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m Finite Differences (FD) Ideal for simple geometries @ van Vossen, Robertsson, Chapman (2002)

m Finite Element Methods (cG) [ Marfurt (1984)

v/ Allow for unstructured meshes
¥ Non-local polynomial bases

¥ Non-diagonal mass matrix:
Mass lumping required for explicit schemes

m Spectral Element Method (SEM) [J Patera (1984)

» Current industrial standart

» Quadrature points: tensorized GLL nodes

v Diagonal mass matrix
v Parallelizable and scalable for HPC applications
# Mainly quadrangular/hexahedral meshes

Romain Mottier

[[ Basabe, Sen (2007)

[} Komatitsch, Vilotte (1998)
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I. State of the art I.1. Motivation

m Big issue for wave problems in industry: Meshing realistic geometries is time-costly
(manual postprocessing)
> Methods in industry rely mainly on quadrilateral/hexahedral meshes
» Industrial meshers can generate meshes

¢ with different element shapes (quadrangles+simplices / hexahedra+tetrahedra)
¢ can include hanging nodes
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¢ can include hanging nodes

m Solution: Polytopal discretization methods

QUADRANGLES I:I g S e e g e e S é e

HEXAGONS I:I
TRIANGLES paN
(QUADRANGLES L\

m Two possibilities:
> H'-conforming polytopal methods: Virtual Element Methods (VEM)

> Nonconforming methods: class of discontinuous Galerkin methods
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m Virtual Element Methods (VEM)
[@ da Veiga, Brezzi, Cangiani, Manzini, Marini, Russo (2013) *
[} Dassi, Fumagalli, Mazzieri, Scotti, Vacca (2022)
[} Wriggers, Junker (2024)

#® Same issue as cG: Non-diagonal mass matrix
(dofs attached to low-dimensional mesh entities)
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[} Dassi, Fumagalli, Mazzieri, Scotti, Vacca (2022)

[} Wriggers, Junker (2024)

#® Same issue as cG: Non-diagonal mass matrix
(dofs attached to low-dimensional mesh entities)

m Discontinuous Galerkin methods (dG)

[§ Baker (1976)
[} Grote, Schneebeli, Schétzau (2006)
[§ Antonietti, Bonaldi, Mazzieri (2020)

I.1. Motivation

°
[} Wheeler (1978) [J Arnold (1982) ° oo
oo °
oo
v Block-diagonal mass matrix # More dofs than cG . .‘. .’.
v’ Compact stencil (HPC) ