v̂T )) with δ∂T (v̂T ) := vT |∂T − v∂T . (II.24)

We define the global symmetric gradient reconstruction operator gsym
T s : V̂ k(Ms) →

Sk
sym(T s) as gsym

T s (v̂Ms)|T := g
sym
T (v̂T ) for all T ∈ T s and all v̂Ms ∈ V̂ k(Ms), and

the global stabilization bilinear form sMs on V̂ k(Ms) × V̂ k(Ms) as

sMs(v̂Ms , ŵMs) :=
∑

T ∈T s
τ s

T (S∂T (v̂T ),S∂T (ŵT ))L2(∂T ), ∀v̂Ms , ŵMs ∈ V̂ k(Ms),

(II.25)
where, for all T ∈ T s, the stabilization parameter τ s

T > 0 is taken equal to

τ s
T = ζsh̃−α

T with ζs := ρscs, α ∈ {0, 1}, (II.26)

and cs can be any of the two wave speeds defined in (II.4).

Remark II.3.1 (Stabilization parameter). Notice from (II.20) and (II.24) that the sta-
bilization operators considered in the paper are the same regardless of the discretization
setting (equal- or mixed-order) and correspond to plain least-squares stabilization in the
equal-order setting. This choice is standard for O(1)-stabilization (α = 0) in the first-
order formulation of wave problems discretized using dG method and was also considered
recently in [105] in the context of HHO methods. However, O( 1

h)-stabilization (α = 1) can
be useful in certain situations (see Remark II.4.4 and numerical results from Section II.6
for further discussion). Notice also that the scaling of ζf in (II.22) and ζs in (II.26)
differs; this is actually the physically consistent scaling and stems from the fact that the
primal variables in both subdomains have different physical dimensions.

II.3.3 HHO discretization for the first-order coupling formulation

The space semi-discrete problem for the coupled elasto-acoustic wave problem reads as
follows: Find (mT f , p̂Mf) ∈ C1(J ; Mk(T f)×P̂ k

0 (Mf)) and (sT s , v̂Ms) ∈ C1(J ;Sk
sym(T s)×

V̂ k
0(Ms)) such that, for all (rT f , q̂Mf) ∈ Mk(T f) × P̂ k

0 (Mf) and all (bT s , ŵMs) ∈
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Sk
sym(T s) × V̂ k

0(Ms), and all t ∈ J ,

(∂tmT f(t), rT f)L2(ρf;Ωf) − (gT f(p̂Mf(t)), rT f)L2(Ωf) = 0, (II.27a)

(∂tpT f(t),qT f)L2( 1
κ

;Ωf) + (mT f(t), gT f(q̂Mf))L2(Ωf)

+ sMf(p̂Mf(t), q̂Mf) + (vFs(t)·nΓ, qFf)L2(Γ) = (ff(t), qT f)L2(Ωf),
(II.27b)

and

(∂tsT s(t),bT s)L2(C−1;Ωs) − (gsym
T s (v̂Ms(t)),bT s)L2(Ωs) = 0, (II.28a)

(∂tvT s(t),wT s)L2(ρs;Ωs) + (sT s(t),gsym
T s (ŵMs))L2(Ωs)

+ sMs(v̂Ms(t), ŵMs) − (pFf(t)nΓ,wFs)L2(Γ) = (f s(t),wT s)L2(Ωs).
(II.28b)

The initial conditions for the discrete coupled problem mT f(0), p̂Mf(0), sT s(0), and v̂Ms(0)
are further discussed in Section II.4.

We emphasize the seamless enforcement of the coupling conditions in (II.27b) and
(II.28b) exploiting the fact that face unknowns are readily available on Γ in the HHO
setting. Moreover, the total discrete mechanical energy over the elasto-acoustic domain Ω
is defined as Eh(t) := Ef

h(t) + Es
h(t) with

Ef
h(t) := 1

2∥mT f(t)∥2
L2(ρf;Ωf) + 1

2∥pT f(t)∥2
L2( 1

κ
;Ωf),

Es
h(t) := 1

2∥vT s(t)∥2
L2(ρs;Ωs) + 1

2∥sT s(t)∥2
L2(C−1;Ωs).

Lemma II.3.1 (Semi-discrete energy balance). The following discrete energy balance
holds: For all t ∈ J ,

Eh(t) +
∫ t

0

{
sMf(p̂Mf(τ), p̂Mf(τ)) + sMs(v̂Ms(τ), v̂Ms(τ))

}
dτ =

Eh(0) +
∫ t

0

{
(ff(τ), pT f(τ))L2(Ωf) + (f s(τ),vT s(τ))L2(Ωs)

}
dτ . (II.29)

Proof. Similar to the proof of Lemma II.2.1.

II.4 Error analysis
In this section, we prove an energy-error estimate for the space semi-discrete problem

(II.27)-(II.28) by using suitable interpolation operators. Here onwards, the inequality
a ≤ Cb for positive numbers a and b is abbreviated as a ≲ b, where the value of C is
independent of the mesh-size h, the material parameters, the length scale ℓΩ, and the time
scale Tf . The value of C can depend on the mesh shape-regularity, the polynomial degree,
the space dimension, and the ratio λ

µ .

II.4.1 Interpolation operators

Inspired by [105], we use, in both subdomains, the H+ interpolation operator from [97]
to approximate the dG variable and the classical HHO interpolation operator (based on
L2-orthogonal projections) to approximate the HHO variable.
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In the acoustic part, we employ the H+ interpolation operator Ih+
T : Hν(T ) → P k(T ),

ν ∈ (1
2 , 1], defined for all T ∈ T f as follows: We consider the L2-orthogonal decomposition

P k(T ) = ∇P k+1
* (T ) ⊕ Zk(T ), (II.30)

where P k+1
* (T ) := {q ∈ P k+1(T ) : (q, 1)L2(T ) = 0} and Zk(T ) := ∇P k+1

* (T )⊥ ∩ P k(T )
(orthogonalities are understood in L2). Then, for all m ∈ Hν(T ), we define Ih+

T (m) ∈
P k(T ) from the following conditions:

(Ih+
T (m) − m, r)L2(T ) = 0 ∀r ∈ Zk(T ), (II.31a)

(Ih+
T (m) − m,∇q)L2(T ) = (Πk

∂T (m·nT ) − m·nT , q)L2(∂T ) ∀q ∈ P k+1
* (T ). (II.31b)

Notice that (II.31b) actually holds true for all q ∈ P k+1(T ). For all T ∈ T f, the interpo-
lation operator Ih+

T is well-defined and the following holds for all ℓm ∈ [ν, k + 1] (see [97,
Prop. 2.1] for a proof):

∥Ih+
T (m) − m∥L2(T ) + h

1
2
T ∥Ih+

T (m) − m∥L2(∂T ) ≲ hℓm
T |m|Hℓm (T ). (II.32)

The global interpolation operator Ih+
T f : Hν(Ωf) → P k(T f) is defined as (Ih+

T f (m))|T :=
Ih+

T (m|T ) for all T ∈ T f and all m ∈ Hν(Ωf). For the HHO variable, we employ
the standard HHO interpolation operator Îhho

Mf : H1
0Γ(Ωf) → P̂ k

0(Mf) defined, for all
p ∈ H1

0Γ(Ωf), by

Îhho
Mf (p) := (Πk′

T f(p),Πk
Ff(p|Ff)) ∈ P̂ k

0(Mf). (II.33)

In the elastic part, we employ the H+ interpolation operator Ih+
T s : Hν

sym(Ωs) →
Pk

sym(T s), ν ∈ (1
2 , 1], defined for all T ∈ T s as follows: We consider the L2-orthogonal

decomposition
Pk

sym(T ) = ∇symP k+1
* (T ) ⊕ Zk

sym(T ), (II.34)

where P k+1
* (T ) := [P k+1

∗ (T )]d := {q ∈ P k+1(T ) : (q, ei)L2(T ) = 0 ∀i ∈ {1, . . . , d}} with
the canonical basis (ei)i∈{1,...,d} of Rd, and Zk

sym(T ) := ∇symP k+1
* (T )⊥ ∩Pk

sym(T ). Then,
for all s ∈ Hν

sym(Ωs), we define Ih+
T (s) ∈ Pk

sym(T ) from the following conditions:

(Ih+
T (s) − s,b)L2(T ) = 0 ∀b ∈ Zk

sym(T ), (II.35a)
(Ih+

T (s) − s,∇symw)L2(T ) = (Πk
∂T (s·nT ) − s·nT ,w)L2(∂T ) ∀w ∈ P k+1

* (T ). (II.35b)

For all T ∈ T s, the interpolation operator Ih+
T is well-defined and the following holds for

all ℓs ∈ [ν, k + 1] (see [97, Prop. 3.1] for a proof):

∥Ih+
T (s) − s∥L2(T ) + h

1
2
T ∥Ih+

T (s) − s∥L2(∂T ) ≲ hℓs
T |s|Hℓs (T ). (II.36)

The global interpolation operator Ih+
T s : Hν

sym(Ωs) → Pk
sym(T s) is defined as (Ih+

T s (s))|T :=
Ih+

T (s|T ) for all T ∈ T s and all s ∈ Hν
sym(Ωs). For the HHO variable, we employ the HHO

interpolation operator Îhho
Ms : H1

0Γ(Ωs) → V̂ k
0(Ms) defined, for all v ∈ H1

0Γ(Ωs), by

Îhho
Ms (v) := (Πk′

T s(v),Πk
Fs(v|Fs)) ∈ V̂ k

0(Ms). (II.37)
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Now, we define some notation to be used for the error analysis in the next section. For
all p̂Mf ∈ P̂ k

0(Mf) and all v̂Ms ∈ V̂ k
0(Ms), the HHO norms are (classically) defined as

follows:

∥p̂Mf∥2
hho,f :=

∑
T ∈T f

ζf
(
∥∇pT ∥2

L2(T ) + h−1
T ∥p∂T − pT ∥2

L2(∂T )

)
, (II.38)

and

∥v̂Ms∥2
hho,s :=

∑
T ∈T s

ζs
(
∥∇symvT ∥2

L2(T ) + h−1
T ∥v∂T − vT ∥2

L2(∂T )

)
, (II.39)

where ζf and ζs are defined in (II.22) and (II.26), respectively. We set

|p̂Mf |2Sf := sMf(p̂Mf , p̂Mf) and |v̂Ms |2Ss := sMs(v̂Ms , v̂Ms). (II.40)

For linear functionals ϕMf ∈ (P̂ k
0(Mf))′ and ϕMs ∈ (V̂ k

0(Ms))′, we define the following
quantities:

∥ϕMf∥(hho,f)′ := sup
q̂Mf ∈P̂ k

0(Mf)

|ϕMf(qMf)|
∥q̂Mf∥hho,f

,

∥ϕMs∥(hho,s)′ := sup
ŵMs ∈V̂ k

0(Ms)

|ϕMs(ŵMs)|
∥ŵMs∥hho,s

,

(II.41a)

∥ϕMf∥(Sf)′ := sup
q̂Mf ∈P̂ k

0(Mf)

|ϕMf(q̂Mf)|
|q̂Mf |Sf

,

∥ϕMs∥(Ss)′ := sup
ŵMs ∈V̂ k

0(Ms)

|ϕMs(ŵMs)|
|ŵMs |Ss

.

(II.41b)

The seminorms in (II.41) may be unbounded for general linear functionals ϕMf and ϕMs ,
but we will see that they remain bounded for the consistency errors. For all (m, p) ∈
Hν(Ωf) ×H1

0Γ(Ωf), ν ∈ (1
2 , 1], we define the augmented seminorm

|(m, p)|2#,f :=
∑

T ∈T f

{
h̃α

T ∥B∂T (m)·nT ∥2
L2( 1

ζf ;∂T ) + hT h̃
−α
T ∥∇BT (p)∥2

L2(ζf;T )

}
, (II.42)

with B∂T (m) := (m − Ih+
T (m))|∂T and BT (p) := p − Πk′

T (p) for all T ∈ T f. For all
(s,v) ∈ Hν(Ωs) × H1

0Γ(Ωs), ν ∈ (1
2 , 1], we define the augmented seminorm

|(s,v)|2#,s :=
∑

T ∈T s

{
h̃α

T ∥B∂T (s)·nT ∥2
L2( 1

ζs ;∂T ) + hT h̃
−α
T ∥∇symBT (v)∥2

L2(ζs;T )

}
, (II.43)

with B∂T (s) := (s− Ih+
T (s))|∂T and BT (v) := v − Πk′

T (v) for all T ∈ T s.
Finally, for all t ∈ (0, Tf ] and the time interval Jt := (0, t), we set the following notation:

∥q∥p
Lp(Jt;∗) :=

∫
Jt

∥q(τ)∥p
∗ dτ for all p ∈ [1,∞), ∥q∥C0(Jt;∗) := sup

s∈Jt

∥q(s)∥∗, (II.44)

where ∥ · ∥∗ is a seminorm or a norm depending on the context.
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II.4.2 Energy-error estimate

We are now ready to state and prove our main error estimate.

Theorem II.4.1 (Energy-error estimate). Let (m, p) and (s,v) solve (II.8) and (II.9) with
the initial conditions (II.2) and (II.5), respectively, and assume that m ∈ C1(J ; Hν(Ωf))
and s ∈ C1(J ;Hν(Ωs)), ν ∈ (1

2 , 1]. Let (mT f , p̂Mf) and (sT s , v̂Ms) solve (II.27) and (II.28)
with the initial conditions p̂Mf(0) = Îhho

Mf (p0),mT f(0) = Ih+
T f (m0), v̂Ms(0) = Îhho

Ms (v0),
and sT s(0) = Ih+

T s (s0), respectively. The following holds for all t ∈ (0, Tf ]:

∥m − mT f∥2
C0(Jt;L2(ρf;Ωf)) + ∥p− pT f∥2

C0(Jt;L2( 1
κ

;Ωf))

+ ∥s− sT s∥2
C0(Jt;L2(C−1;Ωs)) + ∥v − vT s∥2

C0(Jt;L2(ρs;Ωs))

≲ ∥m − Ih+
T f (m)∥2

C0(Jt;L2(ρf;Ωf)) + ∥∂tm − Ih+
T f (∂tm)∥2

L1(Jt;L2(ρf;Ωf))

+ ∥s− Ih+
T s (s)∥2

C0(Jt;L2(C−1;Ωs)) + ∥∂ts− Ih+
T s (∂ts)∥2

L1(Jt;L2(C−1;Ωs))

+ ∥p− Πk
T f(p)∥2

C0(Jt;L2( 1
κ

;Ωf)) + ∥v − Πk
T s(v)∥2

C0(Jt;L2(ρs;Ωs))

+ ∥(m, p)∥2
L2(Jt;#,f) + ∥(s,v)∥2

L2(Jt;#,s).

(II.45)

Proof. (1) Error equations. For all t ∈ J , we define the discrete errors as follows:

NT f(t) := mT f(t) − Ih+
T f (m(t)), NT s(t) := sT s(t) − Ih+

T s (s(t)), (II.46a)
êMf(t) := p̂Mf(t) − Îhho

Mf (p(t)), êMs(t) := v̂Ms(t) − Îhho
Ms (v(t)). (II.46b)

The first equation (II.27a) in the discrete problem leads, for all rT f ∈ Mk(T f) and all
t ∈ J , to

(∂tNT f(t), rT f)L2(ρf;Ωf) − (gT f(êMf(t)), rT f)L2(Ωf)

= −(Ih+
T f (∂tm(t)), rT f)L2(ρf;Ωf) + (gT f(Îhho

Mf (p(t))), rT f)L2(Ωf)

= (∂tm(t) − Ih+
T f (∂tm(t)), rT f)L2(ρf;Ωf),

(II.47)

where we used that Ih+
T f (∂t•) = ∂tI

h+
T f (•), gT f(Îhho

Mf (p(t))) = Πk
T f(∇p(t)) = Πk

T f(ρf∂tm(t))
(the first equality follows from the definition of gT f and the second from (II.1a)), and the
L2-orthogonality of Πk

T f . Analogously, using (II.28a), Ih+
T s (∂t•) = ∂tI

h+
T s (•) and the iden-

tity gsym
T s (Îhho

Ms (v(t)) = Πk
T s(∇symv(t)) = Πk

T s(C−1∂ts(t)), we have, for all bT s ∈ Sk
sym(T s)

and all t ∈ J ,

(∂tNT s(t),bT s)L2(C−1;Ωs) − (gsym
T s (êMs(t)),bT s)L2(Ωs)

= (∂ts(t) − Ih+
T s (∂ts(t)),bT s)L2(C−1;Ωs).

(II.48)

The second equation (II.27b) in the discrete problem and (II.1b) in the continuous problem
show that, for all q̂Mf ∈ P̂ k

0(Mf) and all t ∈ J ,
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(∂teT f(t), qT f)L2( 1
κ

;Ωf) + (NT f(t), gT f(q̂Mf))L2(Ωf) + (eFs(t)·nΓ, qFf)L2(Γ)

+ sMf(êMf(t), q̂Mf)
= ( 1

κ∂tp(t) − ∇·m(t), qT f)L2(Ωf) − (∂tΠk′
T f(p(t)), qT f)L2( 1

κ
;Ωf)

− (Ih+
T f (m(t)), gT f(q̂Mf))L2(Ωf) − (Πk

Fs(v(t))·nΓ, qFf)L2(Γ) − sMf(Îhho
Mf (p(t)), q̂Mf)

=
∑

T ∈T f

{
(∂t(p(t) − Πk′

T (p(t))), qT )L2( 1
κ

;Ωf) + (m(t) − Ih+
T (m(t)),∇qT )L2(T )

− (m(t)·nT , qT )L2(∂T ) + (Ih+
T (m(t))·nT , qT − q∂T )L2(∂T )

}
− (Πk

Fs(v(t))·nΓ, qFf)L2(Γ) − sMf(Îhho
Mf (p(t)), q̂Mf)

=
∑

T ∈T f

{
− (Πk

∂T (m(t)·nT ), qT )L2(∂T ) + (Ih+
T (m(t))·nT , qT − q∂T )L2(∂T )

}
− sMf(Îhho

Mf (p(t)), q̂Mf) − (Πk
FΓ(v(t)·nΓ), qFf)L2(Γ), (II.49)

with an integration by parts and the definition of gT f from (II.19) in the second step
(since Ih+

T f (m(t)) ∈ P k(T f)), and the L2-orthogonality of Πk′
T and the definition (II.31b)

of Ih+
T in the last step. Since Πk

∂T (m(t)) and q∂T are single-valued and since qF = 0 for
all F ∈ F ∂f, we have∑
T ∈T f

(Πk
∂T (m(t)·nT ), q∂T )L2(∂T ) = −(Πk

FΓ(m(t)·nΓ), qFf)L2(Γ) = −(Πk
FΓ(v(t)·nΓ), qFf)L2(Γ),

where we also used that nT |∂T ∩Γ = −nΓ, and the coupling condition (II.6a). This in
(II.49) and the observation that (Πk

∂T (m(t)) − Ih+
T (m(t))|∂T )·nT ∈ P k(F∂T ) result in

(∂teT f(t), qT f)L2( 1
κ

;Ωf) + (NT f(t), gT f(q̂Mf))L2(Ωf) + sMf(êMf(t), q̂Mf)

+ (eFs(t)·nΓ, qFf)L2(Γ)

=
∑

T ∈T f
((Πk

∂T (m(t)) − Ih+
T (m(t)))·nT , q∂T − qT )L2(∂T ) − sMf(Îhho

Mf (p(t)), q̂Mf)

=
∑

T ∈T f
((m(t) − Ih+

T (m(t)))·nT ,Πk
∂T (q∂T − qT ))L2(∂T ) − sMf(Îhho

Mf (p(t)), q̂Mf). (II.50)

Similarly, for the elastic problem, the second equation (II.28b) in the discrete problem and
(II.3b) in the continuous problem show that, for all ŵMs ∈ V̂ k

0(Ms) and all t ∈ J ,

(∂teT s(t),wT s)L2(ρs;Ωs) + (NT s(t),gsym
T s (ŵMs))L2(Ωs)

+ sMs(êMs(t), ŵMs) − (eFf(t)nΓ,wFs)L2(Γ) = (ρs∂tv(t) − ∇·s(t),wT s)L2(Ωs)

− (∂tΠk′
T s(v(t)),wT s)L2(ρs;Ωs) − (Ih+

T s (s(t)),gsym
T s (ŵMs))L2(Ωs) − sMs(Îhho

Ms (v(t)), ŵMs)

+ (Πk
Fs(p(t))nΓ,wFs)L2(Γ) =

∑
T ∈T s

{
(∂t(v(t) − Πk′

T (v(t))),wT )L2(ρs;Ωs)

+ (s(t) − Ih+
T (s(t)),∇symwT )L2(T ) − (s(t)·nT ,wT )L2(∂T )

+ (Ih+
T (s(t))·nT ,wT − w∂T )L2(∂T )

}
− sMs(Îhho

Ms (v(t)), ŵMs) + (Πk
Ff(p(t))nΓ,wFs)L2(Γ)

=
∑

T ∈T f

{
− (Πk

∂T (s(t)·nT ),wT )L2(∂T ) + (Ih+
T (s(t))·nT ,wT − w∂T )L2(∂T )

}
− sMs(Îhho

Ms (v(t)), ŵMs) + (Πk
FΓ(p(t)nΓ),wFs)L2(Γ), (II.51)
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with an integration by parts and the definition of gsym
T s from (II.23) in the second step,

and the L2-orthogonality of Πk′
T and the definition (II.35b) of Ih+

T in the last step. Since
Πk

∂T (s(t)) and w∂T are single-valued and since wF = 0 for all F ∈ F ∂s, we have∑
T ∈T s

(Πk
∂T (s(t)·nT ),w∂T )L2(∂T ) = (Πk

FΓ(s(t)·nΓ),wFs)L2(Γ) = (Πk
FΓ(p(t)nΓ),wFs)L2(Γ),

where we also used that nT |∂T ∩Γ = nΓ, and the coupling condition (II.6b). This in (II.51)
and the observation that (Πk

∂T (s(t) − Πk
T (s(t))|∂T )·nT ∈ P k(F∂T ) result in

(∂teT s(t),wT s)L2(ρs;Ωs) + (NT s(t),gsym
T s (ŵMs))L2(Ωs) + sMs(êMs(t), ŵMs)

− (eFf(t)nΓ,wFs)L2(Γ)

=
∑

T ∈T s
((Πk

∂T (s(t)) − Ih+
T (s(t)))·nT ,w∂T − wT )L2(∂T ) − sMs(Îhho

Ms (v(t)), ŵMs)

=
∑

T ∈T s
((s(t) − Ih+

T (s(t)))·nT ,Πk
∂T (w∂T − wT ))L2(∂T ) − sMs(Îhho

Ms (v(t)), ŵMs). (II.52)

The combination of (II.50) and (II.52) leads, for all q̂Mf ∈ P̂ k
0(Mf) and all ŵMs ∈

V̂ k
0(Ms), to

(∂teT f(t), qT f)L2( 1
κ

;Ωf) + (NT f(t), gT f(q̂Mf))L2(Ωf) + sMf(êMf(t), q̂Mf)

+ (eFs(t)·nΓ, qFf)L2(Γ) + (∂teT s(t),wT s)L2(ρs;Ωs) + (NT s(t),gsym
T s (ŵMs))L2(Ωs)

+ sMs(êMs(t), ŵMs) − (eFf(t)nΓ,wFs)L2(Γ)

=: ψMf((m(t), p(t)); q̂Mf) + ψMs((s(t),v(t)); ŵMs), (II.53)

where the linear functionals ψMf((m(t), p(t)); ·) ∈ (P̂ k
0(Mf))′ and ψMs((s(t),v(t)); ·) ∈

(V̂ k
0(Ms))′ denote the consistency errors such that

ψMf((m(t), p(t)); q̂Mf) :=
∑

T ∈T f
((m(t) − Ih+

T (m(t)))·nT ,Πk
∂T (q∂T − qT ))L2(∂T )

− sMf(Îhho
Mf (p(t)), q̂Mf),

ψMs((s(t),v(t)); ŵMs) :=
∑

T ∈T s
((s(t) − Ih+

T (s(t)))·nT ,Πk
∂T (w∂T − wT ))L2(∂T )

− sMs(Îhho
Ms (v(t)), ŵMs),

for all q̂Mf ∈ P̂ k
0(Mf) and all ŵMs ∈ V̂ k

0(Ms).

(2) Stability. Choosing q̂Mf := êMf(t) and ŵMs := êMs(t) in the error equation (II.53)
for all t ∈ J , and using (II.47) and (II.48) with rT f := NT f(t) and bT s := NT s(t), we
obtain

1
2
d

dt

{
∥eT f(t)∥2

L2( 1
κ

;Ωf) + ∥eT s(t)∥2
L2(ρs;Ωs) + ∥NT f(t)∥2

L2(ρf;Ωf) + ∥NT s(t)∥2
L2(C−1;Ωs)

}
+ sMf(êMf(t), êMf(t)) + sMs(êMs(t), êMs(t))
= (∂tm(t) − Ih+

T f (∂tm(t)),NT f(t))L2(ρf;Ωf) + (∂ts(t) − Ih+
T s (∂ts(t)),NT s(t))L2(C−1;Ωs)

+ ψMf((m(t), p(t)); êMf(t)) + ψMs((s(t),v(t)); êMs(t)). (II.54)
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This is the critical step where the errors at the interface cancel, as do the interface terms
in the energy balance. Integrating from 0 to t, and noticing that eT f(0) = 0, NT f(0) =
0 = eT s(0), and NT s(0) =0 owing to the initial conditions lead to

1
2
{

∥eT f(t)∥2
L2( 1

κ
;Ωf) + ∥eT s(t)∥2

L2(ρs;Ωs) + ∥NT f(t)∥2
L2(ρf;Ωf) + ∥NT s(t)∥2

L2(C−1;Ωs)

}
+ ∥êMf∥2

L2(Jt;Sf) + ∥êMs∥2
L2(Jt;Ss) =

∫
Jt

{
(∂tm(τ) − Ih+

T f (∂tm(τ)),NT f(τ))L2(ρf;Ωf)

+ (∂ts(τ) − Ih+
T s (∂ts(τ)),NT s(τ))L2(C−1;Ωs) + ψMf((m(τ), p(τ)); êMf(τ))

+ ψMs((s(τ),v(τ)); êMs(τ))
}

dτ .

Hölder’s inequality in time for the first two terms on the right-hand side, the Cauchy-
Schwarz inequality in time for the last two terms, and Young’s inequality imply that

1
2
{

∥eT f(t)∥2
L2( 1

κ
;Ωf) + ∥eT s(t)∥2

L2(ρs;Ωs) + ∥NT f(t)∥2
L2(ρf;Ωf) + ∥NT s(t)∥2

L2(C−1;Ωs)

}
3
4
{

∥êMf∥2
L2(Jt;Sf) + ∥êMs∥2

L2(Jt;Ss)

}
≤ ∥∂tm − Ih+

T f (∂tm)∥2
L1(Jt;L2(ρf;Ωf))

+ ∥∂ts− Ih+
T s (∂ts)∥2

L1(Jt;L2(C−1;Ωs)) + 1
4
{

∥NT f∥2
C0(Jt;L2(ρf;Ωf)) + ∥NT s∥2

C0(Jt;L2(C−1;Ωs))

}
+ ∥ψMf((m, p); ·)∥2

L2(Jt;(Sf)′) + ∥ψMs((s,v); ·)∥2
L2(Jt;(Ss)′).

(3) Bound on consistency errors. Rewriting the definition of ψMf leads to

ψMf((m(t),p(t)); q̂Mf)

=
∑

T ∈T f
((τf

T )− 1
2 (m(t) − Ih+

T (m(t)))·nT , (τf
T )

1
2 Πk

∂T (q∂T − qT ))L2(∂T )

− sMf(Îhho
Mf (p(t)), q̂Mf).

The Cauchy-Schwarz inequality and the definition (II.20) of S∂T imply that

|ψMf((m(t), p(t)); q̂Mf)|

≲
{ ∑

T ∈T f

(
h̃α

T ∥B∂T (m(t))·nT ∥2
L2( 1

ζf ;∂T ) + sf
T (Îhho

T (p(t)), Îhho
T (p(t)))

)} 1
2
sMf(q̂Mf , q̂Mf)

1
2 ,

where sf
T is the local contribution to sMf defined in (II.21). Using the L2-stability of Πk

∂T ,
a multiplicative trace inequality, and the Poincaré inequality on T , we infer that

sf
T (Îhho

T (p(t)), Îhho
T (p(t))) ≤ τf

T ∥p(t) − Πk′
T (p(t))∥2

L2(∂T )

≲ τf
T (h−1

T ∥p(t) − Πk′
T (p(t))∥2

L2(T ) + hT ∥∇(p(t) − Πk′
T (p(t)))∥2

L2(T ))

≲ τf
ThT ∥∇(p(t) − Πk′

T (p(t)))∥2
L2(T ) = hT h̃

−α
T ∥∇BT (p(t)))∥2

L2(ζf;T ),

where we also used the definition of τf
T from (II.22). Hence, we obtain

∥ψMf((m(t), p(t)); ·)∥(Sf)′ ≲ |(m(t), p(t))|#,f, and similarly, ∥ψMs((s(t),v(t)); ·)∥(Ss)′ ≲
|(s(t),v(t))|#,s.
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(4) Conclusion: Combining Step (2) and Step (3) gives

1
2
{

∥eT f(t)∥2
L2( 1

κ
;Ωf) + ∥eT s(t)∥2

L2(ρs;Ωs) + ∥NT f(t)∥2
L2(ρf;Ωf) + ∥NT s(t)∥2

L2(C−1;Ωs)

}
+ 3

4
{

∥êMf∥2
L2(Jt;Sf) + ∥êMs∥2

L2(Jt;Ss)

}
≲ ∥∂tm − Ih+

T f (∂tm)∥2
L1(Jt;L2(ρf;Ωf))

+ ∥∂ts− Ih+
T s (∂ts)∥2

L1(Jt;L2(C−1;Ωs)) + 1
4
{

∥NT f∥2
C0(Jt;L2(ρf;Ωf)) + ∥NT s∥2

C0(Jt;L2(C−1;Ωs))

}
+ ∥(m, p)∥2

L2(Jt;#,f) + ∥(s,v)∥2
L2(Jt;#,s).

Since the left-hand side evaluated at any t ∈ Jt is bounded by the right-hand side, we have

1
2
{

∥eT f∥2
C0(Jt;L2( 1

κ
;Ωf)) + ∥eT s∥2

C0(Jt;L2(ρs;Ωs))

}
+ 1

4
{

∥NT f∥2
C0(Jt;L2(ρf;Ωf))

+ ∥NT s∥2
C0(Jt;L2(C−1;Ωs))

}
≲ ∥∂tm − Ih+

T f (∂tm)∥2
L1(Jt;L2(ρf;Ωf))

+ ∥∂ts− Ih+
T s (∂ts)∥2

L1(Jt;L2(C−1;Ωs)) + ∥(m, p)∥2
L2(Jt;#,f) + ∥(s,v)∥2

L2(Jt;#,s),

where we dropped the positive stabilization terms on the left-hand side for simplicity. This
and the triangle inequality result in (II.4.1).

Remark II.4.1 (Gronwall’s lemma). Our proof of Theorem II.4.1 avoids the need to
invoke Gronwall’s lemma. The key argument is the fact that the consistency errors are
controlled by the stabilization semi-norms of the discrete errors. This is the main reason
for choosing the H+ interpolation operators from [97] instead of the usual L2-projections
for dG variables as in [51].

Remark II.4.2 (Convergence rates). If there are ℓ1 ∈ {1, . . . , k+1} and ℓ2 ∈ {1, . . . , k′ +
1} such that m ∈ C1(J ; Hℓ1(Ωf)), p ∈ C0(J ;Hℓ2(Ωf)) and s ∈ C1(J ;Hℓ1(Ωs)),v ∈
C0(J ; Hℓ2(Ωs)), we have

∥m − mT f∥C0(J ;L2(ρf;Ωf)) + ∥p− pT f∥C0(J ;L2( 1
κ

;Ωf)) + ∥s− sT s∥C0(J ;L2(C−1;Ωs))

+ ∥v − vT s∥C0(J ;L2(ρs;Ωs)) ≲ O(h̃
α
2 hℓ1− 1

2 + h̃− α
2 hℓ2− 1

2 ). (II.55)

In the case where ℓ1 = k + 1 and ℓ2 = k′ + 1, this gives O(hk+ 1
2 ) for O(1)-stabilization

(i.e., α = 0 in (II.22) and (II.26)), and O(hk+1 +hk′) for O( 1
h)-stabilization (i.e., α = 1 in

(II.22) and (II.26)), that is, O(hk) for equal-order and O(hk+1) for mixed-order. Finally,
notice from Step (4) of the proof of Theorem II.4.1 that we can also bound the stabilization
semi-norms of the discrete errors as

∥p̂Mf∥L2(J ;Sf) + ∥v̂Ms∥L2(J ;Ss) ≲ O(h̃
α
2 hℓ1− 1

2 + h̃− α
2 hℓ2− 1

2 ). (II.56)

Moreover, as shown in [105], the above rates for α = 0 can be improved to O(hk+1) on
simplices. A discussion of the above regularity assumption on the exact solution for smooth
data and computational domain can be found in [4, Section 8.5.1].

Remark II.4.3 (Initial condition). For the dG variables, the initial conditions mT f(0) =
Ih+

T f (m0) and sT s(0) = Ih+
T s (s0) are chosen for simplicity. Instead, we can set the initial

conditions to mT f(0) = Πk
T f(m0) and sT s(0) = Πk

T s(s0) using the usual L2-projections,
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and this will only lead to the two extra contributions ∥Ih+
T f (m0) − Πk

T f(m0)∥L2(ρf;Ωf) and
∥Ih+

T s (s0) − Πk
T s(s0)∥L2(ρs;Ωs) in the error estimate. The triangle inequalities ∥Ih+

T f (m0) −
Πk

T f(m0)∥L2(ρf;Ωf) ≤ ∥Ih+
T f (m0)−m0∥L2(ρf;Ωf) +∥m0 −Πk

T f(m0)∥L2(ρf;Ωf) and ∥Ih+
T s (s0)−

Πk
T s(s0)∥L2(ρs;Ωs) ≤ ∥Ih+

T s (s0)−s0∥L2(ρs;Ωs)+∥s0−Πk
T s(s0)∥L2(ρs;Ωs) followed by interpolation

estimates show that these additional terms converge optimally.

Remark II.4.4 (Equal-order setting with HHO stabilization). For equal-order setting
with the high-order HHO stabilization, the stabilization operator in the acoustic domain is
defined as

S∂T (p̂T ) := Πk
∂T (δ∂T (p̂T ) − ((I − Πk

T )RT (0, δ∂T (p̂T )))|∂T ) ∀p̂T ∈ P̂ k
T , (II.57)

and in the elastic domain as

S∂T (v̂T ) := Πk
∂T (δ∂T (v̂T ) − ((I − Πk

T )RT (0, δ∂T (v̂T )))|∂T ) ∀v̂T ∈ V̂ k
T , (II.58)

using suitable reconstruction operators RT : P̂ k
T → P k+1(T ) and RT : V̂ k

T → P k+1(T )
respectively (see, e.g., [92]). These choices combined with O( 1

h)-stabilization improve the
convergence rate to O(hk+1) even on polyhedra in contrast to the stabilization operators
(II.20) and (II.24). However, as discussed in [105, Sec. 7.1], this choice of stabilization is
generally suitable only for implicit time-stepping schemes.

Remark II.4.5 (Comparison with [51]). The arguments in [51] for uncoupled acoustic
or elastic waves are based on the L2-orthogonal projection for the dual variable instead
of the H+ interpolation operator used herein. The analysis in [51] requires to bound
the consistency errors ψMf((m(t), p(t)); ·) and ψMs((s(t),v(t)); ·) by means of the HHO
norm, instead of the stabilization seminorm as done in the proof of Theorem II.4.1. Both
approaches (using either the L2-projection or the H+ interpolation operator for the dual
variable) lead to the same convergence rates. However, in the context of explicit time-
schemes, the analysis crucially hinges on bounding the consistency errors in terms of the
stabilization seminorms only, as highlighted in [105]. This is why we preferred to use the
H+ interpolation operator in the present work although its focus is on the time-continuous
case.

II.5 Algebraic realization of the semi-discrete problem
This section details the algebraic realization of the space semi-discrete system (II.27)-

(II.28). For the acoustic wave equation, we define the dimensions of the following polyno-
mial spaces:

Nk′
T f := dim(P k′(T f)), Nk

Ff := dim(P k(Ff)), Mk
T f := dim(Mk(T f)), (II.59)

and denote the respective bases as

{φi}1≤i≤Nk′
T f
, {ψi}1≤i≤Nk

Ff
, {ζk}1≤k≤Mk

T f
. (II.60)

The basis {ζk}1≤k≤Mk
T f

is constructed as products of Cartesian basis vectors in Rd with

scalar-valued basis functions of P k(T f). Let (PT f(t),PFf(t)) ∈ RNk′
T f ×RNk

Ff and MT f(t) ∈
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RMk
T f be the time-dependent component vectors of (pT f(t), pFf(t)) ∈ P̂ k

0 (Mf) and mT f(t)
∈ Mk(T f), respectively, in these bases. Let Mρf

T f and M
1
κ
T f denote the mass matrices

associated with the inner products in L2(ρf; Ωf) and L2( 1
κ ; Ωf), respectively, using the

above bases. Let GT f ∈ RMk
T f ×Nk′

T f and GT fFf ∈ RMk
T f ×Nk

Ff denote the two blocks of the
gradient reconstruction matrix, so that

(gT (p̂Mf(t)), rT f)L2(Ωf) = (GT fPT f + GT fFfPFf)†RT f , (II.61)

for all rT f ∈ Mk(T f) with components RT f ∈ RMk
T f . Finally, let ΣT f ,ΣT fFf ,Σ†

T fFf ,ΣFf

represent the four blocks of the matrix associated with the stabilization bilinear form sMf

defined in (II.21).
For the elastic wave equation, we define the dimensions of the following polynomial

spaces:

Lk′
T s := dim(V k′(T s)), Lk

Fs := dim(V k(Fs)), Hk
T s := dim(Sk

sym(T s)), (II.62)

and denote the respective bases as

{ϕi}1≤i≤Lk′
T s
, {θi}1≤i≤Lk

Fs
, {Yk}1≤k≤Hk

T s
. (II.63)

The basis {Yk}1≤k≤Hk
T s

is naturally built as tensor products of basis vectors in Rd×d
sym and

scalar-valued basis functions in P k(T s). Let (VT s(t),VFs(t)) ∈ RLk′
T s ×RLk

Fs and ST s ∈
RHk

T s represent the time-dependent component vectors of (vT s(t),vFs(t)) ∈ V̂
k

0(Ms) and
sT s(t) ∈ Sk

sym(T s), respectively, in these bases. Let MC−1
T s and Mρs

T s denote the mass
matrices for the inner products in L2(C−1; Ωs) and L2(ρs; Ωs), respectively, in these bases.
Let HT s ∈ RHk

T s ×Lk′
T s and HT sFs ∈ RHk

T s ×Lk
Fs denote the two blocks of the symmetric

gradient reconstruction matrix, so that

(gsym
T s (v̂Ms(t)),bT s)L2(Ωf) = (HT sVT s + HT sFsVFs)†BT s , (II.64)

for all bT s ∈ Sk
sym(T s) with components BT s ∈ RHk

T s . Finally, let ΣT s ,ΣT sFs ,ΣFsT s ,ΣFs

denote the four blocks of the matrix associated with the stabilization bilinear form sMs

defined in (II.25).
Let CFΓ be the matrix representing the coupling terms, so that

(vFs · nΓ, qFf)L2(Γ) = Q†
FfCFΓVFs , (II.65)

for all qFf ∈ P k(Ff) with components QFf ∈ RNk
Ff and all vFs ∈ P k(Fs) with components

VFs ∈ RLk
Fs . Notice that CFΓ is block-diagonal with a nonzero block only for all F ∈ FΓ.

Altogether, the algebraic realization of (II.27) and (II.28) can be formulated in the
following way: For all t ∈ J ,


Mρf

T f 0 0 0 0 0

0 M
1
κ
T f 0 0 0 0

0 0 0 0 0 0
0 0 0 MC−1

T s 0 0

0 0 0 0 Mρs

T s 0

0 0 0 0 0 0


d
dt



MT f

PT f

PFf

ST s

VT s

VFs


+



0 GT f GT fFf 0 0 0

− G†
T f ΣT f − ΣT fFf 0 0 0

− G†
T fFf Σ†

T fFf ΣFf 0 0 CFΓ

0 0 0 0 HT s HT sFs

0 0 0 − H†
T s ΣT s ΣT sFs

0 0 − C†
FΓ − H†

T sFs ΣFsT s ΣFs





MT f

PT f

PFf

ST s

VT s

VFs


=



0

FT f

0

0

FT s

0


. (II.66)
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Notice that, as shown in the discrete energy balance (II.29), the coupling between
acoustic and elastic waves produces no energy, resulting in antisymmetric coupling matri-
ces in (II.66). For convenience, we re-arrange the unknowns by grouping first the (elastic
and acoustic) cell unknowns and then the (elastic and acoustic) face unknowns. Then,
(II.66) rewrites as


Mρf

T f 0 0 0 0 0

0 M
1
κ
T f 0 0 0 0

0 0 MC−1
T s 0 0 0

0 0 0 Mρs

T s 0 0
0 0 0 0 0 0
0 0 0 0 0 0


d
dt



MT f

PT f

ST s

VT s

PFf

VFs


+



0 GT f 0 0 GT fFf 0

− G†
T f ΣT f 0 0 ΣT fFf 0

0 0 0 HT s 0 HT sFs

0 0 − H†
T s ΣT s 0 ΣT sFs

− G†
T fFf Σ†

T fFf 0 0 ΣFf CFΓ

0 0 − H†
T sFs Σ†

T sFs −C†
FΓ ΣFs





MT f

PT f

ST s

VT s

PFf

VFs


=



0

FT f

0

FT s

0

0


. (II.67)

This system can be rewritten in the following compact form:MT 0

0 0

 ∂tU +

 KT KT F

KFT KF

U = F, (II.68)

where U is the vector of unknowns, the blocks with index T corresponds to the 4 × 4
upper-left submatrices in the mass and stiffness matrices, the block with index T F to the
4 × 2 upper-right submatrices in the stiffness matrix (II.67), the block with index FT
to the 2 × 4 lower-left submatrices, and the block with index F to the 2 × 2 lower-right
submatrices. Notice that KF has a block-diagonal structure.

II.6 Numerical results
In this section, we present 2D numerical results obtained using the HHO-dG discretiza-

tions of the elasto-acoustic problem described above. In particular, we compare equal- and
mixed-order settings for the HHO variables and O(1)- and O( 1

h)-stabilizations. We an-
alyze first the spectral properties of the algebraic problem (II.68). Next, we focus on a
test case with analytical solution, so as to verify convergence rates. Finally, we study the
case of a Ricker wavelet as an initial condition and we compare our results to a reference
solution obtained by a numerical computation using Green functions.

The implementation is carried out in the open-source software Diskpp (available at
https://github.com/wareHHOuse/diskpp), which is described in [68].

In what follows, to specify the level of discretization for each test case, we introduce
two computational parameters: the spatial refinement level ℓ, defined as h = 2−ℓ, and
the time refinement level n, defined as ∆t = 0.1 × 2−n. All the test cases are set up in
space-time domains so that ℓΩ ≈ 1 and Tf ≈ 1.

II.6.1 Spectral analysis

The goal here is to conduct a numerical spectral analysis of the space semi-discrete
problem (II.68). For that purpose, we consider the generalized eigenvalue problem associ-
ated with (II.68). We define the Schur complement with respect to the face-face block of
the stiffness matrix as

Kschur := KT − KT F K−1
F KFT . (II.69)

https://github.com/wareHHOuse/diskpp
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The corresponding eigenvalue problem is expressed as

K†
schur M−1

T Kschur X = γ MT X, (II.70)

where X is the eigenvector and γ the eigenvalue. We define the spectral radius as the
square root of the largest eigenvalue from (II.70).

Our objective is to investigate the influence of the stabilization on the spectral radius
in both equal- and mixed-order settings. To this end, we consider O(1)-stabilizations,
and we introduce additional weights ηf and ηs scaling the stabilization bilinear forms.
Specifically, we set

s̃Mf(p̂Mf , q̂Mf) := ηfsMf(p̂Mf , q̂Mf), s̃Ms(v̂Ms , ŵMs) := ηssMs(v̂Ms , ŵMs). (II.71)

First, in Figure II.3, this analysis is conducted for three settings: pure acoustic with weight

Fig. II.3: Spectral radius in the equal-order and mixed-order settings for the pure acous-
tic, pure linear elasticity, and elasto-acoustic coupling cases with k ∈ {1:3}.

ηf, pure elastic with weight ηs, and elasto-acoustic coupling with weight ηf = ηs = η. All
the spectral radii are normalized by the size of the mesh, evaluated as

√
#cells. The first

observation is that the spectral radius essentially behaves as max(η + c1,
1
η + c2) for some

suitable constants c1 and c2. Therefore, choosing an O( 1
h)-stabilization, which corresponds

to selecting a high value for η, leads to a large spectral radius. This is unfavorable if explicit
time-stepping schemes are used as it tightens the CFL restriction. Therefore, for an explicit
time discretization, a stabilization of order O(1) is preferable. The second observation is
that, regardless of the chosen discretization (equal- or mixed-order), the spectral radius
in the purely elastic case is higher than in the purely acoustic case. This observation is
consistent with the fact that elastic waves propagate at higher velocities than acoustic
waves. Moreover, the behavior observed in the coupled elasto-acoustic case essentially
aligns with that of the purely elastic case. The third observation is that, in all cases,
the spectral radius for the equal-order setting is lower than the one for the mixed-order
setting, indicating a potentially better CFL condition for the equal-order scheme.

According to the spectral analysis of the two pure cases, we can set the weights for
the acoustic and elastic stabilizations, ηf

⋆ and ηs
⋆, as follows so as to minimize the spectral

radius in each pure case:

ηf
⋆ =

{
0.88,
0.80,

ηs
⋆ =

{
1.54, equal-order,
1.38, mixed-order.

(II.72)
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In the rest of the paper we keep these settings. Table II.1 then reports the spectral radius
in the coupled elasto-acoustic case for equal- and mixed-order settings, k ∈ {1:3} and with
weights prescribed as ηf = 2wηf

⋆ and ηs = 2wηs
⋆ with w ∈ {−3:3} and ηf

⋆ , ηs
⋆ from (II.72).

We observe that, in all cases, the lowest spectral radius is obtained for w = 0.

k

η/η⋆ 1/8 1/4 1/2 1 2 4 8

1 55.3 27.8 14.2 9.9 19.7 39.5 78.9
Equal-order 2 114.8 57.8 29.5 19.5 38.3 76.3 152.5

3 185.2 93.2 47.7 29.6 57.3 113.9 227.3
1 94.2 48.3 26.3 16.5 20.7 41.0 81.7

Mixed-order 2 195.0 99.3 53.0 31.8 33.2 64.7 128.7
3 314.3 159.6 84.3 50.0 51.3 99.4 197.4

Tab. II.1: Spectral radius in the equal- and mixed-order settings for the elasto-acoustic
coupling with reference weights given by (II.72) and k ∈ {1:3}.

Another interesting aspect is the influence of the mesh geometry on the spectral ra-
dius. Table II.2 reports the spectral radius for polynomial degrees k ∈ {1:6} on simpli-
cial, quadrilateral, and polygonal meshes. The latter are generated using the software
PolyMesher [171]. We can see that, for an equal-order setting, the spectral radius on
quadrangles is slightly better than that on simplices and polygons, with the latter being
slightly worse. However, in the mixed-order setting, quadrangles and simplices appear to
be roughly equivalent and at higher orders, simplices slightly outperform quadrangles in
terms of spectral radius. Polygons remain the worst case in the mixed-order setting, but
the difference is not that significant (about 15% increase).

Simplicial meshes △ Quadragular meshes □ Polygonal meshes 9
Equal-order Mixed-order Equal-order Mixed-order Equal-order Mixed-order

k = 1 11.6 17.6 9.9 16.5 10.5 20.1
k = 2 21.3 31.4 19.5 31.8 20.7 37.2
k = 3 33.4 47.8 29.6 50.0 35.2 59.4
k = 4 49.2 69.5 45.3 74.0 53.9 86.6
k = 5 68.0 93.7 61.5 100.6 76.6 118.9
k = 6 90.1 123.2 83.0 134.0 103.5 156.3

Tab. II.2: Spectral radius for different cell geometries in equal- and mixed-order settings
with k ∈ {1:6} and optimal setting for ηf and ηs from (II.72).

II.6.2 Time discretization schemes

We consider both implicit and explicit time-stepping schemes. In the implicit case, we
allow for both O(1)- and O( 1

h)-stabilizations, and for simplicity we focus on the mixed-
order setting since the equal-order setting appears to be slightly more expensive in the
static case [70]. We consider s-stage Singly Diagonally Implicit Runge–Kutta (SDIRK)
schemes of order (s+1) with s ∈ {2, 3}. The associated Butcher tableaux are displayed in
(II.73a) where the SDIRK(3, 4) scheme corresponds to the values ν := 1√

3 cos
(

π
18
)

+ 1
2 and
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ξ := 1
6(2ν−1)2 . In the explicit case, owing to the CFL restriction, we only consider O(1)-

stabilization, but we include both equal- and mixed-order settings. We consider s-stage
Explicit Runge–Kutta (ERK) schemes of order s with s ∈ {2, 3, 4}. The Butcher tableaux
are reported in (II.73b).

1
4

1
4 0

3
4

1
2

1
4

1
2

1
2

θ θ 0 0
1
2

1
2 − θ θ 0

1 − θ 2θ 1 − 4θ θ

ξ 1 − 2ξ ξ

(II.73a)

0 0 0
1
2

1
2 0
0 1

0 0 0 0
1
2

1
2 0 0

1 −1 2 0
1
6

2
3

1
6

0 0 0 0 0
1
2

1
2 0 0 0

1
2 0 1

2 0 0
1 0 0 1 0

1
6

1
3

1
3

1
6

(II.73b)

II.6.3 Convergence rates for smooth analytical solutions

In this section, we study the convergence rates on smooth analytical solutions. Both
the acoustic and elastic media have the same density and similar wave speeds. Specifically,
we consider the simulation time Tf = 1 and

• Ωf := (0, 1) × (0, 1), with density ρf := 1, fluid bulk modulus κ := 1, and velocity
of the pressure waves cf

p := 1,

• Ωs := (−1, 0) × (0, 1), with density ρs := 1, and Lamé parameters so that cs
p :=

√
3

and cs := 1.

The analytical solution is expressed in terms of the potentials u (acoustic) and u := (ux, uy)
(elastic) so that

p := ∂tu m := ∇u in Ωf, (II.74a)
v := ∂tu C−1:s := ∇symu in Ωs. (II.74b)

The source terms, the (non)homogeneous Dirichlet boundary conditions, and the initial
conditions are defined according to the following choices for the potentials, which indeed
satisfy the coupling conditions (II.6a)-(II.6b):

1. Polynomial in space, so that the temporal error is the only error component:

u := (1−x)x2(1−y)y sin(
√

2πt) ux = uy := (1+x)x2(1−y)y sin(
√

2πt); (II.75a)
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Fig. II.4: Cartesian and polygonal meshes for ℓ = 2.

2. Polynomial in time, so that the spatial error is the only error component:

u = ux = uy := x sin(πx) sin(πy)t2. (II.75b)

We consider two types of meshes: Cartesian and polygonal meshes. Some examples are
shown in Figure II.4 for ℓ = 2, with the elastic subdomain mesh on the left side in red,
and the acoustic subdomain mesh on the right side in blue. In each subdomain, two types
of unknowns contribute to the mechanical energy: (i) the cell components of the HHO
unknowns; (ii) the dG unknowns. Thus, we set

∥pT f ,vT s∥2
HHO := ∥pT f(t)∥2

L2( 1
κ

;Ωf) + ∥vT s(t)∥2
L2(ρs;Ωs), (II.76a)

∥mT f , sT s∥2
dG := ∥mT f(t)∥2

L2(ρf;Ωf) + ∥sT s(t)∥2
L2(C−1;Ωs). (II.76b)

In what follows, we report these two contributions separately, since they can feature dif-
ferent convergence rates.

We first consider convergence rates in time. For this purpose, we use the analytical
solution (II.75a). Figure II.5 shows that, as expected, optimal convergence rates in time
are reached in the mixed-order setting and O( 1

h)-stabilization: order s for ERK(s) schemes
and order (s+1) for SDIRK(s, s+1) schemes. The same results are obtained in the equal-
order setting, for O(1)-stabilization, or on polyhedral meshes (results omitted for brevity).

Fig. II.5: Errors as a function of the time step for the analytical solution (II.75a) with
a mixed-order discretization, k = 4, ℓ = 1, n ∈ {4, 5, 6, 7, 8, 9, 10} and O( 1

h)-stabilization.
Left: SDIRK(s, s+1) with s ∈ {1, 2, 3}. Right: ERK(s) with s ∈ {2, 3, 4}.

We consider now convergence rates in space on Cartesian meshes. For this purpose,
we use the analytical solution (II.75b). The left and central panels of Figure II.6 present
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the errors (II.76b) as a function of the mesh size for ERK schemes with O(1)-stabilization
in both equal- and mixed-order settings. The right panel of Figure II.6, reports errors
(II.76b) as a function of the mesh size for SDIRK schemes in mixed-order setting with
O( 1

h)-stabilization are reported. For ERK schemes with O(1)-stabilization in equal- and
mixed-order settings, both HHO and dG unknowns exhibit the expected convergence rate
of order (k+1) (with sometimes a slight suboptimality for the dG unknowns). In contrast,
SDIRK schemes with O( 1

h)-stabilization achieve improved convergence rates on the HHO
unknowns which now converge at order (k + 2), whereas dG unknowns still converge at
order (k+ 1). We still notice a superconvergence phenomenon at lower polynomial orders
for the dG unknowns.

Fig. II.6: Errors (II.76b) as a function of the mesh-size (Cartesian meshes) for the analyt-
ical solution (II.75b). Left: Equal-order with O(1)-stabilization. Center: Mixed-order
with O(1)-stabilization. Right: Mixed-order with O( 1

h)-stabilization. Computational pa-
rameters: n = 8, ℓ ∈ {2, 3, 4, 5}.

Finally, we evaluate spatial convergence rates on polyhedral meshes. Figure II.7
presents the results for ERK schemes in equal- and mixed-order settings with O(1)-
stabilization and SDIRK schemes in mixed-order setting with O( 1

h)-stabilization. The
conclusions on polyhedral meshes corroborate those on Cartesian meshes.

Fig. II.7: Errors (II.76b) as a function of the mesh size (Polyhedral meshes) for the ana-
lytical solution (II.75b). Left: Equal-order with O(1)-stabilization. Center: Mixed-order
with O(1)-stabilization. Right: Mixed-order with O( 1

h)-stabilization. Computational pa-
rameters: n = 8, ℓ ∈ {2, 3, 4, 5}.
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II.6.4 Numerical study of Ricker wavelet as initial condition

This test case deals with the propagation of an elasto-acoustic wave through a het-
erogeneous domain. Referring to Figure II.8, let H be the height of the domain, He

the height of the elastic subdomain and L the length of both subdomains. We set
Ωf := (0, L) × (0, H − He) and Ωs := (0, L) × (−He, 0). Two sensors Sf and Ss are
positioned on a vertical line as in Figure II.8 so as to have one sensor in each subdomain.
For the acoustic sensor Sf, the acoustic pressure pT f is considered, and for the elastic
sensor Ss the x- and y-composents of the elastic velocity vT s are considered. Homoge-
neous Dirichlet boundary conditions are enforced, the source terms are null, and the initial
condition corresponds to a velocity Ricker wavelet centered at the point (xc, yc) ∈ Ωf (in
purple on Figure II.8) given by the following expression:

m0(x, y) := θ exp
(

− π2 r
2

Λ2

)
(x− xc, y − yc)† (II.77)

with θ := 10
[

1
s

]
, Λ := cf

p
fc

[m] with fc := 10
[

1
s

]
and r2 := (x− xc)2 + (y− yc)2. This initial

condition corresponds to a velocity Ricker wave centered at the point (xc, yc) ∈ Ω.

Ωf

Ωs

L

H

He

yΓ = 0

Sf

Ss

Fig. II.8: Ricker wavelet test case.

II.6.4.1 Academic setting

We first consider an academic case in which the acoustic and elastic media have the
same density and propagate S-waves at the same speed as compressional acoustic waves,
i.e.,

ρf = ρs = 1, cs
p =

√
3, cf

p = cs
s = 1. (II.78)

As the material properties are similar, we consider two subdomains of the same dimension,
with L = H = 1, He = 0.5 and xc := 0, yc := 0.125 for the origin of the pulse in the
acoustic subdomain. The simulation time is set to Tf := 10.

The following results are obtained using the SDIRK(3, 4) time scheme with a mixed-
order setting and O(1)-stabilization. Figure II.9 displays the two-dimensional pressure
distribution in the acoustic subdomain and the Euclidean norm of the velocity in the elas-
tic subdomain at times t ∈ {0, 0.25, 0.27, 0.32}. We can see that the simulation propagates
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correctly the acoustic Ricker wavelet through the elasto-acoustic interface. The difference
in properties, intrinsic to the nature of the media, causes a small reflection of the acoustic
wave when it meets the interface. Moreover, we observe the transmission of the compres-
sional wave as a P-wave (with the larger celerity), as well as the creation of an S-wave in
the elastic part of the domain.

Fig. II.9: Spatial distribution of the acoustic pressure (upper side) and the elastic velocity
norm (lower side) at times t ∈ {0, 0.25, 0.27, 0.32} predicted by SDIRK(3, 4) scheme with
mixed-order setting, O( 1

h)-stabilization, k = 1, ℓ = 7, and n = 9.

A comparison to a semi-analytical solution provided by the open source software
Gar6more (https://gitlab.inria.fr/jdiaz/gar6more2d) is performed in Figure II.10.
For two-dimensional infinite or semi-infinite domains, this code computes the analytical
solution of elasto-acoustic waves propagating in homogeneous or heterogeneous media. In
particular, the software analytically convolves the Green function of the problem with the
source function. The solution is called semi-analytical since the convolution is done by
a numerical integration. In Figure II.10, we report the solution for times t ∈ [0, 0.25] at
the two sensors Sf := (−0.15, 0.1) and Ss := (−0.15,−0.1) with the material properties
defined in (II.78), for two rather coarse meshes: ℓ = 4 on the left column and ℓ = 5 on
the right column. Figure II.10 shows that, for a moderate property contrast, even on the
rather coarse mesh corresponding to ℓ = 4, we can approximate the analytical solution

https://gitlab.inria.fr/jdiaz/gar6more2d
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with high accuracy by increasing the polynomial order. Altogether, only the case k = 1
on the coarse mesh does not allow to obtain an accurate representation of the solution.

Fig. II.10: Ricker wavelet with homogeneous material properties (see (II.78)). Compar-
ison of the solution over time with the semi-analytical solution at sensors Sf (1st row),
and Ss (2nd and 3rd rows) for n = 9 and ℓ = 4 (left column) and ℓ = 5 (right column).

II.6.4.2 Realistic (contrasted) setting

We now investigate a test case with a strong property contrast focusing on two cases
corresponding to granite and water (II.79a) and granite and air (II.79b):

ρs = 2.6ρf = 1.3, cs
p = 4cf

p = 2, cs
s = 2cf

p = 1, (II.79a)
ρs = 2200ρf = 800, cs

p = 17.5cf
p = 6.36, cs

s = 9cf
p = 3.27. (II.79b)

We report the solution for times t ∈ [0, 0.5] at the two sensors Sf := (−0.05, 0.1) and
Ss := (−0.05,−0.1). Figure II.11 reports the results for case (II.79a) and Figure II.12
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those for (II.79b) on two meshes: ℓ = 5 on the left column and ℓ = 6 on the right column
(this corresponds to one more level of refinement than for the low-contrast case).

Fig. II.11: Ricker wavelet with granite-water contrast (see (II.79a)). Comparison of the
solution over time with the semi-analytical solution at sensors Sf (1st row) and Ss (2nd

and 3rd rows) for n = 9 and ℓ = 5 (left column) and ℓ = 6 (right column).

The results reported in Figures II.11 and II.12 exhibit the same characteristics as in
the previous case, thus demonstrating that the present scheme effectively handles strong
property contrasts by accurately describing the solution (excluding the case k = 1 on
the coarse mesh). Finally, as expected, the greater the contrast, the larger the amplitude
difference between the acoustic and elastic signals. Indeed, while the signals in Figure II.10
have similar amplitudes, Figure II.11 and Figure II.12 show that as the contrast increases,
the signals in the receiving medium become weaker due to strong wave reflections at the
interface.

In Figures II.13 and II.14, we focus on the time evolution of the discrete energy of the
global system. In Figure II.13, the left panel shows the energy repartition as a function of



Chapter II. HHO methods for elasto-acoustic wave propagation in the time domain 69

Fig. II.12: Ricker wavelet with granite-air contrast (see (II.79b)). Comparison of the
solution over time with the semi-analytical solution at sensors Sf (1st row) and Ss (2nd

and 3rd rows) for n = 9 and ℓ = 5 (left column) and ℓ = 6 (right column).

time for t ∈ [0, 10], polynomial order k = 3 space refinement ℓ = 6, and time refinement
n = 9. In the right panel, we study the relative energy loss as the ratio of energy at
times t ∈ [0, 1] with the energy at initial time for different polynomial degrees k ∈ {1, 2, 3}
and space refinement levels ℓ ∈ {4, 5, 6}. In the left panel, we observed that, in the
absence of contrast, the energy initially concentrated in the acoustic subdomain is partially
transferred to the elastic subdomain. On longer time scales, the energy oscillates with a
moderate amplitude around an equal distribution between the two subdomains. In the
right panel, we can see that increasing the polynomial order and/or the space refinement
level significantly reduces energy dissipation. For all reasonable discretizations, the energy
dissipation stays below 1% for all t ∈ [0, 1]. In the left panel of Figure II.14, we show the
energy repartition for the contrasted case (II.79a) with ℓ = 6 and k = 3. We observe that,
owing to the increase in property contrast, significantly less energy is transmitted from
the acoustic medium to the elastic medium, which is consistent with the decrease in signal
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amplitude observed in Figures II.11 and II.12. The same test cases were conducted with
the initial pulse located in the elastic medium, and a similar distribution of the energy
was observed between the emitting medium and the receiving medium. For the sake of
brevity, these results are not reported here.

Fig. II.13: SDIRK(3, 4) scheme with n = 9. Left: Energy repartition as a function of
the time for k = 3 and ℓ = 6. Right: Relative energy loss as function of the time for
k ∈ {1, 2, 3} and ℓ ∈ {4, 5, 6}.

Fig. II.14: Ricker wavelet for granite-water test case: Energy repartition as a function
of the time predicted by SDIRK(3, 4) scheme. Left: Test case (II.79a), k = 3, n = 9 and
ℓ = 6. Right: Test case (II.80), k = 3, n = 8, hx = 8.93 m and hy = 6.25 m.

To conclude, we perform the granite-water test case (II.79a) with realistic values for
the material properties and the geometry. We set

ρf := 1025 kg.m−3, cf
p := 1500 m.s−1,

ρs := 2690 kg.m−3, cs
p := 6000 m.s−1, cs

s := 3000 m.s−1,
(II.80)
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as well as L := 5000 m, H := 3500 m, He := 2500 m for the dimensions of the domain
and xc := 0 m, yc := 500 m for the center of the pulse in the acoustic subdomain, and
a simulation time Tf := 0.425 s. Figure II.15 displays the two-dimensional distributions
of the pressure in the acoustic region and of the velocity norm in the elastic region at
times t ∈ {0.1275, 0.3825} predicted by the SDIRK(3, 4) scheme, with computational
parameters k = 3 and n = 8. A quadrangular mesh is considered with hx = 8.93 m and
hy = 6.25 m. The computational domain has been chosen sufficiently large in order to
avoid the bouncing off the walls due to the homogeneous Dirichlet conditions and to allow
the waves to develop. We can see that the simulation captures well the penetration of the

Fig. II.15: Ricker wavelet for granite-water test case (II.80): Spatial distribution of
the acoustic pressure (upper side) and the elastic velocity norm (lower side) at times
at times t ∈ {0.1275, 0.3825} predicted by SDIRK(3, 4) with mixed-order setting, O( 1

h)-
stabilization, k = 3, n = 8, hx = 8.93 m and hy = 6.25 m.

wave into the elastic domain. The lateral conical wavefronts are accurately represented,
along with the interface, Rayleigh-type waves, which are characterized by the constructive
interferences between P-waves and polarized S-waves at the interface. The right panel of
Figure II.14 shows the energy repartition related to this test case.

In conclusion, all these results highlight the robustness of the proposed scheme in
accurately modeling wave propagation through media with significant density and wave
velocity contrasts.

II.7 Conclusion
In this paper, we studied the elasto-acoustic coupled wave problem in first-order form

approximated using dG (for the dual variable) and HHO (for the primal variable) space
discretizations including several variants for HHO: equal- or mixed-order and stabilization
parameters O(1) or O( 1

h). We performed a space semi-discrete analysis based on the H+

interpolation operator for the dual variable instead of the standard L2 projection opera-
tor. This choice makes the time-continuous analysis simpler than in [51]. Compared to dG
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which stabilizes both primal and dual variables and achieves O(hk+ 1
2 ) convergence rates

(see, e.g. [54]), we stabilize only the primal variable and achieve O(hk+1) convergence
rates. The spectral analysis study in Section 6.1 showcases the effect of different stabi-
lization weights on the CFL condition. In the numerical experiments of Section 6.3, we
considered both implicit and explicit time-stepping schemes, and confirmed the theoretical
convergence rates on an academic test case. Moreover, we observed O(hk+2) convergence
rates for the primal variable in the L2-norm when using the mixed-order HHO method
with O( 1

h)-stabilization. In Section 6.4, we presented a realistic Ricker wavelet test case
with contrasted material properties and demonstrated that our scheme accurately cap-
tures wave propagation across interfaces. An interesting perspective for further work is to
explore nonlinear coupled wave models. One of the advantages of HHO with respect to
dG in this context is that the integration of nonlinear behavior laws is only required at
the quadrature nodes in the cells, but not on the faces [1]. Another perspective for future
work is to analyze the fully discrete scheme involving a DIRK time scheme combined with
the HHO space discretization.



Chapter III

Wave propagation in geophysical media
using HHO methods on general meshes

Abstract

Hybrid high-order (HHO) methods are discretization schemes characterized by several
interesting properties such as local conservativity, geometric flexibility and high-order
accuracy. Here, HHO methods are studied for the space semi-discretization of coupled
elasto-acoustic waves in the time domain using a first-order formulation. Explicit and
singly diagonal implicit Runge–Kutta (ERK & SDIRK) schemes are used for the time
discretization. We show that an efficient implementation of explicit (resp. implicit) time
schemes calls for a static condensation of the face (resp. cell) unknowns. Crucially, both
static condensation procedures only involve block-diagonal matrices. Then, we provide
numerical estimates for the CFL stability limit of ERK schemes and present a comparative
study on the efficiency of explicit versus implicit schemes. Our findings indicate that
implicit time schemes remain competitive in many situations. Finally, simulations in a 2D
realistic geophysical configuration are performed, illustrating the geometrical flexibility of
the HHO method: both hybrid (triangular and quadrilateral) and nonconforming (with
hanging nodes) meshes are easily handled, delivering results of comparable accuracy to a
reference spectral element software based on tensorized elements.

This chapter is based on a paper submitted to Computer Methods in Applied Mechan-
ics and Engineering (CMAME) entitled “Elasto-acoustic wave propagation in geophysical
media using hybrid high-order methods on general meshes” [152].
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III.1 Introduction
The accurate computation of mechanical wave propagation is crucial in numerous sci-

entific fields, such as medical imaging [170], non-destructive testing [133], or geophysics
[132]. In geophysics for instance, seismic (i.e., elastic), hydroacoustic or infrasonic waves
are used to probe the Earth at the local (petroleum and marine exploration) and global
scales. Owing to a broad suite of recording instruments deployed in various Earth’s envi-
ronments, these wavefields jointly provide insights into the Earth’s internal structure [109],
seismic source properties, or help monitoring natural hazards [10]. The success of these en-
deavors strongly depends on the ability to compute and understand how an elasto-acoustic
wavefield propagates through media that are heterogeneous and different in nature (solid,
fluid). Closed-form or semi-analytical solutions are available only for the simplest geo-
metrical configurations [3], while asymptotic methods often rely on assumptions that may
not be fulfilled in more complex scenarios (e.g., ray theory or single-scattering approxima-
tions). Consequently, numerical methods that accurately simulate the partial differential
equations describing elasto-acoustic waves are required to simulate wave propagation in
realistic media of complex geometry.

Advances in high-performance computing have triggered the emergence of various nu-
merical methods. The finite difference method (FDM) is still widely used [150], evolving
from regular-grid to staggered-grid approaches with improved accuracy [174]. Despite its
efficiency on rectilinear meshes, FDM has long struggled with complex geometries and
strong material contrasts. Extensions to more intricate domains have been developed
[159], but requiring an increased computational effort. Additionally, higher-order FDM
introduce larger stencils, negatively impacting parallel scalability.

A natural alternative to FDM are continuous finite element methods (FEM), which
accommodate unstructured meshes and intricate boundaries. However, low-order FEM
is computationally inefficient [143], and its high-order extension can suffer from aliasing
issues. The spectral element method (SEM), introduced in [157] for fluid dynamics and
later adapted to time-domain wave equations [130], leverages the accuracy of spectral
methods owing to high-order polynomial approximations based on Lagrangian basis func-
tions whose nodes coincide with the tensorized Gauss-Lobatto-Legendre (GLL) quadrature
points. This choice ensures a diagonal mass matrix and efficient explicit time-stepping
while retaining high-order accuracy. SEM have been successcfully applied to coupled
elasto-acoustic wave propagation [129, 64] with a description of the fluid velocity using
a potential field. However, SEM essentially relies on a space discretization with quadri-
lateral/hexahedral elements, which poses meshing challenges for realistic 3D applications.
Different extensions to simplicial meshes [83, 148] have demonstrated good dispersion
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properties [147], yet they may introduce additional computational overheads, difficulties
in increasing the order of accuracy, or a loss of mass matrix diagonalization [148]. More-
over, handling severe wavespeed discontinuities necessitates multiscale discretizations in
space (nonconforming meshes with h- or p-adaptivity) or time (multiple-time stepping),
leading to increased algorithmic complexity, higher computational costs [62], and potential
instabilities [96].

These limitations have sparked interest in discontinuous methods, such as finite vol-
ume (FV) and discontinuous Galerkin (dG) methods. Both methods rely on local infor-
mation exchanges through fluxes at mesh interfaces, thereby relaxing the classical FEM
C0-continuity constraint, and accommodating more naturally meshes with hanging nodes
for instance. Some dG methods adopt a second-order formulation in time (e.g., interior
penalty methods [112, 85, 5]), whereas others (including FV) adopt a first-order formula-
tion in time, solving for both primal (pressure in acoustics, velocity in elastodynamics) and
dual (velocity in acoustics, stress in elastodynamics) variables. Several dG variants exist,
depending on the fluxes (some based on Godunov-type upwind fluxes [98, 178], others on
central fluxes [149] or modified upwind [180]) and on the polynomial setting (e.g., dG-SEM
combinations [178, 6]). While dG methods achieve FEM-like convergence rates, their high
computational costs due to the substantial amount of degrees of freedom generally remain
a drawback.

Thus, there is room for alternative numerical strategies. Among others, like the Distri-
butional Finite-Difference Method (DFDM) [146], or the Virtual Element Method (VEM)
[84], one promising approach is the family of hybrid nonconforming methods, which lever-
age ideas from both FEM and dG. Hybrid nonconforming methods can achieve higher-
order accuracy through a consistent gradient reconstruction based on an additional un-
known field defined on the mesh skeleton, hence the term "hybrid". Compared to dG
methods, hybrid nonconforming methods have several advantages: (i) They include a
built-in and robust stabilization that is less sensitive to parameter tuning than the one
used in dG methods; (ii) In the context of elliptic problems, they achieve H1-convergence
of order (k+ 1) and L2-convergence of order (k+ 2), i.e. one order higher than dG meth-
ods. For the wave equation in first-order form, they can achieve L2-convergence of order
(k+2) under a post-processing for the primal variable [80] (although it may be insufficient
in elastodynamics [172]). Moreover, these methods allow for a natural enforcement of
coupling conditions by means of the unknowns attached to the mesh skeleton.

The most salient example of hybrid nonconforming method is the Hybridizable dG
method (HDG). This method was first proposed in [154] for the wave equation in first-
order form, following the seminal work [76] on HDG methods for elliptic problems (see also
[75] for a second-order formulation in time). HDG methods allow for efficient implicit time-
stepping by leveraging static condensation (i.e. the local elimination of the cell unknowns).
Efficient explicit time-stepping is also possible whenever the stabilization bilinear form
leads to a block-diagonal face-face matrix. Explicit and implicit HDG schemes for the
wave equation are compared in [131], where explicit schemes were found more efficient for
various configurations. Different conclusions are drawn in the present work, allowing at
least to say that the explicit and implicit approaches are both relevant. We also mention
[11] where the coupling of acoustic and elastic methods is studied using HDG methods
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and a Laplace transform in time.
Another compelling instance in the class of hybrid nonconforming methods is the

Hybrid High-Order (HHO) method. The HHO method approximates the solution within
the mesh cells and its trace on the mesh skeleton, both by polynomial unknowns. The
setting is of equal-order when the cell and face polynomials are of the same order k ≥ 0,
whereas the setting is of mixed-order when the cell polynomials are one order higher than
the face polynomials. The two devising principles of HHO methods are: (i) a gradient
reconstruction in each mesh cell from the local cell and face unknowns; (ii) a stabilization
that weakly enforces locally the matching of the trace of the cell unknowns with the
corresponding face unknowns. Although the devising principles in HHO differ from those
in HDG, it has been shown in [73] (see also [70]) that tight connections exist between both
approaches, as well as with other hybrid nonconforming methods such as Weak Galerkin
and nonconforming VEM (respectively devised in [175] and [13]). HHO methods were
introduced in [92] for linear elasticity and in [93] for linear diffusion. Since then, HHO
methods have been applied to a broad range of problems. We refer the reader to the two
textbooks [70, 88] and to [48, 49, 169] for the development of HHO methods applied to
the (purely) acoustic or elastic wave equation in first- and second-order form (see also
[106, 105] for further analysis results).

The approximation of coupled elasto-acoustic waves using HHO methods in space and
Runge–Kutta (RK) schemes in time has been started in [153]. Therein, the devising prin-
ciples of the method were established, and an error analysis in the space semi-discrete
setting was proposed. Moreover, numerical results, mostly on academic test cases, were
presented to showcase the stability and accuracy properties of the proposed method. Let us
briefly summarize the main findings. On the one hand, if explicit RK (ERK) time-stepping
schemes are considered, it is recommended to scale the stabilization by an O(1)-weight
(to alleviate the CFL restriction) and to use a plain Least-Squares stabilization. Because
of this, it is natural to consider an equal-order setting for the cell and face unknowns. On
the other hand, for implicit RK (IRK) schemes, one can consider tighter stabilizations
to obtain higher-order convergence rates. Namely, one can scale the stabilization by an
O( 1

h)-weight (where h is the mesh size) and employ any of the high-order HHO stabiliza-
tion operators. As discussed in [68] for elliptic problems, the mixed-order setting with
Lehrenfeld–Schöberl stabilization appears to be more computationally effective.

In this work, we further develop the above methodology, addressing important com-
putational aspects and assessing the approach on more realistic geophysical settings. The
HHO formulations for the explicit and implicit time schemes are those discussed above.
Our first main contribution in the paper is to recast the fully discrete problem in alge-
braic form, so as to show that an efficient implementation of implicit (resp. explicit)
time schemes calls for a static condensation of the cell (resp. face) unknowns. Crucially,
both static condensation procedures only involve block-diagonal matrices. Our second
main contribution is to estimate numerically the CFL stability limits for explicit time
schemes and to provide a comparative study on the efficiency of explicit versus implicit
time schemes. This is performed on test cases with manufactured solutions and in bilay-
ered problems with an initial Ricker wavelet. As mentioned above, our findings indicate
that implicit time schemes remain competitive in many situations. Our third main contri-
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bution is to consider a realistic test case including waves trapped in a sedimentary bassin,
and to show that the proposed methodology delivers accurate solutions, while offering the
capability of handling general meshes with hanging nodes. Reference solutions for this
latter test case are obtained using a specral element software using tensorized elements.

This chapter is organized as follows. Section III.2 introduces the coupled elasto-
acoustic model and presents its first-order weak formulation. Section III.3 presents the
HHO space semi-discretization. Section III.4 describes the fully discrete problem, incorpo-
rating both explicit and implicit RK schemes and showing the relevance of static condensa-
tion procedures in both cases. Section III.5 (i) investigates numerically the CFL stability
limit for ERK and compared the efficiency (error vs. CPU time) of both explicit and
implicit time schemes ; (ii) verifies the accuracy of the proposed methodology on a Ricker
wavelet test case (with realistic material properties) for which a semi-analytical solution is
available, and performs a further comparative study of explicit vs. implicit time schemes;
(iii) showcases the performances of the proposed method on a two-dimensional test case
inspired by recent seismoacoustic observations, focusing on the emission of acoustic energy
due to the interaction between seismic waves and a sedimentary basin [120, 12]. Numeri-
cal results obtained on quadrilateral, simplicial, hybrid, and nonconforming meshes (with
hanging nodes) are compared to those produced by a reference spectral element solver
based on tensorized elements, thus highlighting the versatility of the HHO method to
handle general meshes in complex geological media.

III.2 Model problem
This section presents the model problem. We use boldface (resp. blackboard) fonts

for vectors (resp. tensors), and for vector-valued (resp. tensor-valued) fields and spaces
composed of such fields. For a bounded and uniformly positive weight κ, we define the
κ-weighted L2-inner product as (u, v)L2(κ;Ω) :=

∫
Ω κuv dΩ for all u, v ∈ L2(Ω). A similar

notation is used for inner products involving vector- and tensor-valued fields.

III.2.1 Strong formulation

Let J := (0, Tf) denotes the time interval of interest, where Tf > 0 represents the
final time, and let Ω be a polyhedral domain (open, bounded, connected, Lipschitz set)
in Rd, with d ∈ {2, 3}. We partition Ω into two disjoint, polyhedral subdomains, Ωf

and Ωs (of boundaries ∂Ωf and ∂Ωs), representing the solid and fluid media, respectively.
These subdomains share the interface Γ := ∂Ωf ∩∂Ωs, and the unit normal vector nΓ on Γ
conventionally points from Ωs to Ωf. A simplified representation of this setting is displayed
in Figure III.1 illustrating the geophysical application considered in Section III.5.

The linear acoustic wave propagation is defined by the evolution of its scalar pressure
field p [Pa] and velocity field m

[m
s
]
, which are described by the following system of partial

differential equations in J × Ωf:

ρf∂tm − ∇p = 0, (III.1a)
1
κ
∂tp− ∇ · m = ff, (III.1b)
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BedrockSedimentary basin

Fluid domain Ωf

Solid domain Ωs

Γ

nΓ

Fig. III.1: Solid subdomain Ωs composed of the sedimentary basin and the bedrock, fluid
subdomain Ωf, and unit normal nΓ along the interface Γ (highlighted with a thick black
line)

.

where ρf
[

kg
m3

]
is the fluid density, κ [Pa] is the fluid bulk modulus, and ff [Hz] is the

source term. The equation (III.1b) is derived by considering a perfect fluid, where the
stress tensor is given by sf := pId, instead of the classical convention sf := −pId, where
Id is the identity tensor. The material properties ρf and κ are typically piecewise constant
in Ωf, although it is not mandatory (they can smoothly evolve in space). The speed of
the acoustic waves is given by cf

p :=
√
κ/ρf [m

s
]
. The initial conditions are specified as

p(0) = p0 and m(0) = m0 with initial data p0 and m0.
Let ∇sym := 1

2(∇ + ∇†) denote the symmetric gradient operator. The elastic wave
equations, which describe the evolution of the linearized Cauchy stress tensor s [Pa] and
the velocity field v

[m
s
]
, consist of the following partial differential equations in J × Ωs:

C−1∂ts− ∇symv = 0, (III.2a)
ρs∂tv − ∇ · s = f s, (III.2b)

where ρs
[

kg
m3

]
is the solid density, C [Pa] is the fourth-order Hooke tensor, and f s

[
N

m3

]
is

the source term. The material properties C and ρs can be considered piecewise constant
in Ωs. In the framework of isotropic elasticity, C depends on the Lamé parameters λ [Pa]
and µ [Pa] as Cijkl := λδijδkl + µ(δikδjl + δilδjk), for all i, j, k, l ∈ {1, ..., d}, where δ is the
Kronecker symbol. This setting gives rise to two wave speeds

[m
s
]

corresponding to two
types of body waves, far from material interfaces:

cs
p :=

√
(λ+ 2µ) /ρs for compressional (P-) waves, (III.3a)

cs
s :=

√
µ/ρs for shear (S-) waves. (III.3b)

We do not consider the incompressible limit where λ
µ ≫ 1, so that the two wave speeds

in (III.3) are expected to be of similar magnitude. The initial conditions are specified as
v(0) = v0 and s(0) = s0, with initial data v0 and s0.

For simplicity, we impose homogeneous Dirichlet boundary conditions on p on ∂Ωf \ Γ
and on v on ∂Ωs \ Γ, which lead to perfect wave reflection at the domain boundaries.
The computational domain and time are chosen appropriately, so as to avoid any spurious
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reflection that could interfere with the main phenomena we want to simulate. Neumann
boundary conditions on the normal fluid velocity and solid stress can be enforced in a
straightforward manner if the boundary of the domain is composed of planar faces. If the
domain has a curved boundary, one possibility to retain high-order is to use an unfitted
HHO method [42]; another one is to enrich the local basis functions on curved faces by
using suitable non-polynomial functions [181].

The interface conditions on J × Γ are expressed as follows:

v · nΓ = m · nΓ, (III.4a)
s · nΓ = pnΓ, (III.4b)

where the first equation enforces the continuity of the normal velocity component across
the interface (kinematic condition on a perfect fluid-solid boundary where tangential slip is
allowed, but there is no separation or interpenetration), and the second equation (dynamic
condition) expresses the balance of forces.

III.2.2 Weak formulation

We define the following functional spaces:

Mf := L2(Ωf), P f :=
{
p ∈ H1(Ωf) : p|∂Ωf\Γ = 0

}
, (III.5a)

Ss := L2
sym(Ωs), V s :=

{
v ∈ H1(Ωs) : v|∂Ωs\Γ = 0

}
. (III.5b)

The coupled elasto-acoustic wave problem then consists of finding (m, p) : J → Mf × P f

and (s,v) : J → Ss × V s such that, for all t ∈ J , the following weak equations hold:

i) For the acoustic wave equations, for all test functions (r, q) ∈ Mf × P f,

(∂tm(t), r)L2(ρf;Ωf) − (∇p(t), r)L2(Ωf) = 0, (III.6a)

(∂tp(t), q)L2( 1
κ

;Ωf) + (m(t),∇q)L2(Ωf) + (v(t) · nΓ, q)L2(Γ) = (ff(t), q)L2(Ωf).

(III.6b)

ii) For the elastic wave equations, for all test functions (b,w) ∈ Ss × V s,

(∂ts(t),b)L2(C−1;Ωs) − (∇symv(t),b)L2(Ωs) = 0, (III.7a)
(∂tv(t),w)L2(ρs;Ωs) + (s(t),∇symw)L2(Ωs) − (p(t)nΓ,w)L2(Γ) = (f s(t),w)L2(Ωs). (III.7b)

The coupling conditions (III.4a) and (III.4b) are directly incorporated into (III.6b) and
(III.7b), respectively. Thus, they are weakly imposed.

III.3 HHO space semi-discretization
In this section, we introduce a simple description of the space semi-discretization of

(III.6)-(III.7) in the HHO framework. Namely, we take a quick look at the way the method
deals with general meshes, and how (III.6)-(III.7) are approximated with HHO operators.
Our goal is to provide the set of ODEs that drive the time-evolution of the space semi-
discrete system in algebraic form, using a generic choice for the local polynomial bases.
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III.3.1 Mesh

Let T be a polygonal mesh of the domain Ω, constructed so as to align with the
partition of Ω into the subdomains Ωf and Ωs. The mesh cells are supposed to have
planar faces, constructed so as to align with the different boundaries of the subdomains
Ωf and Ωs. Thus, we generate a piecewise affine approximation of the interface Γ and
of the subdomains Ωs and Ωf. We assume that the mesh is fine enough to neglect the
geometric error introduced by this approximation. Consistently with this assumption, we
also assume that all material properties are piecewise constant on T . For latter use, we
define the two sub-meshes, T f and T s, which cover exactly the subdomains Ωf and Ωs,
respectively.

The set of mesh faces F is partitioned as F := F◦ ∪ F∂ , where F◦ collects all the
interior faces, including those lying on the interface Γ, and F∂ collects all the boundary
faces on ∂Ω. The set of interior faces is further split as F◦ := F◦f ∪ F◦s ∪ FΓ, whereas
the set of boundary faces is split as F∂ := F∂f ∪ F∂s, with obvious notation. To simplify
later expressions, we define Ff := F◦f ∪ F∂f ∪ FΓ and Fs := F◦s ∪ F∂s ∪ FΓ for the sets
of faces lying in Ωf and Ωs, respectively.

We consider general meshes which can contain hanging nodes (see Figure III.2). These
meshes can be handled in a seamless fashion by any discretization method supporting
polyhedral cells, as HHO, dG and VEM methods. For instance, in the example shown
in Figure III.2, elements sharing an edge with the solid-fluid interface and containing
hanging nodes from the other mesh (filled elements) are no longer considered as triangles
in the fluid region or as quadrilaterals in the solid region, but are treated as quadrilaterals
and hexagons, respectively. This approach greatly simplifies the meshing of the domain,
particularly at the fluid-solid interface, since it allows for independent meshing of the two
subdomains.

Quadrilaterals

Hexagons

Triangles

Quadrilaterals

Fig. III.2: Generic example of a mesh with hanging nodes at the interface Γ. Filled
elements are reinterpreted: filled squares as hexagons and filled triangles as quadrilaterals.
Unfilled elements are treated for what they are: squares and triangles.

III.3.2 Degrees of freedom

Recall that the coupled problem (III.6)-(III.7) relies on primal (p and v) and on dual
(m and s) variables. Here, the primal variables are discretized using the HHO method,
whereas the dual variables are discretized via a standard dG approach. The dG variables
are thus piecewise polynomials of degree k (only a cell component), whereas the HHO
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variables consist of a pair: a cell component and a face component. The cell component is
a piecewise polynomial of degree k′ ∈ {k, k+1}, whereas the face component is a piecewise
polynomial of degree k. The HHO discretization is referred to as equal-order when k′ = k

and as mixed-order when k′ = k + 1. A polynomial degree k ≥ 1 is required in the solid
subdomain to control the rigid body motions [92]. For simplicity, we consider the same
polynomial degree k in both subdomains, although it is not mandatory (we can take k ≥ 0
in the fluid subdomain).

A generic mesh cell is denoted by T ∈ T , with its diameter hT , its outward unit normal
nT , and the set of its boundary faces F∂T . A generic mesh face is denoted by F ∈ F .
We define the local polynomial spaces Pk

sym(T ), P k(T ) and P k(T ) (resp. P k(F ) and
P k(F )) as the restrictions to the mesh cell T (resp. the mesh face F ) of symmetric tensor-
, vector- and scalar-valued d-variate polynomials of degree at most k (resp. (d−1)-variate
polynomials of degree at most k). Altogether, we consider the following dofs (where the
cross refers to a Cartesian product):

i) from a local point of view, we have

pT ∈ P k′(T ), p∂T ∈ P k(F∂T ) := ×
F ∈F∂T

P k(F ), mT ∈ P k(T ), ∀T ∈ T f, (III.8a)

vT ∈ P k′(T ), v∂T ∈ P k(F∂T ) := ×
F ∈F∂T

P k(F ), sT ∈ Pk
sym(T ), ∀T ∈ T s. (III.8b)

ii) from a global point of view, we have

pT f ∈ P k′
(T f) := ×

T ∈T f

P k′
(T ), pFf ∈ P k(Ff) := ×

F ∈Ff

P k(F ), (III.9a)

vT s ∈ V k′
(T s) := ×

T ∈T s

P k′
(T ), vF s ∈ V k(F s) := ×

F ∈F s

P k(F ), (III.9b)

mT f ∈ Mk(T f) := ×
T ∈T f

P k(T ), sT s ∈ S
k(T s) := ×

T ∈T s

P
k
sym(T ). (III.9c)

In Figure III.3, we illustrate the dofs involved in the space discretization of a 2D domain
near a solid-fluid interface, for hexagonal meshes and polynomial degrees k′ = k = 1.
There are 9 cell unknowns in each fluid cell (3 for the primal variable and 6 for the dual
variable), and there are 2 unknowns for each face F ∈ F◦f. There are 15 cell unknowns
in each solid cell (6 for the primal variable and 9 for the dual variable), and there are 4
unknowns for each face F ∈ F◦s. Finally, there are 6 unknowns for each face F ∈ FΓ (2
from the fluid part and 4 from the solid part).

III.3.3 Space semi-discrete formulation and algebraic realization

The space semi-discretization of the model problem (III.6)-(III.7) consists in find-
ing (pT f(t), pFf(t),mT f(t)) ∈ P k′(T f) × P k(Ff) × Mk(T f) in the fluid subdomain and
(vT s(t),vFs(t), sT s(t)) ∈ V k′(T s) × V k(Fs) × Sk(T s) in the solid subdomain, such that,
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Fluid domain Ωf

Cell T ∈ T f

Solid domain Ωs

Scalar dofs Vector dofs Symmetric
tensor dofs

Solid material 1
Cell T 1 ∈ T s

Solid material 2
Cell T 2 ∈ T s

pT

p∂T

mT
vT 2

sT 2

v∂T 2

vT 1

sT 1

v∂T 1

Γ

Fig. III.3: Elasto-acoustic dofs along a solid-fluid interface, with hexagonal mesh cells
and lowest equal-order discretization (k′ = k = 1).

for all t ∈ J ,

(∂tmT f(t), rT f)L2(ρf;Ωf) − (gT f(pT f(t), pFf(t)), rT f)L2(Ωf) = 0, (III.10a)

(∂tpT f(t), qT f)L2( 1
κ

;Ωf) + (mT f(t), gT f(qT f , qFf))L2(Ωf)

+ sf((pT f(t), pFf(t)), (qT f , qFf)) + (vFs(t)·nΓ, qFf)L2(Γ) = (ff(t), qT f)L2(Ωf),
(III.10b)

for all rT f ∈ Mk(T f) and all (qT f , qFf) ∈ P k′(T f) × P k(Ff), and

(∂tsT s(t),bT s)L2(C−1;Ωs) − (gsym
T s (vT s(t),vFs(t)),bT s)L2(Ωs) = 0, (III.11a)

(∂tvT s(t),wT s)L2(ρs;Ωs) + (sT s(t),gsym
T s (wT s ,wFs))L2(Ωs)

+ ss((vT s(t),vFs(t)), (wT s ,wFs)) − (pFf(t)nΓ,wFs)L2(Γ) = (f s(t),wT s)L2(Ωs),

(III.11b)

for all bT s ∈ Sk(T s) and all (wT s ,wFs) ∈ V k′(T s) × V k(Fs). Here, gT f , gsym
T s , sf, and

ss are the global (symmetric) gradient reconstruction operators and global stabilization
bilinear forms whose expressions are given by the right-hand sides of equations (III.16)-
(III.17) below. The main ideas are the following: the (symmetric) gradient reconstruction
allows to consistently and locally build the (symmetric) gradient of the primal variable
using both its cell and face dofs; the stabilization bilinear form weakly enforces locally the
matching of the trace of the cell dofs with the face dofs. The reader is referred to [153]
for further insight into the HHO formulation.
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To derive the algebraic realization of (III.10)-(III.11), we consider the following generic
bases:

{φi}1≤i≤Nk′
T f
, {ψi}1≤i≤Nk

Ff
, {ζk}1≤k≤Mk

T f
, (III.12a)

{ϕi}1≤i≤Lk′
T s
, {θi}1≤i≤Lk

Fs
, {Yk}1≤k≤Hk

T s
, (III.12b)

with the corresponding dimensions

Nk′
T f := dim(P k′(T f)), Nk

Ff := dim(P k(Ff)), Mk
T f := dim(Mk(T f)), (III.13a)

Lk′
T s := dim(V k′(T s)), Lk

Fs := dim(V k(Fs)), Hk
T s := dim(Sk(T s)). (III.13b)

The basis {ζk}1≤k≤Mk
T f

is build by combining Cartesian basis vectors of Rd with scalar ba-
sis functions of P k(T f). Similarly, the bases {ϕi}1≤i≤Lk′

T s
, {θi}1≤i≤Lk

Fs
and {Yk}1≤k≤Hk

T s

are built by combining Cartesian basis vectors of Rd, Rd and Rd×d
sym , respectively, with

scalar basis functions of P k′(T s), P k(Fs) and P k(T s), respectively. For all the scalar-
valued polynomial spaces, we use a local modal basis composed of monomials centered at
the barycenter of the corresponding geometric object.

Degrees of freedom. Let (PT f(t),PFf(t)) ∈ RNk′
T f ×Nk

Ff and MT f(t) ∈ RMk
T f rep-

resent the time-dependent component vectors of (pT f(t), pFf(t)) ∈ P k′(T f) × P k(Ff)
and mf

T (t) ∈ Mk(T f) in the fluid subdomain Ωf, respectively. Let (VT s(t),VFs(t)) ∈
RLk′

T s ×Lk
Fs and ST s ∈ RHk

T s represent the time-dependent component vectors of (vT s(t),
vFs(t)) ∈ V k′(T s) × V k(Fs) and sT s ∈ Sk(T s) in the solid subdomain Ωs, respectively.
The algebraic realization of (III.10)-(III.11) is, for all t ∈ J ,



Mρf

T f 0 0 0 0 0

0 M
1
κ
T f 0 0 0 0

0 0 MC−1
T s 0 0 0

0 0 0 Mρs

T s 0 0
0 0 0 0 0 0
0 0 0 0 0 0


d
dt



MT f

PT f

ST s

VT s

PFf

VFs


+



0 GT f 0 0 GT fFf 0

−G†
T f ΣT f 0 0 ΣT fFf 0

0 0 0 HT s 0 HT sFs

0 0 −H†
T s ΣT s 0 ΣT sFs

−G†
T fFf Σ†

T fFf 0 0 ΣFf CFΓ

0 0 −H†
T sFs Σ†

T sFs −C†
FΓ ΣFs





MT f

PT f

ST s

VT s

PFf

VFs


=



0

FT f

0

FT s

0

0


, (III.14)

where the different blocks are defined as follows.

Mass matrices. The mass matrices Mρf

T f ∈ RMk
T f ×Mk

T f and M
1
κ
T f ∈ RNk′

T f ×Nk′
T f are

associated with the inner products in L2(ρf; Ωf) and L2( 1
κ ; Ωf), respectively, and the mass

matrices MC−1
T s ∈ RHk

T s ×Hk
T s and Mρs

T s ∈ RLk′
T s ×Lk′

T s are associated with the inner products
in L2

sym(C−1; Ωs) and L2(ρs; Ωs), respectively. Their (classical) expressions are as follows:

M†
T fMρf

T fRT f =
∑

T ∈T f
ρf|T (mT , r)L2(T ),

P†
T fM

1
κ
T fQT f =

∑
T ∈T f

1
κ|T

(pT , q)L2(T ),
(III.15a)
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S†
T sMC−1

T s BT s =
∑

T ∈T s
C−1|T (sT ,b)L2(T ),

V†
T sMρs

T sWT s =
∑

T ∈T s
ρs|T (vT ,w)L2(T ),

(III.15b)

for all mT f , r ∈ P k(T f) and all pT f , q ∈ P k′(T f) with component vectors MT f , RT f and
PT f , QT f , respectively, and all sT s ,b ∈ Sk(T s) and all vT s ,w ∈ P k′(T s) with component
vectors ST s , BT s and VT s , WT s , respectively.

Gradient reconstruction blocks. The gradient reconstruction blocks GT f ∈ RMk
T f ×Nk′

T f

and GT fFf ∈ RMk
T f ×Nk

Ff and the symmetric gradient reconstruction blocks HT s ∈ RHk
T s ×Lk′

T s

and HT sFs ∈ RHk
T s ×Lk

Fs are defined so that they satiscfy

(GT fPT f + GT fFfPFf)†RT f

=
∑

T ∈T f

{
(∇pT , r)L2(T ) − (pT − p∂T , r·nT )L2(∂T )

}
,

(III.16a)

(HT sVT s + HT sFsVFs)†BT s

=
∑

T ∈T s

{
(∇symvT ,b)L2

sym(T ) − (vT − v∂T ,b·nT )L2(∂T )

}
,

(III.16b)

for all (pT f , pFf) ∈ P k′(T f)×P k(Ff), all (vT s ,vFs) ∈ V k′(T f)×V k(Ff) with component
vectors PT f , PFf and VT s , VFs , respectively, and for all r ∈ Mk(T f), all b ∈ Sk(T s) with
component vectors RT f and BT s , respectively.

Stabilization blocks. The fluid stabilization blocks ΣT f ∈ RNk′
T f ×Nk′

T f , ΣT fFf ∈
RNk′

T f ×Nk
Ff , and ΣFf ∈ RNk

Ff ×Nk
Ff and the solid stabilization blocks ΣT s ∈ RLk′

T s ×Lk′
T s ,

ΣT sFs ∈ RLk′
T s ×Lk

Fs , and ΣFs ∈ RLk
Fs ×Lk

Fs are defined so that they satisfy

(ΣT fPT f + ΣT fFfPFf)†QT f + (Σ†
T fFfPT f + ΣFfPFf)†QFf

=
∑

T ∈T f
τf

T (S∂T (pT , p∂T ), S∂T (qT , q∂T ))L2(∂T ), (III.17a)

(ΣT sVT s + ΣT sFsVT s)†WT s + (Σ†
T sFsVT s + ΣFsVFs)†WFs

=
∑

T ∈T s
τ s

T (S∂T (vT ,v∂T ),S∂T (wT ,w∂T ))L2(∂T ), (III.17b)

for all (pT f , pFf) ∈ P k′(T f)×P k(Ff) and all (vT s ,vFs) ∈ V k′(T s)×V k(Fs) with compo-
nent vectors PT f , PFf and VT s , VFs , respectively, and for all (qT f , qFf) ∈ P k′(T f)×P k(Ff)
and all (wT s ,wFs) ∈ V k′(T s)×V k(Fs) with component vectors QT f , QFf and WT s , WFs ,
respectively. The stabilization parameters are defined as follows:

τf
T := (ρfcf

p)|−1
T h̃−α

T , τ s
T := (ρscs)|T h̃−α

T , (III.18)

where the local scaling by (ρfcf
p)|−1

T and (ρscs)|T follows from physical consistency, the
parameter α ∈ {0, 1} is used to shift from O(1)-stabilization (α = 0) to O( 1

h)-stabilization
(α = 1), and h̃T := hT

ℓΩ
is a normalized cell diameter, where the global length scale
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ℓΩ := diam(Ω) is introduced for dimensional consistency. The stabilization parameters
can also be scaled by the reciprocal of the polynomial degree.

Regarding the local stabilization operators S∂T : P k′(T ) × P k(F∂T ) → P k(F∂T ) and
S∂T : P k′(T ) × P k(F∂T ) → P k(F∂T ), we consider two configurations:

• The first one, which we use in the equal-order HHO discretization (k′ = k), corre-
sponds to a plain Least-Squares stabilization:

S∂T (pT , p∂T ) := pT |∂T − p∂T , S∂T (vT ,v∂T ) := vT |∂T − v∂T . (III.19)

This stabilization will be used with the scaling α = 0 and explicit time-stepping
schemes.

• The second one, which we use in the mixed-order HHO discretization (k′ = k + 1),
corresponds to the Lehrenfeld–Schöberl stabilization [134]:

S∂T (pT , p∂T ) := Πk
∂T (pT |∂T ) − p∂T , S∂T (vT ,v∂T ) := Πk

∂T (vT |∂T ) − v∂T ,

(III.20)
where Πk

∂T is the local L2(∂T )-orthogonal projection onto P k(F∂T ) or its vector-
valued version. This stabilization will be used with the scaling α = 1 and implicit
time-stepping schemes.

Coupling blocks. The matrix CFΓ ∈ RNk
Ff ×Lk

Fs representing the coupling terms is
defined so that

Q†
FfCFΓVFs = (vFs ·nΓ, qFf)L2(Γ), (III.21)

for all qFf ∈ P k(Ff) with component vector QFf ∈ RNk
Ff and all vFs ∈ P k(Fs) with

component vector VFs ∈ RLk
Fs . Notice that CFΓ is block-diagonal with a nonzero block

only for all F ∈ FΓ.

Source terms. The source terms FT f(t) ∈ RNk′
T f and FT s(t) ∈ RLk′

T s are time-dependent
and correspond to the algebraic realization of the linear forms

F†
T f(t)MT fQT f =

∑
T ∈T f

(ff(t), q)L2(T ), (III.22a)

F†
T s(t)MT sWT s =

∑
T ∈T s

(f s(t),w)L2(T ), (III.22b)

for all q ∈ P k′(T f) and all w ∈ P k′(T s) with component vectors QT f and WT s , re-
spectively, and MT f and MT s are the mass matrices associated with the canonical inner
products in L2(Ωf) and L2(Ωs), respectively.

Equation (III.14) can be rewritten in a more compact form by regrouping all the cell
unknowns on the one hand, and all the face unknowns on the other hand. With obvious
notation, we obtainMT 0

0 0

 ∂t

UT

UF

+

 KT KT F

KFT KF


UT

UF

 =

FT

0

 , (III.23)
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where MT is the cell mass matrix, KT , KT F , KFT = K†
T F , KF , are the blocks of the

stiffness matrix, UT and UF are the components of the vector of unknowns and FT is
the cell source term (the face source term is null). A crucial observation is that both KT
and KF are block diagonal. This important property will be exploited in Section 4 in the
context of implicit and explicit time-stepping schemes. While the block-diagonal structure
of KT is obvious, let us briefly motivate why KF is also block-diagonal. First, this is the
case for all F ∈ F◦f ∪ F◦s since the stabilization bilinear forms are local to each interior
face for both fluid and solid subdomains, with local diagonal blocks of size dimP k(F ) or
dim P k(F ), respectively. Furthermore, for all F ∈ FΓ, the couplings are also local to the
face, but the diagonal block in KF is of larger size, namely dimP k(F ) + dim P k(F ).

III.4 Fully discrete schemes
The time discretization is based on Runge–Kutta (RK) schemes. Butcher tableaux are

a classical way to define RK schemes by means of the coefficients {aij}1≤i,j≤s, {bi}1≤i≤s,
and {ci}1≤i≤s, where s ≥ 1 is the number of stages. For explicit RK schemes with s

stages and order s (ERK(s)), the matrix {aij}1≤i,j≤s is strictly lower-triangular. For
singly diagonal implicit RK schemes with s stages and order (s + 1) (SDIRK(s, s + 1)),
the matrix is lower-triangular with a11 = . . . = ass := a∗. The corresponding Butcher
tableaux are as follows:

c1 a∗ 0 · · · 0

c2 a21 a∗
. . . 0

...
... . . . . . . ...

cs as1 · · · as,s−1 a∗

b1 · · · bs−1 bs

c1 0 · · · · · · 0

c2 a21 0 · · · 0
...

... . . . . . . ...

cs as1 · · · as,s−1 0

b1 · · · bs−1 bs

(III.24)

To simplify the writing of SDIRK and ERK schemes, we define as+1,i := bi for all i ∈
{1, ..., s} and set as+1,s+1 := 0.

We now detail the time discretization of (III.23) by SDIRK and ERK schemes. We
show that an effective SDIRK implementation is obtained by the local elimination of
the cell unknowns, whereas an effective ERK implementation is obtained by the local
elimination of the face unknowns. The outcome of this elimination is illustrated in Fig-
ure III.4. Let (tn)n∈{0,...,N} with t0 = 0 and tN = Tf be the discrete time nodes, and
let ∆tn := tn − tn−1 be the time step. For simplicity, we consider that the time-step is
constant and drop the superscript n.

We observe from Figure III.4 that the number of cell dofs appears to be larger than the
face dofs. Let us give a more quantitative estimate. Neglecting the number of boundary
faces, and assuming that each cell has n faces (e.g., n = 3 for triangles and n = 4 for
tetrahedra), the asymptotic ratio between the number of cells and the number of faces is n·
#Cells ≈ 2#Faces. Under this assumption, Table III.1 reports the expected percentage
of dofs associated with faces for triangular and tetrahedral meshes, and for equal- and
mixed-order HHO settings. A first observation is, as expected, that the proportion of face
dofs decreases with the polynomial degree. A second observation is that, in the mixed-
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Implicit Explicit

pT f pFf vT f

vT s vFs sT s

Fig. III.4: Fully coupled unknowns after static condensation for SDIRK schemes (left)
and for ERK schemes (right) for the lowest equal-order discretization (k′ = k = 1).

order case (used with implicit time schemes), the share of cell dofs is at least 75%. In
this setting, static condensation — which eliminates here the cell dofs — allows for a
significant reduction in the size of the global linear system. In the equal-order case (used
with explicit time schemes), the proportion of cell dofs is smaller but remains dominant
(at least 67%). Here, static condensation eliminates face dofs instead, which still reduces
the system size, albeit less substantially. Altogether, we can conclude that the reduction
in computational costs by static condensation is much more impactful when using implicit
time schemes.

General k k = 1 k = 2 k = 3

Equal-order

2D Acoustic 1
k+3 25% 20% 17%

Elastic 6
5k+16 29% 23% 19%

3D Acoustic 3
2k+9 27% 23% 20%

Elastic 2
k+5 33% 29% 25%

Mixed-order

2D Acoustic 3(k+1)
3k2+14k+13 20% 17% 15%

Elastic 6(k+1)
5k2+25k+24 22% 19% 17%

3D Acoustic 6(k+1)(k+2)
4k3+33k2+77k+54 21% 19% 17%

Elastic 6(k+1)(k+2)
3k3+27k2+66k+48 25% 23% 21%

Tab. III.1: Percentage of face dofs for purely acoustic and elastic cases, in 2D and 3D,
for equal- and mixed-order settings, for various polynomial degrees k.

III.4.1 Singly Diagonal Implicit Runge-Kutta (SDIRK) schemes

Given Un−1
T from the previous time step or the initial condition, the time discretization

of (III.23) by SDIRK(s, s + 1) schemes is as follows: We solve sequentially for all i ∈
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{1, ..., s+ 1},
MT 0

0 0


Un,i

T

Un,i
F

 =

MT 0

0 0


Un−1

T

Un−1
F

+ ∆t
i∑

j=1
aij


Fn−1+cj

T

0

−

 KT KT F

KFT KF


Un,j

T

Un,j
F


 ,
(III.25)

where Fn−1+cj

T := FT (tn−1 + cj∆t). Notice that the last stage (i = s+ 1) only requires a
mass matrix inversion. Finally, we set Un+1

T := Un,s+1
T . For all i ∈ {1, ..., s}, each stage in

(III.25) can be rewritten asMT + a∗∆tKT a∗∆tKT F

a∗∆tKFT a∗∆tKF


Un,i

T

Un,i
F

 =

Bn,i
T

Bn,i
F

 , (III.26)

with

Bn,i
T

Bn,i
F

 :=


MT Un−1

T + a∗∆tFn−1+ci
T + ∆t

i−1∑
j=1

aij

(
Fn−1+cj

T − KT Un,j
T − KT FUn,j

F

)

−∆t
i−1∑
j=1

aij

(
KFT Un,j

T + KFUn,j
F

)


. (III.27)

A key observation is that the cell-cell submatrix in (III.26) (associated with all the fluid
and solid cell unknowns) is block-diagonal. Hence, a static condensation procedure can be
performed, leading to a global problem coupling only the face unknowns. This strategy
enhances computational efficiency by eliminating locally all the cell unknowns. Therefore,
(III.26) is solved by performing sequentially the following two solves:

a∗∆t
(
KF − a∗∆tKFT (MT + a∗∆tKT )−1 KT F

)
Un,i

F =

Bn,i
F − a∗∆tKFT (MT + a∗∆tKT )−1 Bn,i

T ,
(III.28a)

Un,i
T = (MT + a∗∆tKT )−1

(
Bn,i

T − a∗∆tKT FUn,i
F

)
. (III.28b)

Owing to the singly diagonal structure of the Butcher tableau, all the stages share the
same system matrix allowing to re-use matrix factorizations. Moreover, for a constant
time step, matrix factorizations can be re-used throughout the whole time integration.
Notice also that the second step (III.28b) is local and embarrassingly parallel.

In this work, we employ s-stage Singly Diagonally Implicit Runge–Kutta (SDIRK)
methods of order (s+1), with s ∈ {2, 3}. The associated Butcher tableaux are reported
in (III.29) where the SDIRK(3, 4) scheme corresponds to the values ν := 1√

3 cos
(

π
18
)

+ 1
2

and ξ := 1
6(2ν−1)2 :

1
4

1
4 0

3
4

1
2

1
4

1
2

1
2

ν ν 0 0
1
2

1
2 − ν ν 0

1 − ν 2ν 1 − 4ν ν

ξ 1 − 2ξ ξ

(III.29)
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III.4.2 Explicit Runge–Kutta (ERK) schemes

Given Un−1
T from the previous time step or the initial condition, the time discretization

of (III.23) by ERK(s) schemes is as follows: We solve sequentially for all i ∈ {1, ..., s+ 1},
MT 0

0 0


Un,i

T

Un,i
F

 =

MT 0

0 0


Un−1

T

Un−1
F

+ ∆t
i−1∑
j=1

aij


Fn−1+cj

T

0

−

 KT KT F

KFT KF


Un,j

T

Un,j
F


 , (III.30)

recalling that Fn−1+cj

T := FT (tn−1 + cj∆t). Finally, we set Un+1
T := Un,s+1

T . This time,
we exploit the fact that the face-face submatrix KF is block-diagonal and we eliminate
locally all the face unknowns. Thus, we rewrite (III.30) only in terms of the cell unknowns
(this procedure is called dG rewriting in the context of HDG methods). We first set
Un,1

T = Un−1
T . Then, for all i ∈ {2, ..., s+ 1}, we first solve:

KFUn,i−1
F = −KFT Un,i−1

T , (III.31a)

followed by

MT Un,i
T = MT Un−1

T + ∆t
i−1∑
j=1

aij

(
Fn−1+cj

T −
(
KT − KT FK−1

F KFT
)

Un,j
T

)
. (III.31b)

We emphasize that both solves in (III.31) are block-diagonal.
In this work, we use s-stage Explicit Runge–Kutta (ERK) schemes of order s, with

s ∈ {2, 3, 4}. The corresponding Butcher tableaux are reported in (III.32). We recall that
ERK(s) schemes are subject to a CFL stability condition. From a theoretical viewpoint,
stability under a CFL condition is established in [105] for s = 3, and for s = 2 under a
strengthened 4/3-CFL condition; stability is also expected to hold under a standard CFL
condition for s = 4. This point is further discussed numerically in Section III.5.1 below.

0 0 0
1
2

1
2 0
0 1

0 0 0 0
1
2

1
2 0 0

1 −1 2 0
1
6

2
3

1
6

0 0 0 0 0
1
2

1
2 0 0 0

1
2 0 1

2 0 0
1 0 0 1 0

1
6

1
3

1
3

1
6

(III.32)

III.5 Numerical results
In this section, we present 2D numerical results obtained with the HHO discretization

of the elasto-acoustic problem described above. Our goal is threefold. Our first goal is
to analyze the CFL condition of the explicit schemes and to perform a computational
efficiency study comparing explicit and implicit schemes, in order to identify the most
effective time-stepping strategy. To this purpose, we consider manufactured solutions.
Our second goal is to assess the accuracy of the method using a classical test case with a
Ricker wavelet as the initial condition, comparing the numerical results to a semi-analytical
solution. Moreover, we provide a further comparison between explicit and implicit schemes
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using this second test case. Our third goal is to showcase the geometric flexibility of the
method. To this purpose, we consider a geophysical application involving the propagation
of a seismic wavefield through complex media.

Recall that, for explicit time-stepping, we use an equal-order HHO discretization with
O(1) Least-Squares stabilization whereas, for implicit time-stepping, we use a mixed-order
HHO discretization with Lehrenfeld-Schöberl O( 1

h)-stabilization. To solve the resulting
linear systems, both a direct LU solver and an iterative Biconjugate Gradient (BiCG)
solver preconditioned by an incomplete LU (ILU) factorization are used. The latter is
considered so as to enable a fair comparison with the explicit schemes.

The implementation is carried out in the open-source software disk++, available at
https://github.com/wareHHOuse/diskpp, and further detailed in [68].

III.5.1 CFL and efficiency study on a sinusoidal test case

To define the discretization level we introduce two computational parameters: the
spatial refinement level ℓ, so that h = 2−ℓ, and the time refinement level n, so that
∆t = 0.1 × 2−n. We consider three types of meshes: Cartesian, simplicial and polygonal.
Some examples are shown in Figure III.5 for ℓ = 3, with the solid subdomain mesh on the
left side in red, and the fluid subdomain mesh on the right side in blue.

Fig. III.5: Cartesian, simplicial, and polygonal meshes for ℓ = 3.

Test case setting. The fluid and solid media have the same density and similar wave
speeds. Specifically, we consider a simulation time Tf := 1 and

• Ωf := (0, 1) × (0, 1), with density ρf := 1, compressibility modulus κ := 1, so that
the velocity of the pressure waves is cf

p = 1;

• Ωs := (−1, 0) × (0, 1), with density ρs := 1, and Lamé parameters so that cs
p :=

√
3

and cs = 1.

The sinusoidal solution is expressed in terms of the potential u (acoustic) and the dis-
placement u := (ux, uy) (elastic) so that

p := ∂tu, m := ∇u, in Ωf, (III.33a)
v := ∂tu, C−1s := ∇symu, in Ωs. (III.33b)

If not specified, the source terms, the (non)homogeneous Dirichlet boundary conditions,
and the initial conditions are defined according to

u(t, x, y) := x2 sin(ωπx) sin(ωπy) sin(θπt), (III.34a)
ux(t, x, y) = uy(t, x, y) := x2 cos(ω π

2x) sin(ωπy) cos(θπt), (III.34b)

https://github.com/wareHHOuse/diskpp
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where ω and θ are the spatial and temporal frequencies, respectively. We consider two main
configurations: a dominant spatial evolution with ω := 5 and θ :=

√
2 and a dominant

temporal evolution with ω := 1 and θ := 10.

Stability study of explicit time schemes. We first study the stability of ERK(s)
schemes with s ∈ {2, 3, 4}. We consider additional weighting parameters, ηf and ηs, which
scale the stabilization bilinear forms appearing on the right-hand sides of (III.17). The
stability condition for the ERK(s) schemes can be written in the following form:

c♯
∆t
h

≤ CFL∗(s, k, ηf, ηs), (III.35)

where CFL∗ denotes the critical value for stability and c♯ is the largest velocity in the
domain. To determine the value of CFL∗, we use an empirical procedure based on energy
conservation. To this purpose, we slightly modify the test case so that the energy of the
system remains constant. Specifically, we consider the functions in (III.34) only to pre-
scribe the initial condition, take homogeneous Dirichlet boundary conditions and impose
null source terms. Stability is assessed based on the relative energy increase, limited to
ε := 5% of the initial or previous time-step energy. At the time step tn, the energy is
evaluated as

En := 1
2∥mT (tn)∥2

L2(ρf;Ωf)+ 1
2∥pT (tn)∥2

L2( 1
κ

;Ωf)+ 1
2∥vT (tn)∥2

L2(ρs;Ωs)+ 1
2∥sT (tn)∥2

L2(C−1;Ωs).

(III.36)
The value of CFL∗ is determined by reducing iteratively the total number of time steps by
δ := 1% after each stable simulation. The value of CFL∗ is then identified by bracketing the
transition between stability and instability. The procedure is summarized in Algorithm 1.

Algorithm 1 Bounding of the CFL Stability Limit
1: while simulation is stable do
2: for n = 1 to N do
3: Compute energy En

4: Compute relative energy increase ∆E := max
n

(
|En − E0|

E0
,
|En − En−1|

En−1

)
5: if ∆E > ε then
6: Flag N as the first unstable time step
7: Break
8: end if
9: end for

10: Flag N as the last stable time step
11: Decrease N by δN

12: end while

In Figure III.6, we first analyze the stability of the pure acoustic and elastic problems
to determine the optimal values of ηf and ηs in each subdomain, i.e. the values that
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maximize CFL∗. We obtain ηf
⋆ = 0.8 and ηs

⋆ = 1.5. These values are retained in the rest of
the paper. We also notice that the stability coefficient CFL∗ behaves as min(η+c1,

1
η +c2)

for suitable constants c1 and c2, consistently with the observations reported in [153] for
the spectral radius of the stiffness matrix.

Fig. III.6: CFL∗ in the equal-order setting for the pure acoustic and elastic cases for
k ∈ {1, 2, 3}.

In Table III.2, we report the CFL∗ values determined using Algorithm 1. These tables
also provide the ratios of the CFL∗ coefficients between the different number of stages of
the ERK(s) schemes and the different polynomial orders, respectively. It can be observed
that these ratios slightly increase with s, showing that increasing the number of stages
improves stability. Moreover, as expected, CFL∗ decreases with the polynomial degree,
essentially as k−1. Finally, in Table III.3, we analyze the impact of the mesh geometry
on the value of CFL∗. This value is only mildly sensitive to the mesh geometry, although
meshes with higher face counts seem to slightly enhance the scheme stability.

k = 1 k = 2 k = 3
s = 2 s = 3 s = 4 s = 2 s = 3 s = 4 s = 2 s = 3 s = 4

CFL∗ 0.205 0.253 0.282 0.099 0.123 0.138 0.063 0.079 0.087
Ratio wrt s 1 1.23 1.38 1 1.24 1.39 1 1.25 1.38
Ratio wrt k 1 1 1 0.48 0.49 0.49 0.31 0.31 0.31

Tab. III.2: CFL∗ coefficient (and ratios thereof) for ERK(s), s ∈ {2, 3, 4} and k ∈
{1, 2, 3}.

Efficiency study. We now assess the efficiency of the explicit and implicit schemes
using the analytical solution (III.34). Accuracy is quantified by computing the error in
the L2-norm of the dG variables at the final time step over the computational domain.
The efficiency of the various schemes is compared in terms of error versus CPU time. For
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s = 2 s = 3 s = 4
Meshes △ □ 9 △ □ 9 △ □ 9

k = 1 CFL∗ 0.191 0.205 0.264 0.238 0.253 0.329 0.265 0.282 0.363
Ratio 1 1.07 1.38 1 1.06 1.38 1 1.06 1.37

k = 2 CFL∗ 0.106 0.099 0.136 0.133 0.123 0.170 0.147 0.138 0.188
Ratio 1 0.93 1.28 1 0.92 1.28 1 0.94 1.28

k = 3 CFL∗ 0.072 0.063 0.082 0.090 0.079 0.102 0.100 0.087 0.115
Ratio 1 0.88 1.13 1 0.88 1.13 1 0.87 1.15

Tab. III.3: CFL∗ coefficient (and ratios thereof) for ERK(s), s ∈ {2, 3, 4} and k ∈
{1, 2, 3}.

a fair comparison, implicit schemes employ an iterative solver with a tolerance defined as
Tolℓ := 2−ℓ(k+1)Tol0 so that at each level of space refinement, the convergence criterion
for the iterative solver is decreased appropriately. Moreover, for both implicit and explicit
schemes of order s, the time steps are defined as ∆tℓ := 2−ℓ k+1

s+1 ∆t0 so as to ensure that, at
each level of space refinement, the space and time discretization errors remain balanced.
The reference parameters Tol0 and ∆t0 are determined empirically. Specifically, we
compute the error associated with various time step values and observe a stagnation of
the total error once the time discretization error becomes negligible compared to the spatial
discretization error. We then define ∆t0 as the largest time step for which this stagnation
is observed. The reference tolerance Tol0 is selected slightly smaller than the spatial
discretization error to ensure that the iterative solver does not dominate the total error.
This procedure, which is only considered for ℓ = 0, yields an optimized implicit time step
for solving the problem. The time step for explicit schemes is instead dictated by the CFL
condition (III.35) for all ℓ ≥ 0.

In Figure III.7 and Figure III.8, we first consider the test case in which the spatial
discretization error dominates. In Figure III.7, our objective is to compare explicit schemes
on the one hand, and implicit schemes on the other hand. The first observation, valid for
both explicit and implicit schemes, is that increasing the polynomial degree significantly
improves efficiency. The second observation is that, in the regime where the spatial error
dominates, all the explicit schemes exhibit similar efficiency, and the same holds for implicit
schemes. Nevertheless, ERK(2) and SDIRK(3,4) appear to be slightly more efficient than
the other schemes within their respective category. In Figure III.8, the left panel compares
the efficiency of ERK(2) and SDIRK(3, 4) schemes. We observe that the implicit scheme
is more efficient than the explicit one. This gain is due to the larger time steps allowed by
the implicit scheme and the elimination of cell unknowns by static condensation, which
compensates for the additional cost of solving the linear system. In the right panel,
we evaluate the efficiency of ERK(4) on meshes composed of different cell geometries:
simplices, polygons, and squares. We observe that, overall, the efficiency remains similar
across the three mesh types. However, at low polynomial orders, polygonal meshes appear
to be slightly more efficient, as their more favorable CFL condition allows for somewhat
larger time steps. Conversely, at higher orders, the large number of faces in polygonal
meshes becomes a drawback. Indeed, the better CFL condition no longer offsets the
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additional computational cost due to the handling of extra faces. Hence, while the overall
efficiency remains comparable, we can conclude that polygonal meshes are preferable at
low order, whereas at higher order, it is advantageous to favor cell geometries with fewer
faces, such as simplices.

Fig. III.7: Test case with dominant spatial error. Left panel: Efficiency comparison for
ERK(s) for s ∈ {2, 3, 4}. Right panel: Efficiency for SDIRK(s, s+ 1) for s ∈ {1, 2, 3}.

Fig. III.8: Test case with dominant spatial error. Left panel: Efficiency comparison for
ERK(2) and SDIRK(3, 4). Right panel: Efficiency comparison for ERK(4) on meshes
composed of different cell geometries.

In Figure III.9, we now consider the test case where the time error is dominant. In this
setting, the time steps used for the implicit schemes are smaller than the stability limit
enforced by (III.35). Therefore, there is no advantage in using implicit schemes. Regarding
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the cell geometry, since the stability constraint is no longer the limiting factor, reducing
the number of faces is the most effective approach, regardless of the approximation order.

Fig. III.9: Test case with dominant time error. Left panel: Efficiency comparison for
ERK(s) for s ∈ {2, 3, 4}. Right panel: Efficiency comparison for ERK(4) on meshes
composed of different cell geometries.

III.5.2 Accuracy study and efficiency on a Ricker wavelet

Here, we investigate the accuracy of the proposed method to simulate the propa-
gation of an elasto-acoustic wave through a bilayered, stratified medium. Referring to
Figure III.10, let H denote the height of the whole domain, Hf and Hs the height of the
fluid and solid subdomain respectively, and L the width of both subdomains. We define
Ωf := (0, L) × (0, Hf) for the fluid subdomain and Ωs := (0, L) × (−Hs, 0) for the solid
subdomain. Homogeneous Dirichlet boundary conditions are applied, the source terms are
set to zero, and the perturbation to quiescence is due to the initial velocity field that is a
Ricker wavelet centered at the point (xc, yc) ∈ Ωf (indicated in purple in Figure III.10),
expressed as

m0(x, y) := θ exp
(

− π2 r
2

λ2

)
(x− xc, y − yc)†, (III.37)

where θ := 1 [Hz], λ := cf
p

fc
[m] with fc := 10 [Hz], and r2 := (x− xc)2 + (y − yc)2.

Three virtual sensors record the properties of the propagating elasto–acoustic wave-
field: Sf, Ss and S i, located in the fluid subdomain, in the solid subdomain and at the
interface, respectively. The acoustic sensor Sf records the acoustic pressure pT f and the
fluid velocity mT f , whereas the elastic sensor Ss records the elastic velocity vT s and the
stress tensor sT s . The sensor located at the interface records the four quantities pFf , mT f ,
vFs and sT s .



Chapter III. Wave propagation in geophysical media using HHO on general meshes 96

Ωf

Ωs

L

H

Hs

Hf

yΓ = 0

Sf

S i
Ss

Fig. III.10: General setting for the accuracy tests with a Ricker wavelet as an initial
condition. Turquoise dots indicate the position of the three sensors and the magenta dot
indicates the localization of the center of the initial source.

III.5.2.1 Academic material properties

We first consider an academic case in which the acoustic and elastic media exhibit
identical densities and propagate the acoustic waves and the elastic S-waves at the same
velocity as compressional acoustic waves, i.e.,

ρf := ρs := 1, cs
p :=

√
3, cf

p := cs
s := 1. (III.38)

Concerning the geometry, we set L := H := 1 [m], Hf := Hs := 0.5 [m], and the pulse is
located at xc := 0 [m], yc := 0.125 [m] in the fluid subdomain. The simulation time is set
to Tf := 1 [s].

As observed below equations (III.6)-(III.7), the coupling conditions on Γ are weakly
imposed. Here, we take a closer look at what happens at the interface so as to illustrate
numerically the convergence results established in [153]. To this purpose, we use the sensor
S i := (−0.3, 0) [m] and we set, for all t ∈ J ,

∆kin(t,S i) := |(vFs(t,S i) − mT f(t,S i)) · nΓ|, (III.39a)
∆dyn(t,S i) := ∥pFf(t,S i)nΓ − sT s(t,S i) · nΓ∥, (III.39b)

The numerical results are obtained using SDIRK(3, 4) and the time step is set to ∆t = 0.1×
2−8 (this value is small enough so that space discretization errors dominate). Figure III.11
reports the evolution at the discrete time nodes of the errors defined in (III.39), for various
mesh refinement levels ℓ. The left column shows the kinematic errors (III.39a), whereas
the right column shows the dynamic errors (III.39b). The top row corresponds to the
polynomial degree k = 1 and the bottom row to k = 3. As expected, the numerical
error on the pointwise satisfaction of the coupling conditions decreases significantly when
increasing the mesh refinement and/or the polynomial degree.
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Fig. III.11: Errors on the coupling conditions as a function of the time predicted by
SDIRK(3, 4) for k = 1 (top row) and k = 3 (bottom row). Left: Kinematic errors (see
(III.39a)). Right: Dynamic errors (see (III.39b)).

III.5.2.2 Realistic (strongly contrasted) material properties

We now consider a test case with a strong contrast of material properties, specifically
focusing on hard rock (granite) overlaid by a water layer with the following material
properties:

ρf := 1025 kg.m−3, cf
p := 1500 m.s−1,

ρs := 2690 kg.m−3, cs
p := 6000 m.s−1, cs

s := 3000 m.s−1.
(III.40)

The geometric setup is now L := 3.8 [km], H := 2.6 [km], Hf := 1 [km] and Hs :=
1.6 [km]. The initial condition is a pressure pulse, still defined using the right-hand side
of (III.37) and located at xc := 0 [km], yc := 0.2 [km] in the fluid subdomain. The
simulation time is set to Tf := 0.5 [s]. The mesh is composed of square elements with size
of hx = hy = 23.6 [m].

The results are obtained using SDIRK(3, 4) and the time step is set to ∆t = 0.1×2−5. A
reference solution is computed using the 2D spectral element solver of the SEM3D package
(a co-developed and optimized spectral element code, https://github.com/sem3d/SEM),
which is restricted to quadrilateral meshes. This solver relies on a second-order (primal)
formulation in time and an explicit Newmark scheme for time integration. The space
discretization uses a polynomial degree k = 6 (i.e., 7 GLL nodes in each direction), a mesh

https://github.com/sem3d/SEM
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size h = 14 [m], and a time step ∆t = 3.5×10−5 [s]. Figure III.12 displays the particularly
rich structure of the pressure field in the fluid subdomain and of the Euclidian norm of
the velocity field in the solid subdomain at the times t = 0.36 [s] and t = 0.50 [s]. We
observe the presence of conical and interface (Rayleigh, Scholte) waves, whose accurate
capture is commonly used to assess the accuracy of a numerical method. Since the size of
the computational box is relatively small, we observe that some reflections of the P-wave
have occurred at t = 0.50 [s] at the boundary due to the use of Dirichlet conditions.

S-wave

Direct and reflected
acoustic waves

Transmitted
P-wave

Scholte wave

Head (conical)
waves

Rayleigh wave

Fig. III.12: Spatial distribution of the acoustic pressure (upper side) and the elastic
velocity norm (lower side) at t = 0.36 [s] (left) and at t = 0.50 [s] (right).

Schemes Solver k CFL∗ ∆̃t Ratio CPU [s] Ratio Errf Errs

SDIRK(3, 4) direct 1 n/a 0.398 7.4 207 1 5.76e-02 2.79e-02
3 0.398 7.4 1095 1 2.33e-03 8.58e-04

SDIRK(3, 4) iterative 1 n/a 0.398 7.4 281 1.4 5.76e-02 2.79e-02
3 0.398 7.4 1352 1.2 2.39e-03 9.11e-04

ERK(4) n/a 1 0.282 0.159 2.96 161 0.8 5.73e-02 2.77e-02
3 0.087 0.054 1 3322 3.0 1.93e-03 5.10e-04

Tab. III.4: Times step ∆̃t (normalized as CFL∗), CPU times and errors (see (III.41)) for
ERK(4), SDIRK(3,4) and k ∈ {1, 3}.

In Table III.4 and Figure III.13, we evaluate the accuracy of the numerical predic-
tions at the three sensors located at Sf := (−0.5, 0.2) [km], Ss := (−1.0,−0.5) [km] and
S i := (−0.4, 0) [km]. The sensors Sf and Ss are located within the two subdomains and
positioned so as to capture only the conical waves, whereas the sensor S i located at the
interface also captures the main phases. We compare ERK(4) and SDIRK(3, 4) using the
same O(1) Least-Squares stabilization, and to avoid the proliferation of results, we focus
on the polynomial degrees k ∈ {1, 3}. CPU times and relative errors with respect to the
reference solution, measured at the sensors Sf and Ss, are reported in Table III.4. The
relative errors are defined as

Errf :=
∥pT f(t,Sf) − pref(t,Sf)∥ℓ2(J)

∥pref(t,Sf)∥ℓ2(J)
, Errs :=

∥vT s(t,Ss) − vref(t,Ss)∥ℓ2(J)
∥vref(t,Ss)∥ℓ2(J)

,

(III.41)
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where the discrete ∥·∥ℓ2(J)-norm is sampled at the discrete time nodes. Notice that all the
methods compared in Table III.4 lead to comparable errors, so that the CPU comparison is
meaningful concerning their efficiency. Moreover, the errors for k = 3 are more than twenty
times smaller (and below 10−3) compared to the errors for k = 1. For the explicit scheme,
we consider time steps just slightly below the stability limit. Instead, for the implicit
scheme, we can consider larger time steps. In each case, the time step ∆t is reported
in nondimensional form as ∆̃t := cs

p
∆t
h , where cs

p is defined in (III.40) and is the largest
velocity in the domain. We observe in Table III.4 that the difference is significant between
implicit and explicit time schemes. In particular, for k = 3, the CPU ratio reaches nearly 3,
since much smaller time steps are required for explicit schemes (up to seven times smaller).
This negatively impacts the overall CPU time, confirming as in the previous section the
higher efficiency reached by implicit schemes. For the implicit scheme, we compare the
use of a direct solver (with pre-factorization) and an iterative solver (ILU/BiCG) with a
relative tolerance on the residual set to 10−2, achieving comparable results in terms of
error and CPU time. Referring now to Figure III.13, we notice that, for k = 1, small
discrepancies between the numerical and exact solutions are still visible in the profiles,
whereas the predictions for k = 3 overlap with the reference solution.

III.5.3 Geometric flexibility of HHO: a realistic simulation

Finally, we present a realistic test case of seismoacoustics coupling that is relevant in
some geophysical applications. Namely, we are interested in the propagation of seismic
waves that can be trapped in a sedimentary basin embedded in a hard rock, or bedrock,
and such that large part of the energy can leak into the atmosphere. This phenomenon
seems to have already been observed in [120, 12], and may be important for the monitoring
of natural hazards or anthropogenic activities in areas where seismic arrays are sparse.

We restrict ourselves to a 2D simulation, because the high-performance computing
tools for a realistic 3D simulation are not yet available in the present implementation of
disk++. This study is thus to be considered as a proof-of-concept to showcase the benefits
of using HHO methods through an ease in meshing procedures (polytopal flexibility).
First, we illustrate that there is no need to restrict the spatial discretization to a unique
cell geometry. If this may not be that relevant in 2D (where a complete discretization with
quadrangles is possible), it is clearly a nontrivial issue in 3D realistic situations [86, 63].
Second, we show that HHO allows one to perform straightforwardly simulations using a
nonconforming mesh (that is, with hanging nodes).

III.5.3.1 Test case setting

The geological setting shown in the left panel of Figure III.14 is rather simplistic,
especially concerning the spatial dimensions (less than 10 km in each direction, namely
the domain extends from −4 [km] to +4 [km] laterally, and from −6 [km] to 1.4 [km]
vertically, with a solid-fluid boundary located around a height of +1.1 [km]), whereas
interactions of the seismic wavefield with the sedimentary basin-atmosphere can happen
several tens of kilometers away from the source [12]. Here, the source term is located
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Fig. III.13: Spatial distribution of the acoustic pressure at Sf (top row), x-component of
the velocity at S i (center row) and Ss (bottom row) at times t ∈ [0, 0.5][s]. Left column:
SDIRK(3, 4), k ∈ {1, 3}, and ∆̃t = 0.398. Right column: ERK(4), k = 1, ∆̃t = 0.159,
and k = 3, ∆̃t = 0.054.

under a small moutain (where coupling with the atmosphere is expected, see [66]), and a
sedimentary basin is located 1 km away. The seismic motion is introduced as an initial
condition in velocity, whose spatial distribution is that of a Ricker wavelet (as in (III.37))
with a central frequency of fc = 4 Hz. The center of the Ricker wavelet is located at
(0.563, 0.233) [km] (see Figure III.14). We consider a simulation time Tf = 1.5 [s], and
material properties are reported in the right panel of Figure III.14.
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Fig. III.14: Left panel: Slightly zoomed-in view of the mesh (with triangles) of the
computational domain: a bedrock (such as granite, in turquoise) embeds a sedimentary
basin (in dark blue); both are overlaid by a homogeneous atmosphere (in yellow). Sensors
(white dots): A barometric sensor Sf is positioned in the atmosphere and a seismometer
Ss is positioned in the sedimentary basin. The center of the Ricker wavelet is indicated
by a purple point. Right panel: Material properties.

Our goal is to discretize the geometry with a classical meshing software (here, gmsh),
without having to extensively tune the meshing process. Three meshes have therefore
been generated: the canonical mesh delivered by gmsh with only simplices (Figure III.14,
left panel); a second one with quadrangles only; and the last one, a hybrid mesh with both
cell geometries (Figure III.15, left panel). This latter hybrid mesh illustrates a common
situation where, due to geometric complexity, it becomes difficult for the meshing software
to maintain a unique geometrical shape for the mesh cells. As a result, undesired element
types—typically simplices—are introduced locally within a mesh that was intended to be
uniformly shaped. Dealing with this issue typically requires manually modifying the mesh
to make it purely quadrilateral, a process that can be cumbersome and that frequently
results in elements with poor Jacobian conditioning. Moreover, from a coarse mesh, we also
generate a nonconforming mesh with hanging nodes, following a one-step refinement in the
atmosphere and in the basin (Figure III.15, right panel). If both mixed and nonconforming
meshes have already been used in other contexts [119], we underline that these can be
naturally dealt with using HHO by leveraging its polytopal flexibility, without any specific
extra procedure.

All the conforming meshes are generated in order for the acoustic waves and the asso-
ciated interface waves to be sufficiently sampled in space, so as to suffer from minimal grid
dispersion. This corresponds to a length scale of around 14 [m] along the Earth-atmosphere
interface. The nonconforming mesh is generated starting from a characteristic size for the
edge length of 28 [m], and then refining in the atmosphere and the sedimentary basin only.
The number of cells is 185 923 for the triangular mesh, 94 019 for the quadrilateral mesh,
93 490 for the hybrid mesh, and 84 204 for the nonconforming mesh.
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Fig. III.15: Left panel: Hybrid mesh generated using gmsh: Most of the cells are
quadrangles (more than 99%), but with remaining triangles in some parts of the domain.
Right panel: Nonconforming mesh with hanging nodes, after a one-pass refinement in
the atmosphere and the basin.

III.5.3.2 Numerical results

The results are obtained using SDIRK(3, 4) with polynomial degree k = 3 and time
step ∆t = 4.7 × 10−3 [s]. A reference solution is computed using again the 2D spectral
element solver of the SEM3D package. We use here a polynomial degree k = 4 or k = 8
(i.e., 5 or 9 GLL nodes in each direction, respectively) and a time step ∆t = 0.61×10−4 [s].
In order to underline the significant reduction in dofs associated with static condensation
in the case of an implicit time-stepping, these are reported in in the first and second lines
of Table III.5 for the different meshes considered before and after static condensation of
the cell dofs. The ratio of dofs reduction is about 75% on all the meshes, a value that is
consistent with the estimates in Table III.1.

Type of mesh
Triangular Quadrilateral Hybrid Nonconforming

Dofs before static condensation 8 538 346 4 562 532 4 533 700 3 761 468
Dofs after static condensation 1 448 120 977 560 971 416 810 344
Relative error at solid sensor 3.07e-3 5.84e-3 3.91e-3 3.59e-3
Relative error at fluid sensor 4.88e-3 7.57e-3 8.11e-3 7.65e-3

Tab. III.5: First and second lines: Number of dofs for different meshes, before and after
static condensation of the cell dofs. Third and fourth lines: relative errors at the solid and
fluid sensors in the ℓ2(J)-norm with respect to the reference solution using 9 GLL nodes
in each direction.

Figure III.16 displays the two-dimensional pressure field in the fluid subdomain and the
Euclidian norm of the velocity field in the solid subdomain at the times t ∈ {0, 0.16, 0.6, 1} [s].
As expected, seismoacoustics coupling happens where the mountain is located (snapshot
at t = 0.16 [s]): The pressure wave mainly results from the direct transmission of the solid
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velocity pulse above the mountain, but is also related to inhomogeneous waves that are
guided along the interface (lateral head waves). The seismic energy also penetrates the
right part of the sedimentary basin. This part of the energy is then trapped in the sedimen-
tary basin (because of differences in impedances with the bedrock), goes back and forth
and continuously couples with the atmosphere (snapshots at times t ∈ {0.6, 1} [s]). Long
after its initial excitation, the basin still leaks energy into the atmosphere, as reported in
[12].

Fig. III.16: Spatial distribution of the acoustic pressure (atmosphere) and the elastic
velocity norm (solid subdomain) at t ∈ {0, 0.16, 0.6, 1} [s]. A part of the seismic energy
leaks into the atmosphere where the mountain is located; another part is trapped in the
sedimentary basin, which continuously emits waves to the atmosphere.

In Figure III.17, we compare the solution obtained using the HHO discretization
with the reference solution using 5 GLL nodes at the two sensors located at Sf :=
(−0.65, 1.3) [km] and Ss := (−0.75, 1.08) [km]. An important conclusion is that the
numerical results obtained using the HHO discretization applied to the different meshes
are undistinguishable, thereby confirming the robustness of the proposed method with re-
spect to the mesh. Furthermore, the numerical predictions perfectly match the reference
solution for which the mesh is (and can only be) quadrilateral. To appreciate the errors
more quantitatively, we report in the third and fourth lines of Table III.5 the relative
ℓ2(J)-errors at both sensors with respect to the reference solution using 9 GLL nodes in
each direction. For comparison, these errors are, respectively, 4.68 × 10−4 and 9.78 × 10−4

when comparing the results of the spectral element solver using 5 and 9 GLL nodes. These
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results underline the accuracy of the developed HHO method for the simulation of wave-
field propagation in complex media, and its strong potential for extension to large-scale
simulations.

Fig. III.17: Evolution of the vertical component of the velocity as a fonction of time.
Left: Record at the Sf sensor, in the atmosphere. Right: Record at the Ss sensor, in
the sedimentary basin.

III.6 Conclusion
We proposed a HHO method for coupled elasto-acoustic wave propagation, combining

first-order formulations in time with explicit and implicit Runge–Kutta schemes. Static
condensation significantly reduces computational costs in both cases. A CFL stability con-
dition was derived numerically, and comparisons showed good performances, with implicit
schemes favored. Numerical experiments confirmed the accuracy and robustness of the
proposed methodology on hybrid and nonconforming meshes, including realistic seismic
scenarios.

A natural extension of this work consists in coupling the HHO discretization with
SEM, leveraging the geometric flexibility of HHO in complex regions while exploiting the
efficiency of the SEM in the bulk where structured meshes can be used. This combined
approach would enable realistic, large-scale 3D geophysical simulations to be performed.
Transitioning to three dimensions will also require significant numerical and computational
developments, including parallelization and possibly GPU acceleration to align with emerg-
ing exascale architectures. Such efforts will likely necessitate a renewed performance anal-
ysis, in the spirit of [131]. In parallel, further improvements such as structure-preserving
time integrators (see [165, 166] for HDG space semi-discretizations) and superconvergent
post-processing tailored to HHO can be explored to enhance long-time accuracy. The use
of alternative polynomial bases will also be investigated as a possible means to improve
accuracy and computational efficiency. Finally, an HHO-based approach combined with
adaptive mesh refinement would be particularly well-suited for wave propagation problems.
It could leverage the polyhedral flexibility of the method to allow for nonconforming, lo-
cally refined meshes, thereby enhancing accuracy in regions with high solution gradients
while controlling computational costs.



Chapter IV

Unfitted HHO methods stabilized by
polynomial extension

Abstract

In this work, we study the design and the analysis of a novel hybrid high-order (HHO)
method on unfitted meshes. HHO methods rely on a pair of unknowns, combining poly-
nomials attached to the mesh faces and the mesh cells. In the unfitted framework, the
interface can cut through the mesh cells in a very general fashion, and the polynomial un-
knowns are doubled in the cut cells and the cut faces. In order to avoid the ill-conditioning
issues caused by the presence of small cut cells, the novel approach introduced herein is to
use polynomial extensions in the definition of the gradient reconstruction operator. Stabil-
ity and consistency results are established, leading to optimally decaying error estimates.
The theory is illustrated by numerical experiments.

This chapter is based on a paper submitted to SIAM Journal on Numerical Analysis
(SINUM) entitled “Unfitted HHO methods stabilized by polynomial extension” [55].
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IV.1 Introduction
The meshing of complex domains or of internal interfaces is an important bottleneck in

the large-scale computation of solutions to partial differential equations. It is well-known
that, for standard finite element methods, the mesh must match the geometry sufficiently
well, or accuracy will be lost. This is particularly important for high-order methods.
Recently, many methods have been developed aiming at simplifying the meshing procedure
by allowing for a larger set of geometric shapes for the computational cells. Examples of
discretization methods supporting fairly general polygonal (or polyhedral) cells are the
discontinuous Galerkin (dG) method [91, 59], the virtual element method (VEM) [28],
and hybrid nonconforming methods in various flavors, such as the hybridizable dG (HDG)
method [77], the weak Galerkin (WG) method [176], the nonconforming VEM (ncVEM)
method [14] and the hybrid high-order (HHO) method [94]. The tight connections between
HDG, WG, and HHO methods are highlighted in [74]. These three methods are formulated
by means of degrees of freedom (dofs) both in the bulk of the elements and on the element
faces, whereas dG methods only use bulk dofs. Using face dofs leads to advantageous
properties, such as the elimination of bulk dofs by static condensation and the absence of
minimal threshold to weigh the stabilization.

Nevertheless, difficulties remain when using hybrid nonconforming methods in the
presence of curved boundaries or interfaces, whereas the treatment of cells with curved
faces in dG methods is more straightforward. One possibility is to enrich (with non-
polynomial functions) the set of unknowns on curved faces, as in [182] for HHO and in [30]
for ncVEM. Another possibility is to work with mesh cells having flat faces, but to build
the geometric representation directly into the discretization, in such a way that solution
accuracy is not lost although the mesh does not respect the geometry. This idea has
been developed first in the framework of unfitted finite element methods. These methods
originate from the penalty method [16, 23] and were further developed for conforming FEM
in [21]. Combining the ideas of unfitted FEM with Nitsche’s method for interface problems
led to a consistent unfitted finite element method for interface problems in [114]. These
ideas were then generalized to include more complex coupling problems including PDEs
on surfaces and multiphysics coupling, leading to the cutFEM framework [45]. Unfitted
methods have also been considered for dG [26, 126, 145], HDG [79, 163], and HHO [53]
methods. A crucial problem for unfitted methods is to handle the instabilities that can
occur for certain intersections of the mesh and the interface. In the cutFEM framework
using a conforming approximation in each subdomain, this is solved by the addition of
certain stabilized terms [41], whereas in dG methods, which are more flexible with respect
to cell geometry, this can be solved by cell agglomeration [167, 126]. This technique can
also be used in the context of conforming finite elements [18] (therein called aggregated
FEM).
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In the present work, we continue the development of unfitted HHO methods. The com-
bination of cell agglomeration and a local weak coupling derived from the HHO framework
has been successfully applied to elliptic interface problems [43], incompressible Stokes flows
[47], and wave propagation in heterogeneous media [50]. Nevertheless, if these methods
have to be integrated in an existing HHO code, the cell-agglomeration procedure becomes
a disruptive element since it requires modifying part of the mesh in the interface zone. It is
often desirable to keep the underlying mesh fixed and modify instead the algebraic struc-
ture of the bulk unknowns. One technique that fits this purpose is the idea of polynomial
extension from interior elements to stabilize the method. The idea was first introduced
in the context of Lagrange multipliers [116] and then using Nitsche’s method for finite
element [142, 57], isogeometric [39] and VEM [34, 32, 123] methods. The purpose of this
work is to develop and analyze this technique for hybrid nonconforming methods, focus-
ing on HHO methods. Owing to the close links between HDG, WG, ncVEM and HHO
methods, the present results are relevant to the development of these other methods as
well. Moreover, we focus on elliptic interface problems, but observe that elliptic problems
posed on curved domains can be handled by the same techniques.

Let us briefly outline the main idea. Recall that a central ingredient in HHO methods
is a local gradient reconstruction from the local cell and face unknowns. The stability and
consistency properties of this reconstructed gradient crucially hinge on a discrete trace
inequality on the normal derivatives at the cell faces. In the case of ill-cut cells, the
constant in this inequality degenerates. One remedy, explored in [53, 43], is to use cell
agglomeration around ill-cut cells. This procedure produces an aggregated mesh solely
composed of well-cut cells, whose size is close to that of the original mesh. The remedy
explored herein is to use the cell and face polynomials of ill-cut cells in the gradient
reconstruction of a neighboring well-cut cell. With this approach, the mesh cells remain
unmodified, but the stencil associated with the gradient reconstruction operator is slightly
extended. Moreover, the cell polynomials of the ill-cut cells are stabilized by using the cell
polynomials of the associated well-cut cells, in the same spirit as the so-called direct ghost
penalty method devised in [161, 136]. The main question is then whether the resulting
method maintains the above stability and optimal approximation properties. The proof
of these properties is by no means straightforward and is the main contribution of this
work. Interestingly, the main analysis tools (discrete trace inequality and polynomial
approximation) are of independent interest.

This work is organized as follows. In Section IV.2, we introduce the model problem. In
Section IV.3, we present the unfitted HHO method stabilized using polynomial extensions.
The stability and error analysis of the method is covered in Section IV.4. Numerical results
are presented in Section IV.5. Finally, the proofs of the analysis tools (discrete trace
inequality and polynomial approximation) on unfitted meshes is outlined in Section IV.6.

IV.2 Model problem
Let Ω be a polyhedral domain in Rd, d ∈ {2, 3} (open, bounded, connected, Lipschitz

subset of Rd), and consider a partition of Ω into two disjoint subdomains Ω = Ω1 ∪ Ω2
with interface Γ := ∂Ω1 ∩ ∂Ω2, as illustrated in Figure IV.1. For all i ∈ {1, 2}, we set
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ı̄ := 3 − i, so that Ω \ Ωi = Ωı̄ ∪ Γ. For simplicity, we assume that the interface Γ is of
class C2 and that it does not touch the boundary of Ω. The unit normal vector nΓ to Γ
conventionally points from Ω1 to Ω2. For a smooth enough function v defined on Ω1 ∪ Ω2,
setting vi := v|Ωi for all i ∈ {1, 2}, we denote its jump across Γ as JvKΓ := v1|Γ − v2|Γ.

Ω2

Γ

nΓ

Ω1

Fig. IV.1: Model problem

Our goal is to approximate the solution u ∈ H1(Ω1 ∪ Ω2) of the following elliptic
interface problem:

−∇·(κ∇u) = f in Ω1 ∪ Ω2, (IV.1a)
JuKΓ = gD on Γ, (IV.1b)

Jκ∇uKΓ · nΓ = gN on Γ, (IV.1c)
u = 0 on ∂Ω, (IV.1d)

with f ∈ L2(Ω), gD ∈ H
1
2 (Γ) and gN ∈ L2(Γ). For simplicity, we consider a homogeneous

Dirichlet boundary condition on ∂Ω (see (IV.1d)). We assume that the diffusion coefficient
κ is scalar-valued and that κi := κ|Ωi is constant for each i ∈ {1, 2}. To fix the ideas, we
assume that κ1 ≤ κ2. Our analysis covers the strongly contrasted case where κ1 ≪ κ2. We
emphasize that it is the property κ1 ≤ κ2 that fixes the numbering of the subdomains, and
not the fact that one of them touches the boundary. Thus, the numbering in Figure IV.1
is only illustrative. We also notice that the above assumptions on Γ and κ can be lifted
with additional technicalities.

The weak formulation can be written as

Find u ∈ VgD , a(u,w) = ℓ(w) ∀w ∈ V0, (IV.2)

with VgD := {v ∈ H1(Ω1 ∪ Ω2) | JvKΓ = gD on Γ, v = 0 on ∂Ω}. Notice that V0 = H1
0 (Ω).

The symmetric bilinear form a and the linear form ℓ are defined as
a(v, w) :=

∑
i∈{1,2}

κi(∇vi,∇wi)Ωi

ℓ(w) := (f, w)Ω + (gN , w)Γ.

(IV.3a)

(IV.3b)

Here and in what follows, for a measurable subset S ⊂ Ω, we denote by (·, ·)S the L2(S)-
inner product with appropriate Lebesgue measure and by ∥·∥S the corresponding norm.
We notice that, in the weak formulation (IV.2), the jump condition (IV.1b) and the
boundary condition (IV.1d) are enforced explicitly in the definition of the functional space
VgD , whereas the jump condition (IV.1c) is enforced weakly (i.e., results from the weak
formulation).
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IV.3 Unfitted HHO methods
In this section, we present the unfitted HHO method with stabilization of ill-cut cells

using polynomial extensions. Let us recall that we use boldface fonts for vectors, as well
as for vector-valued fields and spaces composed of such fields.

IV.3.1 Unfitted meshes

Let Th be a mesh that covers Ω exactly. A generic mesh cell is denoted T ∈ Th, it is
considered to be an open set, hT denotes its diameter, and nT its unit outward normal. The
mesh size is defined as h := maxT ∈Th

hT . For all T ∈ Th, its neighboring layers ∆j(T ) ⊂ Th

are defined by induction as ∆0(T ) := T and ∆j(T ) :=
{
T ′ ∈ Th | T ′ ∩ ∆j−1(T ) ̸= ∅

}
for all

j ∈ N. In what follows, we use j ∈ {1, 2}. To alleviate the notation, we set ∆(T ) := ∆1(T ).
We make the mild assumption that, for every mesh cell T ∈ Th, its convex hull, conv(T ),
satisfies

conv(T ) ⊂ ∆(T ). (IV.4)

For instance, this assumption trivially holds true if all the mesh cells are convex sets, and
it remains a reasonable assumption if the mesh cells are nonconvex. One can also assume
more generally that conv(T ) ⊂ ∆n0(T ) for some fixed integer n0.

The mesh Th is typically composed of cells having a simple shape (although this is not
a necessary assumption); in our illustrations, we consider a structured mesh composed of
squares. Quite importantly, the mesh Th is not fitted to the interface Γ, so that Γ can cut
arbitrarily across any mesh cell. For all T ∈ Th, we set TΓ := T ∩Γ and T i := T ∩Ωi for all
i ∈ {1, 2} (some of these sets may be empty). The current implementation assumes that
both sub-cells T i are connected, although this assumption is not needed from a theoretical
viewpoint.

The first obvious partition among the mesh cells is between uncut and cut cells. More-
over, among cut cells, we distinguish between well-cut and ill-cut cells. Specifically, we fix
a parameter ϑ ∈ (0, 1) and say that a cut cell T is a well-cut cell if, for all i ∈ {1, 2}, T i

contains a ball of radius ϑhT , whereas T is an ill-cut cell if this condition fails. It is shown
in [52, Lemma 6.2] that, it the mesh size h is small enough (with respect to the curvature
of the interface) and the parameter ϑ is small enough (with respect to the shape-regularity
parameter of the mesh), then, for every ill-cut cell, the above condition can fail on one and
only one side of T . In what follows, we assume that this is always the case. The above
considerations lead to the following partitions:

Th := T uncut
h ∪ T cut

h , T cut
h := T OK

h ∪ T KO
h , (IV.5)

where T uncut
h collects the uncut cells, T cut

h the cut cells, T OK
h the well-cut cells, and

T KO
h the ill-cut cells. Setting T i

h := {T ∈ Th | T ⊂ Ωi} for all i ∈ {1, 2}, we have
T uncut

h = T 1
h ∪ T 2

h . For every T ∈ T uncut
h , we define ι(T ) ∈ {1, 2} as the index such that

T ∈ T ι(T )
h . Moreover, for all T ∈ T KO

h , we define ι(T ) ∈ {1, 2} as the index for which the
above ball condition fails. We then consider the partition T KO

h = T KO,1
h ∪ T KO,2

h , where
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T ∈ T KO,i
h if ι(T ) = i. In conclusion, a mesh partition that is finer than (IV.5) is

Th := T 1
h ∪ T 2

h︸ ︷︷ ︸
T uncut

h

∪ T OK
h ∪ T KO,1

h ∪ T KO,2
h︸ ︷︷ ︸

=T cut
h

. (IV.6)

T 1

T 2

T KO,1

T KO,2

T OK

T1 T2

(∂T)1 (∂T)2

TΓ

Fig. IV.2: Left: Illustration of the different types of cell in the unfitted mesh. Right:
Zoom on the local degrees of freedom in a cut cell T ∈ T OK

h ; here, the approximation is
affine in the sub-cells and constant on the sub-faces.

The polynomial extension technique we propose relies on a pairing operator, which
maps every ill-cut cell T ∈ T KO

h to an uncut or a well-cut cell that belongs to the neigh-
borhood ∆(T ). We denote the pairing operator as N : T KO

h −→ Th, so that we have

N : T KO
h ∋ S 7−→ T ∈ (T i

h ∪ T OK
h ∪ T KO,̄ı

h ) ∩ ∆(S), i := ι(T ). (IV.7)

Letting Ni := N |T KO,i
h

for all i ∈ {1, 2}, we have more specifically

Ni : T KO,i
h ∋ S 7−→ T ∈ (T i

h ∪ T OK
h ∪ T KO,̄ı

h ) ∩ ∆(S). (IV.8)

We notice that the set T KO,i
h can be partitioned as follows:

T KO,i
h = N −1

i (T i
h ) ∪ N −1

i (T OK
h ) ∪ N −1

i (T KO,̄ı
h ), ∀i ∈ {1, 2}. (IV.9)

The pairing operator is essentially the one constructed in [42, Algorithm 1]. One difference,
however, is that after Step 3 of this algorithm, we need to add an additional Step 4
performing the same operations as in Step 3, but for any mesh cell in T KO,2

h . One way of
proceeding is to set N2(T ) := S, whenever T := N1(S) ∈ T KO,2

h for some cell S ∈ T KO,1
h .

Thus, the well-cut part of S in Ω2 will be used for T , and the well-cut part of T in Ω1 will
be used for S. The reason why Step 4 is not needed in the context of cell-agglomeration is
that by agglomerating T and S in Step 3, T does not require any further stabilization. An
illustration of the pairing operators N1 and N2 is shown in Figure IV.3, and two concrete
examples are displayed in the central column of Figure IV.5 below. Notice that it may
happen that some cells in T OK

h are in the image of both N1 and N2. The above choice
in Step 4 aims at reducing the possible impact of the pairing operator on the resulting
stiffness matrix. There may be room for some further improvement, but we do not delve
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N1

N2 T OK
h

T KO,2
h

T KO,1
h

T 2
h

T 1
h

T OK
h

T KO,2
h

T KO,1
h

T 2
h

T 1
h

Fig. IV.3: Pairing operators N1 and N2 acting on the ill-cut cells.

on this aspect here since the impact of the pairing operator on the stencil is already quite
modest, as highlighted in Figure IV.8 below.

The mesh faces are collected in the set Fh, and we set F i
h := {F ∈ Fh | F ⊂ Ωi} for all

i ∈ {1, 2}. For every mesh face F ∈ FΓ
h := Fh \ (F1

h ∪F2
h) cut by the interface Γ, we define

its two sub-faces as F i := F ∩ Ωi for all i ∈ {1, 2}. For all T ∈ Th, F∂T is the collection
of mesh faces composing the boundary ∂T . Moreover, for every cut cell T ∈ T OK

h ∪ T KO
h ,

recalling that TΓ = T ∩ Γ, the boundary ∂(T i) of the sub-cell T i is decomposed as

∂(T i) := (∂T )i ∪ TΓ, (∂T )i := ∂T ∩ (Ωi\Γ), ∀i ∈ {1, 2}. (IV.10)

To unify the notation, for every uncut cell T ∈ T i
h with i := ι(T ) ∈ {1, 2}, we set (recall

that ı̄ = 3 − i)

T i := T, T ı̄ := ∅, (∂T )i := ∂T, (∂T )ı̄ := ∅, TΓ := ∅. (IV.11)

Finally, for all T ∈ Th and all i ∈ {1, 2}, the (possibly empty) set
F(∂T )i :=

{
F i = F ∩ Ωi | F ∈ F∂T

}
is the collection of the (sub-)faces composing (∂T )i.

IV.3.2 Unfitted HHO spaces

HHO methods utilize polynomial unknowns attached to the mesh cells and to the
mesh faces. We consider here the mixed-order HHO method, where the degree of the face
unknowns is k ≥ 0 and that of the cell unknowns is (k + 1). For the motivation of using
a mixed-order setting, we refer the reader to [52, Remark 4.1].

For every uncut cell T ∈ T i
h , i ∈ {1, 2}, the local discrete HHO unknowns are a pair

composed of one cell polynomial and a collection of face polynomials (one for each face of
T ), so that

ûT := (uT , u∂T ) ∈ ÛT := P k+1(T ) × P k(F∂T ), P k(F∂T ) := ×
F ∈F∂T

P k(F ). (IV.12)

Here, P k+1(T ) (resp., P k(F )) consists of the restriction to T (resp., F ) of scalar-valued d
variate polynomials of degree at most (k+ 1) (resp., (d− 1)-variate polynomials of degree
at most k composed with any affine geometric mapping from the hyperplane supporting
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F to Rd−1). For every cut cell T ∈ T OK
h ∪ T KO

h , following [52, 42], we double the HHO
unknowns so as to have the usual unknowns available in each sub-cell, except on TΓ where
there are no unknowns. Thus, the local HHO unknowns in every cut cell are

ûT := (ûT 1 , ûT 2) := (uT 1 , u(∂T )1 , uT 2 , u(∂T )2) ∈ ÛT := ÛT 1 × ÛT 2 , (IV.13)

with ÛT i := P k+1(T i)×P k(F(∂T )i) and P k(F(∂T )i) :=×F i∈F(∂T )i
P k(F i), for all i ∈ {1, 2}.

To unify the notation between cut and uncut cells, we write ûT in the same format as in
(IV.13) for every uncut cell as well. Thus, we write ûT := (uT , u∂T , 0, 0) for all T ∈ T 1

h

and ûT := (0, 0, uT , u∂T ) for all T ∈ T 2
h .

The global HHO space on the unfitted mesh is

Ûh := UT 1
h

× UF1
h

× UT 2
h

× UF2
h
, (IV.14)

where
UT i

h
:= ×

T ∈Th

P k+1(T i), UF i
h

:= ×
F ∈Fh

P k(F i), ∀i ∈ {1, 2}. (IV.15)

To enforce the homogeneous Dirichlet boundary condition on ∂Ω, we consider the subspace
Ûh0 := UT 1

h
× UF1

h
0 × UT 2

h
× UF2

h
0, where UF1

h
0 and UF2

h
0 are the subspaces of UF1

h
and UF2

h
,

respectively, where all the unknowns attached to faces located on ∂Ω are set to zero. Recall
that only one of the two subdomains Ωi touches the boundary, so that, in practice, only
one of the two face spaces is modified to account for Dirichlet conditions.

IV.3.3 Local reconstruction operator

The local reconstruction operator is a central tool in the devising of HHO methods.
Recall that, in the fitted case, one possibility (see [1, 87]) is to consider, for all T ∈ Th,
the operator Gk

T : ÛT → P k(T ) such that, for all ûT = (uT , u∂T ) ∈ ÛT and all q ∈ P k(T ),

(Gk
T (ûT ), q)T := (∇uT , q)T + (u∂T − uT , q·nT )∂T . (IV.16)

In the unfitted case, the idea proposed in [42] is to reconstruct a gradient in each sub-cell
T i. Thus, one defines a pair of local operators Gk

T i : ÛT → P k(T i), i ∈ {1, 2}, such that,
for all ûT = (uT 1 , u(∂T )1 , uT 2 , u(∂T )2) ∈ ÛT and all q ∈ P k(T i),

(Gk
T i(ûT ), q)T i := (∇uT i , q)T i + (u(∂T )i − uT i , q·nT )(∂T )i − δi1(JuT KΓ, q·nΓ)T Γ , (IV.17)

with JuT KΓ := uT 1 |T Γ − uT 2 |T Γ and δi1 denotes the Kronecker delta. Notice that the two
gradients are reconstructed independently, but Gk

T 1 depends on the cell components on
both sides of the interface owing to the last term in (IV.17). This term is only present when
i = 1 because we assumed κ1 ≤ κ2 (to fix the ideas, otherwise the term is present only
when i = 2). As discussed in [42, Section 2.5], this is instrumental to achieve robustness
of the error estimate in the highly contrasted case κ1 ≪ κ2.

Owing to the use of polynomial extensions in the present work, the stencil of the
local gradient reconstruction operator needs to be extended. Indeed, on a given mesh cell
T ∈ Th, this operator now involves the local cell and face unknowns in T (as before),
but also the cell and face unknowns of the ill-cut cells S ∈ N −1(T ) (those are the cells
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S ∈ Th such that there exists i ∈ {1, 2} so that Ni(S) = T ). Therefore, for all T ∈ Th, we
introduce the notation

ûN
T := (ûT , (ûS)S∈N −1(T )) ∈ ÛN

T := ÛT × ×
S∈N −1(T )

ÛS . (IV.18)

We can now define, for all T ∈ Th, the local gradient reconstruction operators Gk
T i :

ÛN
T → P k(T i), for all i ∈ {1, 2}. For all (T, i) ∈ Ph and every polynomial q ∈ P k(T i;Rd),

q+ denotes its extension to ∆(T ) (observe that T i ∪
⋃

S∈N −1
i (T ) S

i ⊂ ∆(T )). Then, for all
ûN

T ∈ ÛN
T ,

i) If T ∈ T uncut
h , we set, for all q ∈ P k(T i) with i := ι(T ),

(Gk
T i(ûN

T ), q)T i := (∇uT i , q)T i + (u(∂T )i − uT i , q·nT )(∂T )i

+
∑

S∈N −1
i (T )

{
(u(∂S)i − uSi , q+·nS)(∂S)i − δi1(JuSKΓ, q

+·nΓ)SΓ

}
,

(IV.19a)
Gk

T ı̄(ûN
T ) := 0, (IV.19b)

where the summation over S ∈ N −1
i (T ) is void if T is not in the image of Ni;

ii) If T ∈ T OK
h , we set, for all i ∈ {1, 2} and all q ∈ P k(T i),

(Gk
T i(ûN

T ), q)T i := (∇uT i , q)T i + (u(∂T )i − uT i , q·nT )(∂T )i − δi1(JuT KΓ, q·nΓ)T Γ

+
∑

S∈N −1
i (T )

{
(u(∂S)i − uSi , q+·nS)(∂S)i − δi1(JuSKΓ, q

+·nΓ)SΓ

}
;

(IV.20)

iii) If T ∈ T KO
h , we set, for all q ∈ P k(T ı̄) with i := ι(T ),

Gk
T i(ûN

T ) := ∇uT i , (IV.21a)
(Gk

T ı̄(ûN
T ), q)T ı̄ := (∇uT ı̄ , q)T ı̄ + (u(∂T )ı̄ − uT ı̄ , q·nT )(∂T )ı̄ − δı̄1(JuT KΓ, q·nΓ)T Γ

+
∑

S∈N −1
ı̄ (T )

{
(u(∂S)ı̄ − uS ı̄ , q+·nS)(∂S)ı̄ − δı̄1(JuSKΓ, q

+·nΓ)SΓ

}
.

(IV.21b)

Since the discretization method is formulated on the mesh sub-cells, we consider the
collection thereof, which is conveniently described as a subset of the product set Th×{1, 2}.
Specifically, we set

POK
h := {(T, ι(T )) | T ∈ T uncut

h } ∪ {(T, 1), (T, 2) | T ∈ T OK
h }

∪ {(T, ı̄), | T ∈ T KO
h , i := ι(T )},

(IV.22a)

PKO
h := {(T, i) | T ∈ T KO

h , i := ι(T )}. (IV.22b)

Notice that Ph := POK
h ∪ PKO

h is the collection of all the mesh sub-cells. As a consequence
of (IV.9), the subset PKO

h can be enumerated as follows:

PKO
h = {(S, i) ∈ Ph | S ∈ N −1

i (T ), (T, i) ∈ POK
h }. (IV.23)
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SΓSı̄

Si

T i

Ni(S)i

(a) T ∈ T uncut
h

SΓ
2

TΓ
SΓ

1

Sı̄
1

Si
1

T i

T ı̄

Ni(S1)i

Nı̄(S2)ı̄

Sı̄
2

Si
2

(b) T ∈ T OK
h

TΓ

SΓ
T ı̄

T i

Si

Sı̄

Ni(T )i

Nı̄(S)ı̄

(c) T ∈ T KO
h

Fig. IV.4: Local stencil for gradient reconstruction operator

The above notation allows us to rewrite in a synthetic form the formula for the gradient
reconstruction while avoiding the proliferation of cases. Indeed, one readily sees that the
formulas (IV.19a)-(IV.20)-(IV.21b) are equivalent to setting, for all (T, i) ∈ POK

h , all
ûN

T ∈ ÛN
T and all q ∈ P k(T i),

(Gk
T i(ûN

T ), q)T i := (∇uT i , q)T i + (u(∂T )i − uT i , q·nT )(∂T )i − δi1(JuT KΓ, q·nΓ)T Γ

+
∑

S∈N −1
i (T )

{
(u(∂S)i − uSi , q+·nS)(∂S)i − δi1(JuSKΓ, q

+·nΓ)SΓ

}
,

(IV.24)

where the summation over S ∈ N −1
i (T ) is void if T is not in the image of Ni. Moreover,

(IV.21a) means that, for all (T, i) ∈ PKO
h , we set

Gk
T i(ûN

T ) := ∇uT i . (IV.25)

For all (T, 1) ∈ POK
h , it is convenient to define the discrete lifting operator Lk

T 1 :
L2(Γ) → P k(T 1) such that, for all g ∈ L2(Γ) and all q ∈ P k(T 1),

(Lk
T 1(g), q)T 1 := (g, q·nΓ)T Γ +

∑
S∈N −1

1 (T )

(g, q+·nΓ)SΓ . (IV.26)

It is also convenient to define on Γ the function given by the jump of the cell components
of a discrete HHO variable. Specifically, we define the function JuTh

KΓ on Γ such that, for
all T ∈ T cut

h , JuTh
KΓ := uT 1 |T Γ −uT 2 |T Γ . Then, for all (T, i) ∈ POK

h , we can rewrite (IV.24)
as follows:

(Gk
T i(ûN

T ) + δi1Lk
T 1(JuTh

KΓ), q)T i := (∇uT i , q)T i + (u(∂T )i − uT i , q·nT )(∂T )i

+
∑

S∈N −1
i (T )

(u(∂S)i − uSi , q+·nS)(∂S)i . (IV.27)
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IV.3.4 Stabilization

We consider three local stabilization bilinear forms. The first one is the usual HHO
stabilization bilinear form in the mixed-order setting (in the spirit of the HDG Lehrenfeld–
Schöberl stabilization [138]). Its role is to weakly enforce the matching between cell- and
face-based HHO unknowns on the sub-faces of the mesh sub-cells in each sub-domain. For
all v̂h, ŵh ∈ Ûh0, we set

s◦
h(v̂h, ŵh) :=

∑
(T,i)∈Ph

κih
−1
T (Πk

(∂T )i(vT i) − v(∂T )i ,Πk
(∂T )i(wT i) − w(∂T )i)(∂T )i , (IV.28)

where Πk
(∂T )i denotes the L2-orthogonal projector onto P k(F(∂T )i).

The second stabilization bilinear form is the same as the one introduced in [52, 42] to
control the jumps across the interface Γ. Specifically, we set, for all v̂h, ŵh ∈ Ûh0,

sΓ
h(v̂h, ŵh) :=

∑
T ∈T cut

h

κ1h
−1
T (JvT KΓ, JwT KΓ)T Γ . (IV.29)

The third stabilization bilinear form is specific to the present setting using polynomial
extensions. Its aim is to provide some control on the cell components in ill-cut cells and
is devised in the same spirit as the so-called direct ghost penalty method from [161, 136].
Specifically, we set, for all v̂h, ŵh ∈ Ûh0,

sN
h (v̂h, ŵh) :=

∑
(T,i)∈POK

h

∑
S∈N −1

i (T )

ηNκih
−2
T (vSi − v+

T i , wSi − w+
T i)T , (IV.30)

recalling that the superscript + denotes the extension of a polynomial originally defined
on T i to ∆(T ), and ηN > 0 is a user-defined parameter.

Putting everything together, we define, for all v̂h, ŵh ∈ Ûh0,

sh(v̂h, ŵh) := s◦
h(v̂h, ŵh) + sΓ

h(v̂h, ŵh) + sN
h (v̂h, ŵh). (IV.31)

IV.3.5 Discrete problem

The global discrete problem reads as follows: Find ûh ∈ Ûh0 such that,

ah(ûh, ŵh) = ℓh(ŵh) ∀ŵh ∈ Ûh0, (IV.32)

where the bilinear ah is defined as follows: For all v̂h, ŵh ∈ Ûh0,

ah(v̂h, ŵh) := bh(v̂h, ŵh) + sh(v̂h, ŵh), (IV.33)

with
bh(v̂h, ŵh) :=

∑
(T,i)∈Ph

κi(Gk
T i(v̂N

T ),Gk
T i(ŵN

T ))T i . (IV.34)

Moreover, the linear form ℓh is such that, for all ŵh ∈ Ûh0,

ℓh(ŵh) :=
∑

(T,i)∈Ph

(f, wT i)T i +
∑

T ∈T cut
h

{
(gN , wT 2)T Γ + κ1h

−1
T (gD, JwT KΓ)T Γ

}
−

∑
(T,1)∈POK

h

κ1(Lk
T 1(gD),Gk

T 1(ŵN
T ))T 1 , (IV.35)
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where the lifting operator Lk
T 1 is defined in (IV.26). Notice that, in the discrete prob-

lem (IV.32), only the Dirichlet boundary condition is enforced explicitly (on the face
unknowns located on the boundary ∂Ω), whereas both jump conditions across the inter-
face, (IV.1b) and (IV.1c), are enforced weakly. We notice that cell unknowns can still
be eliminated from (IV.32) by static condensation. Whenever N −1(T ) is nonempty for a
mesh cell T ∈ Th, all the cell unknowns attached to T ∪

⋃
S∈N −1(T ) S are blocked together.

To prepare for the consistency error analysis, we state a useful result on the discrete
bilinear and linear forms. Although this lemma is only used in Section IV.4, it is given
here so as to highlight why the definitions (IV.24)-(IV.25) of the reconstructed gradient
are meaningful.

Lemma IV.3.1 (Consistency: preparatory identity). Let u be the weak solution to (IV.2).
Let v̂h ∈ Ûh0 be arbitrary and set

δT,i := Gk
T i(v̂N

T ) + δi1Lk
T 1(JuKΓ) − ∇ui|T i , ∀(T, i) ∈ Ph, (IV.36a)

δT,S,i :=
{
Gk

T i(v̂N
T ) + δi1Lk

T 1(JuKΓ)
}+|Si − ∇ui|Si , ∀(T, i) ∈ POK

h , ∀S ∈ N −1
i (T ),

(IV.36b)
δT,i := Gk

T i(v̂N
T ) − ∇u|T i = ∇vT i − ∇u|T i , ∀(T, i) ∈ PKO

h . (IV.36c)

where, consistently with the notation introduced above, the superscript + applied to a poly-
nomial in P k(T i) indicates its extension to T i ∪

⋃
S∈N −1

i (T ) S
i. Then, the following holds

for all ŵh ∈ Ûh0,

ah(v̂h, ŵh) − ℓh(ŵh) =
∑

(T,i)∈Ph

κi(δT,i,∇wT i)T i

+
∑

(T,i)∈POK
h

κi

{
(δT,i·nT , w(∂T )i − wT i)(∂T )i − δi1(δT,1·nΓ, JwT KΓ)T Γ

+
∑

S∈N −1
i (T )

{
(δT,S,i·nS , w(∂S)i − wSi)(∂S)i − δi1(δT,S,1·nΓ, JwSKΓ)SΓ

}}

+ s◦
h(v̂h, ŵh) + sN

h (v̂h, ŵh) +
∑

T ∈T cut
h

κ1h
−1
T (JvT − uKΓ, JwT KΓ)T Γ .

(IV.37)

Proof. (1) Recalling the properties (IV.1a)-(IV.1c) satisfied by the exact solution and the
definition (IV.35) of the linear form ℓh, we infer that, for all ŵh ∈ Ûh0, ℓh(ŵh) = L1+L2+L3
with

L1 :=
∑

(T,i)∈Ph

−(∇·(κi∇ui), wT i)T i +
∑

T ∈T cut
h

((κ1∇u1 − κ2∇u2)·nΓ, wT 2)T Γ ,

L2 :=
∑

T ∈T cut
h

κ1h
−1
T (JuKΓ, JwT KΓ)T Γ , L3 := −

∑
(T,1)∈POK

h

κ1(Lk
T 1(JuKΓ),Gk

T 1(ŵN
T ))T 1 .

Integrating by parts and re-organizing the boundary term on Γ (recall that nT 1 = −nT 2 =
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nΓ) gives∑
(T,i)∈Ph

−(∇·(κi∇ui), wT i)T i =
∑

(T,i)∈Ph

κi
{
(∇ui,∇wT i)T i − (∇ui·nT , wT i)(∂T )i

}
−

∑
T ∈T cut

h

{
(κ1∇u1·nΓ, wT 1)T Γ − (κ2∇u2·nΓ, wT 2)T Γ

}
.

Since ∇ui is single-valued on (∂T )i ∩ Ωi and w(∂T )i vanishes on the mesh boundary faces,
we obtain∑
(T,i)∈Ph

−(∇·(κi∇ui), wT i)T i =
∑

(T,i)∈Ph

κi
{
(∇ui,∇wT i)T i + (∇ui·nT , w(∂T )i − wT i)(∂T )i

}
−

∑
T ∈T cut

h

{
(κ1∇u1·nΓ, wT 1)T Γ − (κ2∇u2·nΓ, wT 2)T Γ

}
.

Therefore, we have

L1 =
∑

(T,i)∈Ph

κi

{
(∇ui,∇wT i)T i+(∇ui·nT , w(∂T )i−wT i)(∂T )i

}
−

∑
T ∈T cut

h

κ1(∇u1·nΓ, JwT KΓ)T Γ .

A rewriting of the last term on the right-hand side gives

L1 =
∑

(T,i)∈Ph

κi

{
(∇ui,∇wT i)T i + (∇ui·nT , w(∂T )i − wT i)(∂T )i − δi1(∇u1·nΓ, JwT KΓ)T Γ

}
.

We now use the enumeration formula (IV.23) for the pairs (T, i) ∈ PKO
h . This gives

L1 =
∑

(T,i)∈Ph

κi(∇ui,∇wT i)T i

+
∑

(T,i)∈POK
h

κi

{
(∇ui·nT , w(∂T )i − wT i)(∂T )i − δi1(∇u1·nΓ, JwT KΓ)T Γ

+
∑

S∈N −1
i (T )

{
(∇ui·nS , w(∂S)i − wSi)(∂S)i − δi1(∇u1·nΓ, JwSKΓ)SΓ

}}
.

(2) For all v̂h ∈ Ûh0, setting γT,i := Gk
T i(v̂N

T ) + δi1Lk
T 1(JuKΓ) for all (T, i) ∈ POK

h and
γT,i := Gk

T i(v̂N
T ) = ∇vT i for all (T, i) ∈ PKO

h , and using the definition (IV.34) of the
bilinear form bh, together with the definition of L3 given above, we infer that

bh(v̂h, ŵh) − L3 =
∑

(T,i)∈Ph

κi(Gk
T i(v̂N

T ),Gk
T i(ŵN

T ))T i +
∑

(T,1)∈POK
h

κ1(Lk
T 1(JuKΓ),Gk

T 1(ŵN
T ))T 1

=
∑

(T,i)∈POK
h

κi(γT,i,G
k
T i(ŵN

T ))T i +
∑

(T,i)∈PKO
h

κi(γT,i,G
k
T i(ŵN

T ))T i .

Using the definitions (IV.24)-(IV.25) of the gradient reconstruction operator and since
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γT,i ∈ P k(T i) for all (T, i) ∈ Ph, we obtain

bh(v̂h, ŵh) =
∑

(T,i)∈Ph

κi(γT,i,∇wT i)T i

+
∑

(T,i)∈POK
h

κi

{
(γT,i·nT , w(∂T )i − wT i)(∂T )i − δi1(γT,1·nΓ, JwT KΓ)T Γ

+
∑

S∈N −1
i (T )

{
(γ+

T,i·nS , w(∂S)i − wSi)(∂S)i − δi1(γ+
T,1·nΓ, JwSKΓ)SΓ

}}
.

(3) Combining the identities from Steps (1) and (2) and recalling that ah = bh + sh

completes the proof.

IV.4 Stability, consistency, and error estimate
In this section, we perform the stability and error analysis for the unfitted HHO

method introduced in the previous section. We use the convention A ≲ B to abbreviate
the inequality A ≤ CB for positive real numbers A and B, where the constant C only
depends on the polynomial degree, the mesh shape-regularity, the parameter ϑ used in the
definition of the pairing operator, and the space dimension.

IV.4.1 Analysis tools

In this section, we present the main tools to perform the error analysis. The proofs
are postponed to Section IV.6. For all (T, i) ∈ POK

h , recall that the superscript + is used
here to indicate the extension of a polynomial originally defined on T i to ∆(T ) (observe
that T ∪

⋃
S∈N −1

i (T ) S ⊂ ∆(T )).

Lemma IV.4.1 (Discrete inverse inequalities). The following holds for all (T, i) ∈ POK
h ,

all ϕ ∈ P ℓ(T i;R), and all ℓ ≥ 0,

∑
S∈{T }∪N −1

i (T )

{
∥ϕ+∥S + h

1
2
S ∥ϕ+∥(∂S)i∪SΓ

}
≲ ∥ϕ∥T i , (IV.38a)

∑
S∈{T }∪N −1

i (T )

h
− 1

2
S ∥(I − Πk

(∂S)i)(ϕ+)∥(∂S)i ≲ ∥∇ϕ∥T i . (IV.38b)

For all s ≥ 0 and all i ∈ {1, 2}, let Es
i : Hs(Ωi) → Hs(Rd) be a stable extension

operator. For all v ∈ Hs(Ω1 ∪ Ω2) with s > 1
2 and all (T, i) ∈ POK

h , we define

Ik+1
T i (vi) := Πk+1

T (Es
i (vi))|T i ∈ P k+1(T i;R), (IV.39)

where Πk+1
T denotes the L2-orthogonal projection onto P k+1(T ;R). (Notice that the

operator Ik+1
T i depends on the Sobolev index s, but this dependency is not tracked to

simplify the notation; notice also that the extension operator is not needed if T is an
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uncut cell.) Let us set, for all (T, i) ∈ POK
h ,

ϵT,i(vi) :=
∑

S∈{T }∪N −1
i (T )

{
∥vi − Ik+1

T i (vi)+∥Si + h
1
2
S ∥vi − Ik+1

T i (vi)+∥(∂S)i

+ hS∥∇(vi − Ik+1
T i (vi)+)∥Si + h

3
2
S ∥∇(vi − Ik+1

T i (vi)+)∥(∂S)i

}
,

(IV.40a)

ϵΓT,i(v) :=
∑

S∈{T }∪N −1
i (T )

h
1
2
S ∥Jv − Ik+1

T (v)+KΓ∥SΓ , (IV.40b)

where Jv − Ik+1
T (v)+KΓ|SΓ := (v1 − Ik+1

T 1 (v1))|SΓ − (v2 − Ik+1
T 2 (v2))|SΓ .

Lemma IV.4.2 (Approximation). For all v ∈ Hs(Ω1 ∪ Ω2) with s ∈ (3
2 , k + 2] and all

(T, i) ∈ POK
h , we have

ϵT,i(vi) ≲ hs
T |Es

i (vi)|Hs(∆(T )), (IV.41a)
ϵΓT,i(v) ≲ hs

T

∑
i∈{1,2}

|Es
i (vi)|Hs(∆2(T )). (IV.41b)

IV.4.2 Stability and well-posedness

We introduce the following norm on Ûh0: For all v̂h ∈ Ûh0,

∥v̂h∥2
h0 :=

∑
(T,i)∈Ph

κi∥∇vT i∥2
T i + |v̂h|2s + sΓ

h(v̂h, v̂h) + sN
h (v̂h, v̂h), (IV.42)

where
|v̂h|2s :=

∑
(T,i)∈Ph

κih
−1
T ∥v(∂T )i − vT i∥2

(∂T )i , (IV.43)

and the stabilization bilinear forms are defined in Section IV.3.4. We observe that in
general |v̂h|2s ̸= s◦

h(v̂h, v̂h) since the cell component is projected when evaluating the latter.
Furthermore, we notice the following rewriting:

∥v̂h∥2
h0 =

∑
(T,i)∈Ph

κi

{
∥∇vT i∥2

T i + h−1
T ∥v(∂T )i − vT i∥2

(∂T )i + δi1h
−1
T ∥JvT KΓ∥2

T Γ

}
+

∑
(T,i)∈POK

h

∑
S∈N −1

i (T )

ηNκih
−2
T ∥vSi − v+

T i∥2
T i . (IV.44)

It is straightforward to verify that (IV.42) defines a norm on Ûh0. Indeed, if v̂h ∈ Ûh0
satisfies ∥v̂h∥h0 = 0, then all the cell unknowns and all the face unknowns are constant
and take the same value inside each sub-domain Ωi and globally in the domain Ω. Since
the face unknowns on the boundary ∂Ω vanish, we conclude that all the components of
v̂h are zero.

Lemma IV.4.3 (Stability and boundedness). We have, for all v̂h ∈ Ûh0,

∥v̂h∥2
h0 ≲ ah(v̂h, v̂h) ≲ ∥v̂h∥2

h0. (IV.45)
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Proof. (1) Bounds on reconstructed gradient. Let (T, i) ∈ POK
h . Then, taking q := ∇vT i ∈

P k(T i;Rd) in (IV.24), we obtain

∥∇vT i∥2
T i = (Gk

T i(v̂N
T ),∇vT i)T i − (v(∂T )i − vT i ,∇vT i ·nT )(∂T )i + δi1(JvT KΓ,∇vT i ·nΓ)T Γ

−
∑

S∈N −1
i (T )

{
(v(∂S)i − vSi , (∇vT i)+·nS)(∂S)i − δi1(JvSKΓ, (∇vT i)+·nΓ)SΓ

}
.

Since ∇vT i ·nT ∈ P k(F(∂T )i ;R) and (∇vT i)+·nS ∈ P k(F(∂S)i ;R), we infer that

∥∇vT i∥2
T i = (Gk

T i(v̂N
T ),∇vT i)T i − (v(∂T )i − Πk

(∂T )i(vT i),∇vT i ·nT )(∂T )i + δi1(JvT KΓ,∇vT i ·nΓ)T Γ

−
∑

S∈N −1
i (T )

{
(v(∂S)i − Πk

(∂S)i(vSi), (∇vT i)+·nS)(∂S)i − δi1(JvSKΓ, (∇vT i)+·nΓ)SΓ

}
.

Invoking the Cauchy–Schwarz inequality and the discrete trace inequality (IV.38a), we
infer that

∥∇vT i∥2
T i ≲ ∥Gk

T i(v̂N
T )∥2

T i+
∑

S∈{T }∪N −1
i (T )

{
h−1

S ∥v(∂S)i−Πk
(∂S)i(vSi)∥2

(∂S)i+δi1h
−1
S ∥JvSKΓ∥2

SΓ

}
.

Proceeding similarly proves that

∥Gk
T i(v̂N

T )∥2
T i ≲ ∥∇vT i∥2

T i+
∑

S∈{T }∪N −1
i (T )

{
h−1

S ∥v(∂S)i−Πk
(∂S)i(vSi)∥2

(∂S)i+δi1h
−1
S ∥JvSKΓ∥2

SΓ

}
.

Moreover, for all (T, i) ∈ PKO
h , we have Gk

T i(v̂N
T ) = ∇vT i in T i. Therefore, multiplying

by κi and summing over all (T, i) ∈ Ph, we infer that∑
(T,i)∈Ph

κi∥∇vT i∥2
T i ≲ bh(v̂h, v̂h) + s◦

h(v̂h, v̂h) + sΓ
h(v̂h, v̂h), (IV.46a)

bh(v̂h, v̂h) ≲
∑

(T,i)∈Ph

κi∥∇vT i∥2
T i + s◦

h(v̂h, v̂h) + sΓ
h(v̂h, v̂h). (IV.46b)

Since s◦
h(v̂h, v̂h) ≤ |v̂h|2s , the upper bound in (IV.45) readily follows from (IV.46b).

(2) To prove the lower bound in (IV.45), it remains to estimate |v̂h|2s . We first observe
that

|v̂h|2s =
∑

(T,i)∈POK
h

κi

∑
S∈{T }∪N −1

i (T )

h−1
S ∥v(∂S)i − vSi∥2

(∂S)i .

Consider first the case S = T . The triangle inequality gives

∥v(∂T )i − vT i∥(∂T )i ≤ ∥v(∂T )i − Πk
(∂T )i(vT i)∥(∂T )i + ∥(I − Πk

(∂T )i)(vT i)∥(∂T )i ,

and owing to (IV.38b), we infer that

∥v(∂T )i − vT i∥(∂T )i ≲ ∥v(∂T )i − Πk
(∂T )i(vT i)∥(∂T )i + h

1
2
T ∥∇vT i∥T i . (IV.47)

Let now S ∈ N −1
i (T ). The triangle inequality implies that

∥v(∂S)i − vSi∥(∂S)i ≤ ∥v(∂S)i − Πk
(∂S)i(vSi)∥(∂S)i + ∥(I − Πk

(∂S)i)(vSi − v+
T i)∥(∂S)i

+ ∥(I − Πk
(∂S)i)(v+

T i)∥(∂S)i .
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For the second term on the right-hand side, we simply notice that ∥(I − Πk
(∂S)i)(vSi −

v+
T i)∥(∂S)i ≤ ∥vSi − v+

T i∥(∂S)i , whereas we invoke (IV.38b) to bound the third term. Alto-
gether, this gives

∥v(∂S)i − vSi∥(∂S)i ≲ ∥v(∂S)i − Πk
(∂S)i(vSi)∥(∂S)i + ∥vSi − v+

T i∥(∂S)i + h
1
2
S ∥∇vT i∥T i .

Squaring this inequality, multiplying by κih
−1
S , summing over S ∈ N −1

i (T ), combining
with (IV.47), and finally summing over (T, i) ∈ POK

h , we infer that

|v̂h|2s ≲ s◦
h(v̂h, v̂h) + sN

h (v̂h, v̂h) +
∑

(T,i)∈Ph

κi∥∇vT i∥2
T i .

Combining this bound with (IV.46a) gives∑
(T,i)∈Ph

κi∥∇vT i∥2
T i + |v̂h|2s ≲ bh(v̂h, v̂h) + s◦

h(v̂h, v̂h) + sΓ
h(v̂h, v̂h) + sN

h (v̂h, v̂h) = ah(v̂h, v̂h),

whence the lower bound in (IV.45) readily follows.

IV.4.3 Interpolation operator

For all T ∈ Th, the local interpolation operator is defined as follows:

Îk
T (v) := (Îk

T 1(v), Îk
T 2(v)) := (Ik+1

T 1 (v1),Πk
(∂T )1(v1), Ik+1

T 2 (v2),Πk
(∂T )2(v2)) ∈ ÛT , (IV.48)

where Ik+1
T i (vi) is defined in (IV.39) for all (T, i) ∈ POK

h , whereas for all (S, i) ∈ PKO
h , we

set
Ik+1

Si (vi) := Ik+1
T i (vi)+|Si , T := Ni(S), (IV.49)

where we recall that the superscript + is used to indicate the extension of a polynomial
originally defined on T i to ∆(T ).

The global interpolation operator is denoted by Îk
h : Hs(Ω1 ∪ Ω2) → Ûh and is such

that the local components of Îk
h(v) on a mesh cell T ∈ Th are those given by Îk

T (v|T ).
Notice that Îk

h(u) ∈ Ûh0 for the exact solution since u|∂Ω = 0.

Lemma IV.4.4 (Approximation). For all v ∈ Hs(Ω1 ∪ Ω2), s > 3
2 , and all (T, i) ∈ POK

h ,
set

δT,i(v) := Gk
T i

(
Îk

T (v)N )+ δi1Lk
T 1(JvKΓ) − ∇vi|T i , (IV.50a)

δT,S,i(v) :=
{
Gk

T i

(
Îk

T (v)N )+ δi1Lk
T 1(JvKΓ)

}+|Si − ∇vi|Si , ∀S ∈ N −1
i (T ), (IV.50b)

and recall the error measures ϵT,i(vi) and ϵΓT,i(v) defined in (IV.40a)-(IV.40b). Then, the
following holds:

∥δT,i(v)∥T i + h
1
2
T ∥δT,i(v)∥(∂T )i∪T Γ ≲ h−1

T

{
ϵT,i(vi) + δi1ϵ

Γ
T,i(v)

}
, (IV.51a)∑

S∈N −1
i (T )

{
∥δT,S,i(v)∥Si + h

1
2
S ∥δT,S,i(v)∥(∂S)i∪SΓ

}
≲ h−1

T

{
ϵT,i(vi) + δi1ϵ

Γ
T,i(v)

}
. (IV.51b)
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Proof. Let v ∈ Hs(Ω1 ∪ Ω2), s > 3
2 , and let (T, i) ∈ POK

h . Set

δ′
T,i(v) := Gk

T i

(
Îk

T (v)N )+ δi1Lk
T 1(JvKΓ) − ∇Ik+1

T i (vi) ∈ P k+1(T i;R).

(1) Let Ik+1
Th

be composed of the two cell components of Îk
h . We notice that

∥δ′
T,i(v)∥2

T i = (Gk
T i

(
Îk

T (v)N )+ δi1Lk
T 1(JvKΓ) − ∇Ik+1

T i (vi), δ′
T,i(v))T i

= (Gk
T i

(
Îk

T (v)N )+ δi1Lk
T 1(JIk+1

Th
(v)KΓ) − ∇Ik+1

T i (vi), δ′
T,i(v))T i

+ δi1(Lk
T 1(Jv − Ik+1

Th
(v)KΓ), δ′

T,i(v))T i .

Owing to (IV.27) and the definition of the operators Îk
T and Lk

T 1 , we infer that

∥δ′
T,i(v)∥2

T i = (Πk
(∂T )i(vi) − Ik+1

T i (vi), δ′
T,i(v)·nT )(∂T )i + δi1(Jv − Ik+1

T (v)KΓ, δ
′
T,1(v)·nΓ)T Γ

+
∑

S∈N −1
i (T )

{
(Πk

(∂S)i(vi) − Ik+1
T i (vi)+, δ′

T,i(v)+·nS)(∂S)i

+ δi1(Jv − Ik+1
T (v)+KΓ, δ

′
T,1(v)+·nΓ)SΓ

}
.

Invoking the definition of the L2-orthogonal projections Πk
(∂T )i and Πk

(∂S)i gives

∥δ′
T,i(v)∥2

T i = (vi − Ik+1
T i (vi), δ′

T,i(v)·nT )(∂T )i + δi1(Jv − Ik+1
T (v)KΓ, δ

′
T,1(v)·nΓ)T Γ

+
∑

S∈N −1
i (T )

{
(vi − Ik+1

T i (vi)+, δ′
T,i(v)+·nS)(∂S)i + δi1(Jv − Ik+1

T (v)+KΓ, δ
′
T,1(v)+·nΓ)SΓ

}
.

Invoking the Cauchy–Schwarz inequality and the discrete trace inequality (IV.38a), we
infer that

h
1
2
T ∥δ′

T,i(v)∥T i ≲ ∥vi − Ik+1
T i (vi)∥(∂T )i + δi1∥Jv − Ik+1

T (v)KΓ∥T Γ

+
∑

S∈N −1
i (T )

{
∥vi − Ik+1

T i (vi)+∥(∂S)i + δi1∥Jv − Ik+1
T (v)+KΓ∥SΓ

}
.

Recalling the definition (IV.40a) of ϵT,i(v) and the definition (IV.40b) of ϵΓT,i(v) gives

∥δ′
T,i(v)∥T i ≲ h−1

T

{
ϵT,i(vi) + δi1ϵ

Γ
T,i(v)

}
, (IV.52)

and owing to the discrete trace inequality (IV.38a), we obtain

∥δ′
T,i(v)∥T i + h

1
2
T ∥δ′

T,i(v)∥(∂T )i∪T Γ ≲ ∥δ′
T,i(v)∥T i ≲ h−1

T

{
ϵT,i(vi) + δi1ϵ

Γ
T,i(v)

}
.

Finally, since δT,i(v) = δ′
T,i(v)−∇(vi−Ik+1

T i (vi)), invoking the triangle inequality proves (IV.51a).
(2) Assuming that N −1

i (T ) is nonempty, for all S ∈ N −1
i (T ), we have

δT,S,i(v) = δ′
T,i(v)+|Si + ∇(Ik+1

T i (vi)+|Si − vi|Si).

The discrete trace inequality (IV.38a) and (IV.52) imply that

∥δ′
T,i(v)+∥Si + h

1
2
S ∥δ′

T,i(v)+∥(∂S)i∪SΓ ≲ ∥δ′
T,i(v)∥T i ≲ h−1

T

{
ϵT,i(vi) + δi1ϵ

Γ
T,i(v)

}
.

Invoking the triangle inequality and recalling (IV.40a) proves (IV.51b).
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IV.4.4 Consistency

Lemma IV.4.5 (Consistency). Let u be the weak solution to (IV.2). Assume that u ∈
Hs(Ω1 ∪Ω2), s > 3

2 . Set Φh(ŵh) := ah(Îk
h(u), ŵh)−ℓh(ŵh) for all ŵh ∈ Ûh0. The following

holds:

|Φh(ŵh)| ≲
{ ∑

(T,i)∈POK
h

κih
−2
T

{
ϵT,i(ui) + δi1ϵ

Γ
T,i(u)

}2
} 1

2

∥ŵh∥h0. (IV.53)

Proof. Owing to (IV.37) from Lemma IV.3.1, we have Φh(ŵh) = A1 +A2 +A3 with

A1 =
∑

(T,i)∈Ph

κi(δT,i(u),∇wT i)T i ,

A2 =
∑

(T,i)∈POK
h

κi

{
(δT,i(u)·nT , w(∂T )i − wT i)(∂T )i − δi1(δT,1(u)·nΓ, JwT KΓ)T Γ

+
∑

S∈N −1
i (T )

{
(δT,S,i(u)·nS , w(∂S)i − wSi)(∂S)i − δi1(δT,S,1(u)·nΓ, JwSKΓ)SΓ

}}
,

A3 = s◦
h(Îk

h(u), ŵh) +
∑

T ∈T cut
h

κ1h
−1
T (JIk+1

T (u) − uKΓ, JwT KΓ)T Γ + sN
h (Îk

h(u), ŵh),

where δT,i(u) and δT,S,i(u) are defined in (IV.50) for all (T, i) ∈ POK
h , whereas we set

δT,i(u) := ∇(Ik+1
T i (ui) − ui) for all (T, i) ∈ PKO

h , and where JIk+1
T (u) − uKΓ is defined in

Lemma IV.4.2. Owing to (IV.49), we infer that the term A1 can be rewritten as follows:

A1 =
∑

(T,i)∈POK
h

κi

{
(δT,i(u),∇wT i)T i +

∑
S∈N −1

i (T )

(δT,S,i(u),∇wSi)Si

}
.

Invoking the Cauchy–Schwarz inequality together with the approximation results from
Lemma IV.4.4 gives

|A1| ≲
{ ∑

(T,i)∈POK
h

κih
−2
T

{
ϵT,i(ui) + δi1ϵ

Γ
T,i(u)

}2
} 1

2
{ ∑

(T,i)∈Ph

κi∥∇wT i∥2
T i

} 1
2

≤
{ ∑

(T,i)∈POK
h

κih
−2
T

{
ϵT,i(ui) + δi1ϵ

Γ
T,i(u)

}2
} 1

2

∥ŵh∥h0,

where the last bound follows from the definition (IV.42) of the stability norm ∥·∥h0. The
same arguments prove that

|A2| ≲
{ ∑

(T,i)∈POK
h

κih
−2
T

{
ϵT,i(ui) + δi1ϵ

Γ
T,i(u)

}2
} 1

2

∥ŵh∥h0.

Finally, let us write A3 = A31 + A32 + A33 with obvious notation. First, observing that
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s◦
h(ŵh, ŵh) ≤ |ŵh|2s , we obtain

|A31| ≤
{ ∑

(T,i)∈Ph

κih
−1
T ∥Πk

(∂T )i(ui − Ik+1
T i (ui))∥2

(∂T )i

} 1
2

|ŵh|s

≤
{ ∑

(T,i)∈Ph

κih
−1
T ∥ui − Ik+1

T i (ui)∥2
(∂T )i

} 1
2

|ŵh|s,

where the second bound follows from the L2-stability of Πk
(∂T )i . Owing to (IV.49), the

summation on the right-hand side can be rewritten as

|A31| ≤
{ ∑

(T,i)∈POK
h

∑
S∈{T }∪N −1

i (T )

κih
−1
S ∥ui − Ik+1

T i (ui)+∥2
(∂S)i

} 1
2

|ŵh|s.

Therefore, we conclude that

|A31| ≤
{ ∑

(T,i)∈POK
h

κih
−2
T ϵT,i(ui)2

} 1
2

|ŵh|s.

Concerning A32, the Cauchy–Schwarz inequality and the same arguments as above give

|A32| ≤
{ ∑

(T,i)∈POK
h

κih
−2
T

{
ϵT,i(ui) + δi1ϵ

Γ
T,i(u)

}2
} 1

2

sΓ
h(ŵh, ŵh)

1
2 .

Finally, sN
h (Îk

h(u), ŵh) = 0 owing to (IV.49). Putting everything together proves the
claim.

IV.4.5 Error estimate

We are now ready to establish the main result of our error analysis.

Theorem IV.4.6 (Error estimate). Let u be the weak solution to (IV.2). Assume that
u ∈ Hs(Ω1 ∪ Ω2) with s ∈ (3

2 , k + 2]. The following holds:

{ ∑
(T,i)∈Ph

κi∥∇(ui−uT i)∥2
T i

} 1
2

≲

{ ∑
(T,i)∈POK

h

κih
2(s−1)
T |Es

i (ui)|2Hs(∆2(T ))

} 1
2

≲ hs−1 ∑
i∈{1,2}

κ
1
2
i |ui|Hs(Ωi).

(IV.54)

Proof. Define the discrete error as êh := Îk
h(u) − ûh ∈ Ûh0. Since ah(êh, êh) = Φh(êh),

invoking the stability result from Lemma IV.4.3 and the bound on the consistency error
from Lemma IV.4.5 gives

∥êh∥2
h0 ≲

∑
(T,i)∈POK

h

κih
−2
T

{
ϵT,i(ui) + δi1ϵ

Γ
T,i(u)

}2
.
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Owing to the approximation result from Lemma IV.4.2 and since κ1 ≤ κ2 and ∆(T ) ⊂
∆2(T ), we infer that

∥êh∥2
h0 ≲

∑
(T,i)∈POK

h

κih
2(s−1)
T |Es

i (ui)|2Hs(∆2(T ))

Invoking the triangle inequality then establishes the first bound in (IV.54). The second
bound follows from the shape-regularity of the mesh, and the Hs-stability of the extension
operators Es

i .

IV.5 Numerical results
In this section, we present numerical results to illustrate the convergence rates es-

tablished in Theorem IV.4.6. We also compare the present method to the one from [42]
stabilized by a cell-agglomeration procedure, and we briefly investigate some aspects re-
lated to the implementation (quadrature, local polynomial bases, pairing criterion).

T ∈ T KO,1
h T ∈ T KO,2

h
Agglomerated

cells

Fig. IV.5: Circular (top row) and flower-like (bottom row) interfaces. Left column:
Coarsest mesh. Central column: Outcome of pairing procedure for polynomial extension
stabilization, cells in T KO,1

h are colored in green, and cells in T KO,2
h are colored in blue,

arrows indicate the pairing operator. Right column: Outcome of pairing procedure for
cell-agglomeration stabilization, agglomerated cells are colored in dark.
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In all cases, we consider the unit square domain Ω := (0, 1)2 discretized with uniform
Cartesian meshes of size h :=

√
2 × 0.1 × 2−ℓ with ℓ ∈ {0, . . . , 4}. The polynomial degree

is taken such that k ∈ {0, . . . , 3}. The interface is defined using a level-set function Φ,
with Γ := {(x, y) ∈ Ω | Φ(x, y) = 0} and Ωi = {(x, y) ∈ Ω | (−1)iΦ(x, y) > 0} for all
i ∈ {1, 2}. We always take κ1 := 1, and modify the diffusivity contrast by taking κ2 = 10m,
m ∈ {1, . . . , 4}, where m = 1 correspond to no contrast and m = 4 to a highly contrasted
setting. We consider two shapes for the interface: a circular shape and a flower-like shape,
defined by the following level-set functions:

Φc(x, y) := (x− a)2 + (y − b)2 −R2, (IV.55a)
Φf(x, y) := (x− a)2 + (y − b)2 −R2 + c cos(nθ), (IV.55b)

with θ := arctan
(

y−b
x−a

)
if x ≥ a, and θ := π + arctan

(
y−b
x−a

)
if x < a, a := b := 0.5,

R = 1
3 , c := 0.03, and n = 8. Figure IV.5 illustrates on the coarsest mesh (ℓ = 0) the two

interfaces (left column), and the outcome of the pairing procedure for polynomial extension
stabilization (central column) and for cell-agglomeration stabilization (right column).

IV.5.1 Implementation aspects

Quadratures along the interface and in the cut sub-cells are realized by dividing the
interface into 2r segments, r ∈ N, and creating a sub-triangulation of the two cut sub-
cells. The construction of the sub-triangulation is performed as discussed in [42]; see,
in particular, Figure IV.5 therein for an illustration. Unless explicitly stated otherwise,
we set r := 8. We also take ηN := 20 for the stabilization bilinear form sN

h in (IV.30).
Concerning the flagging of ill-cut cells, we use the parameter ϑ := 0.3. Our numerical
experiments below show a marginal impact of the choice of this parameter on stability
and accuracy. As this numerical observation is not backed up by theoretical results, we
recommend to use a flagging parameter ϑ as indicated above.

Another important aspect is the choice of the polynomial bases in the sub-cells and
the sub-faces. Both bases are realized by considering centered and scaled monomials. In
particular, the barycenter of each sub-cell is used for the centering of the corresponding
basis. The barycenter is computed using the above sub-triangulation. The scaling of the
monomials is isotropic and uses half of the diameter of the original cell. In the ill-cut cells,
say Si with i ∈ {1, 2}, the centering and scaling is defined by considering the merged cell
Si ∪ Ni(Si).

IV.5.2 Convergence rates

We consider first a test case with no contrast and no jumps (gD = gN = 0). The exact
solution is taken to be (in Cartesian coordinates (x, y))

u(x, y) := sin(πx) sin(πy). (IV.56)

Errors are reported in Figure IV.6 for the circular interface (left panel) and the flower-
like interface (right panel). Here and below, errors are evaluated using the energy norm
considered in Theorem IV.4.6. In both panels, we compare the results obtained using



Chapter IV. Unfitted HHO methods stabilized by polynomial extension 127

Fig. IV.6: Errors as a function of the mesh-size for the exact solution (IV.56). Compari-
son between stabilization by polynomial extension (solid lines) and by cell agglomeration
(dashed lines). Left: Circular interface. Right: Flower-like interface.

stabilization by polynomial extension (solid lines) and by cell agglomeration (dashed lines).
Both approaches yield similar results, with slightly better errors when using polynomial
extension, especially on coarse meshes, except for k = 3 and the flower-like interface.

Fig. IV.7: Errors as a function of the mesh size for the exact solution (IV.56) for k = 3 and
various values of the pairing parameter ϑ used for flagging ill-cut cells. Left: polynomial
extension. Right: cell agglomeration.

We next study the sensitivity of the errors with respect to the value of the pairing
parameter ϑ used for flagging ill-cut cells. We consider again the exact solution (IV.56).
Errors are reported in Figure IV.7 for k = 3 and ϑ ∈ {0, 0.1, 0.2, 0.3} (ϑ = 0 corresponds
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to no pairing, irrespective of the ill cut). The left (resp., right) panel corresponds to
polynomial extension (resp., cell agglomeration). Solid lines correspond to polynomial
bases centered at the barycenter of each sub-cell (the default choice in our implementation),
whereas dashed lines correspond to centering at the barycenter of the original cell for both
sides of the cut. We observe that this second choice yields poor results owing to poor
conditioning of the local matrices, whereas the first choice is robust to the presence of
ill cuts. Somewhat surprisingly, the robustness is such that it allows to flag cells with
a very loose criterion (ϑ = 0.1) or even to flag no cells at all (ϑ = 0), and still obtain
close-to-optimal errors.

Fig. IV.8: Sparsity profiles of the stiffness matrices obtained using polynomial exten-
sion (left) and cell agglomeration (right). In the left panel, the red dots indicate the
coupling blocks resulting from polynomial extension. In both panels, the global block-
decomposition into cell and face unknowns is indicated by black dashed lines. Coarsest
mesh (ℓ = 0).

A further comparison between polynomial extension and cell agglomeration is provided
in Figure IV.8 which compares the sparsity profiles of the stiffness matrices obtained with
both procedures using the lowest-order polynomial setting. We observe that both ap-
proaches lead to a similar sparsity profile, an that the stiffness matrix corresponding to
cell agglomeration is slightly smaller (as expected). The sparsity pattern of the matrix
corresponding to cell agglomeration directly results from the data structure of the ag-
glomerated mesh, whereas the sparsity pattern of the matrix corresponding to polynomial
extension is derived at the assembly stage by means of the pairing operator.

We now turn our attention to a test case with diffusivity contrast and jumps across
the interface. We first consider the exact solution for the circular interface such that (in
radial coordinates (ρ, θ))

u1(ρ) := ρ6

κ1
, u2(ρ) := ρ6

κ2
+R6

( 1
κ1

− 1
κ2

)
. (IV.57)
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Fig. IV.9: Left: Errors for the exact solution (IV.57) as a function of the diffusivity
contrast on the finest mesh (ℓ = 4) and for various polynomial degrees (k ∈ {0, . . . , 3}).
Right: Errors as a function of the mesh size for various values of the sub-triangulation
parameter, k = 3, r ∈ {2, 4, 6, 8}, and various diffusivity contrasts, m ∈ {1, . . . , 4}.

Notice that this solution does not exhibit jumps across the interface (gD = gN = 0).
The errors in the highly contrasted case where κ2 = 104κ1 exhibit the same optimal
convergence rates as those reported in Figure IV.6 (not shown for brevity). To highlight
the robustness of the approach with respect to the diffusivity contrast, we report in the
left panel of Figure IV.9 the errors as a function of κ2 = 10mκ1, m ∈ {0, . . . , 4}, obtained
on the finest mesh (ℓ = 4) and for various polynomial degrees (k ∈ {0, . . . , 3}). The right
panel of Figure IV.9 underlines the importance of ensuring sufficient geometric resolution
when performing quadratures in the cut sub-cells. Therein, we report the error as a
function of the mesh size for the sub-triangulation parameter r ∈ {2, 4, 6, 8} and various
diffusivity contrasts. We observe that in all cases, taking r ≥ 6 is required to avoid that
the geometric errors pollute the optimal decay of the discretization errors.

We now include jumps across the interface while considering the highly contrasted
setting where κ2 = 104κ1. For this purpose, we modify the exact solution in (IV.57) and
set

u1(ρ) := ρ6

κ1
, u2(ρ) := ρ8 −R8

κ2
+ R6

κ1
, (IV.58a)

u1(ρ) := ρ6

κ1
, u2(ρ) := ρ6

κ2
. (IV.58b)

Notice that, for the exact solution (IV.58a), we have gN = 2R5(3 − 4R2) and gD = 0,
whereas, for the exact solution (IV.58b), we have gN = 0 and gD = R6( 1

κ1
− 1

κ2
). Errors

as a function of the mesh size are reported in Figure IV.10 for polynomial degrees k ∈
{0, . . . , 3}. Optimal convergence rates are observed in all cases. Actually, the errors for
both exact solutions are very similar.
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Fig. IV.10: Errors as a function of the mesh size for the exact solution (IV.58a) (left)
and the exact solution (IV.58b) (right) for various polynomial degrees k ∈ {0, . . . , 3};
diffusivity contrast set to κ2 = 104κ1.

Fig. IV.11: Left: Errors as a function of the mesh size for the exact solution (IV.59)
for various polynomial degrees k ∈ {0, . . . , 3} (with sub-triangulation parameter set to
r = 10). Right: Errors as a function of the mesh size for k = 3 and r ∈ {4, 6, 8, 10, 11}.
No diffusivity contrast.

A more challenging setting is obtained when considering for the exact solution

u1(x, y) := cos(y)ex, u2(x, y) := sin(πx) sin(πy), (IV.59)

leading to variable jump data gD and gN . Here, we do not consider a diffusivity contrast
(κ1 = κ2 = 1). Errors as a function of the mesh size are reported in the left panel of Fig-
ure IV.11 for various polynomial degrees k ∈ {0, . . . , 3} and sub-triangulation parameter
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set to r = 10. Optimal convergence rates are observed in all cases. To motivate the choice
for r, we report in the right panel of Figure IV.11 the errors as a function of the mesh size
for k = 3 and r{4, 6, 8, 10, 11}. We observe that the geometric error does not pollute the
discretization error only for r = 10, except for k = 3 on the finest mesh where r = 11 is
actually necessary to suppress the geometric error (notice in passing the very low values
attained by the error).

Finally, we perform a brief study of the conditioning of the stiffness matrix. In the
left panel of Figure IV.12, we consider a circular interface with radius R := 1

3 + i
32 ,

i ∈ {−4, . . . , 4}, and we report the Euclidean condition number as a function of the radius,
using either polynomial extension (solid lines) or cell agglomeration (dashed lines). We
consider the coarsest mesh ℓ = 0) and polynomial degrees k ∈ {0, . . . , 3}. We observe that,
for each polynomial degree, the conditioning remains fairly insensitive to the stabilization
method of the ill-cut cells. To exacerbate the effect of ill-cut cells, we now consider a square
interface with level-set function Φs(x, y) := max(x − a, y − b) − (0.25 + δ) and position
parameter δ := 0.5 × 10−p, p ∈ {2, . . . , 9}. The right panel of Figure IV.12 reports the
Euclidean condition number as a function of the position parameter of the square interface.
We observe full robustness of the condition number with respect to the cut position, for
both polynomial extension and cell agglomeration. We also emphasize that the errors still
behave optimally (figure omitted for brevity), in agreement with the above convergence
analysis.

Fig. IV.12: Euclidean condition number of the stiffness matrix on the coarsest mesh
(ℓ = 0) as a function of the radius of the circular interface (left) and as a function of the
position parameter δ for the square interface, using polynomial extension (solid lines) and
cell agglomeration (dashed lines).

IV.6 Proofs
This section collects the proofs of the two results stated in Section IV.4.1.
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IV.6.1 Proof of Lemma IV.4.1

Proof. (1) Proof of (IV.38a). Let (T, i) ∈ POK
h and ϕ ∈ P ℓ(T i;R). We have

∑
S∈{T }∪N −1

i (T )

{
∥ϕ+∥S + h

1
2
S ∥ϕ+∥(∂S)i∪SΓ

}
≲

∑
S∈{T }∪N −1

i (T )

∥ϕ+∥S ≲ ∥ϕ+∥∆(T ),

where the first bound follows from the discrete trace inequality from [53, Lemma 3.4]
upon observing that the aggregated cell T ∪ N −1

i (T ) satisfies the ball condition invoked
therein, and the second bound follows from the construction of the pairing operator. We
next observe that there is a ball B(∆(T )) of diameter γhT such that ∆(T ) ⊂ B(∆(T )),
where γ only depends on the mesh shape-regularity parameter. We also recall that, since
(T, i) ∈ POK

h , there is a ball B(T, i) of diameter ϑhT , so that B(T, i) ⊂ T i. We then infer
that

∥ϕ+∥∆(T ) ≤ ∥ϕ+∥B(∆(T )) ≲ ∥ϕ∥B(T,i) ≤ ∥ϕ∥T i ,

where the inverse inequality invoked in the second inequality follows by the arguments
given in the proof of [43, Lemma 3.4]. This completes the proof of (IV.38a).

(2) Proof of (IV.38b). Let (T, i) ∈ POK
h and ϕ ∈ P ℓ(T i;R). Let ⟨ϕ⟩B(T,i) denote the

mean-value of ϕ in B(T, i). Since (I−Πk
(∂S)i)(ϕ+) = (I−Πk

(∂S)i)
(
(ϕ−⟨ϕ⟩B(T,i))+), invoking

the L2-stability of Πk
(∂S)i followed by (IV.38a) gives

∑
S∈{T }∪N −1

i (T )

h
− 1

2
S ∥(I − Πk

(∂S)i)(ϕ+)∥(∂S)i ≤
∑

S∈{T }∪N −1
i (T )

h
− 1

2
S ∥(ϕ− ⟨ϕ⟩B(T,i))+∥(∂S)i ≲ h−1

T ∥ϕ− ⟨ϕ⟩B(T,i)∥T i ,

where we also used the mesh shape-regularity which implies that hT ≲ hS ≲ hT for
all S ∈ ∆(T ). The bound (IV.38b) now follows from the discrete Poincaré inequality
established in [43, Lemma 3.4].

IV.6.2 Proof of Lemma IV.4.2

Proof. Let v ∈ Hs(Ω1 ∪ Ω2) with s ∈ (3
2 , k + 2] and let (T, i) ∈ POK

h . Set ṽi := Es
i (vi).

(1) Recall that the ball B(T, i) of diameter ϑhT is a subset of T i since (T, i) ∈ POK
h .

Let ⟨vi⟩B(T,i) denote the mean-value of vi in B(T, i). In this step, we prove that, for all
S ∈ {T} ∪ N −1

i (T ),
∥ṽi − ⟨vi⟩B(T,i)∥S ≲ hT ∥∇ṽi∥∆(T ). (IV.60)

We have ∥ṽi − ⟨vi⟩B(T,i)∥S ≤ ∥ṽi − ⟨vi⟩B(T,i)∥∆(T ) since, by construction, S ⊂ ∆(T ). Let
⟨ṽi⟩∆(T ) denote the mean-value of ṽi on ∆(T ). Invoking [101, Lemma 5.7] gives

∥ṽi − ⟨ṽi⟩∆(T )∥∆(T ) ≲ hT ∥∇ṽi∥∆(T ).

Moreover, letting ∂B(T, i) denote the boundary of the ball B(T, i) and since B(T, i) ⊂
∆(T ), we have

∥⟨vi⟩B(T,i) − ⟨ṽi⟩∆(T )∥∆(T ) = |∆(T )|
1
2 |∂B(T, i)|−

1
2 ∥⟨vi⟩B(T,i) − ⟨ṽi⟩∆(T )∥∂B(T,i)

≤ |∆(T )|
1
2 |∂B(T, i)|−

1
2
(
∥vi − ⟨vi⟩B(T,i)∥∂B(T,i) + ∥ṽi − ⟨ṽi⟩∆(T )∥∂B(T,i)

)
,
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since ṽi|∂B(T,i) = vi|∂B(T,i). Invoking a multiplicative trace inequality from ∂B(T, i) to
B(T, i) gives

∥vi − ⟨vi⟩B(T,i)∥∂B(T,i) ≲ h
− 1

2
T ∥vi − ⟨vi⟩B(T,i)∥B(T,i) + h

1
2
T ∥∇vi∥B(T,i),

and the Poincaré inequality in B(T, i) then gives

∥vi − ⟨vi⟩B(T,i)∥∂B(T,i) ≲ h
1
2
T ∥∇vi∥B(T,i).

The same arguments, together with B(T, i) ⊂ ∆(T ) and the mesh shape-regularity, lead
to

∥ṽi − ⟨ṽi⟩∆(T )∥∂B(T,i) ≲ h
1
2
T ∥∇ṽi∥∆(T ).

Combining the above bounds and since |∆(T )| 1
2 |∂B(T, i)|− 1

2 ≲ h
1
2
T proves (IV.60).

(2) The higher-order version of (IV.60) is established by invoking the Morrey poly-
nomial of vi based on mean-values of higher-order derivatives of vi (see, e.g., the proof
of [101, Lemma 5.6]). Omitting the details for brevity, this gives, for all 0 ≤ m < s, a
polynomial qm(vi) ∈ P k+1(T i;R) such that, for all S ∈ {T} ∪ N −1

i (T ),

|ṽi − qm(vi)|Hm(S) ≲ hs−m
T |ṽi|Hs(∆(T )). (IV.61)

(3) Since Ik+1
T i (q0(vi)) = q0(vi), the triangle inequality gives

∥ṽi − Ik+1
T i (vi)+∥S ≤ ∥ṽi − q0(vi)∥S + ∥Ik+1

T i (vi − q0(vi))+∥S .

The first term on the right-hand side is estimated by using (IV.61) with m = 0. For the
second term, the discrete inverse inequality (IV.38a) gives

∥Ik+1
T i (vi − q0(vi))+∥S ≲ ∥Ik+1

T i (vi − q0(vi))∥T i ≤ ∥Ik+1
T i (vi − q0(vi))∥T ≤ ∥ṽi − q0(vi)∥T ,

where we used the L2-orthogonality of Ik+1
T i in T . Invoking again (IV.61) with m = 0 and

combining the above two bounds proves that∑
S∈{T }∪N −1

i (T )

∥ṽi − Ik+1
T i (vi)+∥S ≲ hs

T |ṽi|Hs(∆(T )).

A similar reasoning with q1(vi) in (IV.61) also gives∑
S∈{T }∪N −1

i (T )

hS∥∇(ṽi − Ik+1
T i (vi)+)∥S ≲ hs

T |ṽi|Hs(∆(T )).

Altogether, this proves that
∑

S∈{T }∪N −1
i (T )

{
∥vi − Ik+1

T i (vi)+∥Si + hS∥∇(vi − Ik+1
T i (vi)+)∥Si

}
≤

∑
S∈{T }∪N −1

i (T )

{
∥ṽi − Ik+1

T i (vi)+∥S + hS∥∇(ṽi − Ik+1
T i (vi)+)∥S

}
≲ hs

T |ṽi|Hs(∆(T )).
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(4) Invoking a multiplicative trace inequality on all the faces composing (∂S)i for all
S ∈ {T} ∪ N −1

i (T ) (observe that the aggregated cell T ∪ N −1
i (T ) satisfies the required

properties), and since s > 3
2 by assumption, we infer from the above bounds that

∑
S∈{T }∪N −1

i (T )

{
h

1
2
S ∥vi − Ik+1

T i (vi)+∥(∂S)i + h
3
2
S ∥∇(vi − Ik+1

T i (vi)+)∥(∂S)i

}
≲ hs

T |ṽi|Hs(∆(T )).

This completes the proof of (IV.41a).
(5) To prove (IV.41b), we bound the jump across SΓ by the triangle inequality, so that

we need to estimate the traces on SΓ from both sides of SΓ, for all S ∈ {T}∪N −1
i (T ). On

each side, we invoke a multiplicative trace inequality on SΓ. This inequality is established
with a slight adaptation of the arguments in the proof of [53, Lemma 3.3], whereby we
make a specific choice for the apex of the cone, say C(SΓ), considered in that proof.

(5a) Assume first that S = T . The triangle inequality gives

h
1
2
T ∥Jv − Ik+1

T (v)KΓ∥T Γ ≤ h
1
2
T ∥vi − Ik+1

T i (vi)∥T Γ + h
1
2
T ∥vı̄ − Ik+1

T ı̄ (vı̄)∥T Γ .

For the first term on the right-hand side, the apex of the cone C(TΓ) is taken to be the
center of the ball B(T, i). Since C(TΓ) ⊂ conv(T ) ⊂ ∆(T ) by the assumption (IV.4), we
infer that

h
1
2
T ∥vi − Ik+1

T i (vi)∥T Γ ≲ ∥ṽi − Ik+1
T i (vi)+∥∆(T ) + hT ∥∇(ṽi − Ik+1

T i (vi)+)∥∆(T ),

and adapting the above arguments gives

h
1
2
T ∥vi − Ik+1

T i (vi)∥T Γ ≲ hs
T |ṽi|Hs(∆(T )).

To bound h
1
2
T ∥vı̄ − Ik+1

T ı̄ (vı̄)∥T Γ , we can consider the same cone to derive the multiplicative
trace inequality, so that

h
1
2
T ∥vı̄ − Ik+1

T ı̄ (vı̄)∥T Γ ≲ hs
T |ṽı̄|Hs(∆(T )),

where ṽı̄ := Es
ı̄ (vı̄). Altogether, this proves that

h
1
2
T ∥Jv − Ik+1

T (v)KΓ∥T Γ ≲
∑

i∈{1,2}
hs

T |ṽi|Hs(∆(T )).

(5b) Assume now that S ∈ N −1
i (T ). Then, the apex of the cone, C(SΓ), to establish

the multiplicative trace inequality is taken to be the center of the ball B(S, ı̄) (indeed,
if (S, i) ∈ PKO

h , then (S, ı̄) ∈ POK
h ). This yields C(SΓ) ⊂ conv(S) ⊂ ∆(S) ⊂ ∆2(T ).

Invoking the same arguments as above then yields

h
1
2
S ∥JIk+1

T (v)+ − vKΓ∥SΓ ≲
∑

i∈{1,2}
hs

T |ṽi|Hs(∆2(T )).

This completes the proof.



Chapter V

Conclusion and perspectives

In this concluding chapter, we briefly summarize the main contributions of this Thesis,
and outline possible directions for future research building upon the present work.

V.1 Summary
The main contributions of this Thesis are as follows:

Chapter II: HHO methods for elasto-acoustic wave propagation in the
time domain. This chapter addressed the development of HHO methods for wave
propagation in heterogeneous media (solids and fluids). We first established an optimal
space semi-discrete error estimate in the energy norm. Then, we presented various numer-
ical results reaching the following conclusions:

• A spectral analysis showing the need for O(1)-stabilization when using explicit time
discretization schemes, in order to avoid overly restrictive CFL conditions;

• Optimal convergence rates of order (k+1) for both equal-order (k′ = k) and mixed-
order (k′ = k + 1) discretizations with O(1)-stabilization, and rates reaching order
(k+2) when using mixed-order schemes and O(1/h)-stabilization in an implicit time
discretization setting;

• Numerical experiments based on Ricker wavelets as initial condition, highlighted
the accuracy and robustness of the proposed method in media exhibiting strong
material contrasts.

Chapter III: Wave propagation in geophysical media using HHO meth-
ods on general meshes. This chapter extended the numerical study initiated in
Chapter 2 by exploring the benefits of locally eliminating face unknowns in the explicit
case and cell unknowns in the implicit case. It also included a realistic geophysical bench-
mark. The main results are as follows:

• The possibility of static condensation in both implicit and explicit settings;

• The derivation of an empirical CFL condition for explicit time schemes for various
polynomial degrees and mesh shapes;

• A comparison of the efficiency of explicit and implicit schemes in the case of a Ricker
wavelet, showing the benefits of an implicit time scheme in several situations;

• The possibility to perform two-dimensional simulations in realistic geophysical set-
tings, showing the geometric flexibility of the HHO method. In particular, hybrid
and nonconforming meshes (with hanging nodes) were handled without loss of ac-
curacy.
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Chapter IV: Unfitted HHO methods stabilized by polynomial extension.
This chapter presented a novel contribution to the design of unfitted HHO methods,
proposing and analyzing a stabilization strategy based on polynomial extension. We pro-
vided a stability and error analysis, followed by numerical results that illustrated the
method behavior. The most salient numerical results included:

• A comparison between agglomeration-based and polynomial extension-based ap-
proaches, with an analysis of the sparsity patterns of the resulting stiffness matrices;

• Convergence rates for different choices of polynomial bases and various values of the
ball criterion parameter ϑ, assessing the sensitivity to poor cut configurations;

• A robustness study with respect to material contrast and imposed jumps at the
interface;

• A conditioning study of the stiffness matrix.

Software developments. All the computational and numerical developments pre-
sented in Chapters 2 and 3 have been implemented in the open-source code disk++,
developed at CERMICS [68]. Owing to the specific data structures required by unfitted
methods, the related developments have been carried out within the ProtoN prototyping
platform, also an open-source code from CERMICS. These software developments have
led to the creation of dedicated branches in both computational codes, involving substan-
tial modifications at various levels, including data structures, discrete operators, assembly
processes, solver interfaces and postprocessing of the data.

V.2 Perspectives
Several research directions could be pursued to further extend and enhance the work

presented in this Thesis. These directions can be broadly categorized into two groups:
those with an applicative focus, and those aiming to advance the design of hybrid discon-
tinuous methods for geophysical applications.

Numerical perspectives:

• Integration of unfitted tools into disk++. While the developments related to
unfitted methods were carried out in the ProtoN prototyping platform, a full inte-
gration of these tools into the main disk++ infrastructure remains to be completed.
This would provide a unified computational code for fitted and unfitted HHO sim-
ulations.

• Unfitted elasto-acoustic coupling. The coupling strategy developed in Chap-
ters II and III assumed a fitted setting. A promising research direction would be
to extend this formulation to unfitted interfaces, enabling the simulation of coupled
elasto-acoustic waves in curved complex domains.
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• Structure-preserving time integration. Exploring symplectic or energy-
preserving time integrators could be beneficial for long-time wave simulations, lever-
aging previous work on dG and HDG methods for wave equations [160, 165, 166].

• Reduction of CFL constraints. To alleviate the restrictive CFL conditions as-
sociated with explicit time integration, two complementary strategies could be ex-
plored:

– the use of local time-stepping, whereby each element is advanced with a time
step adapted to its characteristic size. This strategy has already been explored
using other numerical methods [160, 95, 24, 111, 61];

– the design of IMEX (implicit-explicit) integrators, in which small elements are
treated implicitly while larger ones are handled explicitly, providing a compro-
mise between stability and computational efficiency.

• Superconvergent post-processing for explicit time integration. Building on
the post-processing strategies introduced in [80] in the context of HDG methods,
it would be worth investigating similar approaches for HHO methods. The goal
would be to reconstruct enhanced approximations of the primal unknowns and assess
whether superconvergence phenomena can be observed in this framework.

Applicative perspectives:

• SEM-HHO coupling. It would be interesting to design a numerical scheme
that couples the spectral element method (SEM) with the HHO method. Such a
SEM–HHO coupling would retain the geometric flexibility of HHO methods where
it is needed, while exploiting the tensorized structure of SEM in regions where the
mesh is regular and does not pose difficulties. This hybrid approach could lead to
highly efficient and accurate solvers.

• Three-dimensional geophysical applications. A natural continuation of the
numerical studies presented in Chapter III consists in performing three-dimensional
simulations in realistic geophysical settings. Such studies would allow to fully lever-
age the geometric flexibility of the HHO method in complex environments and to
assess its performance and scalability in large-scale applications.

• Robust 3D unfitted HHO plateform. In three dimensions, the large variety of
cut configurations poses a significant challenge for performing unfitted methods. It
would be an interesting challenge to extend our approach to 3D.
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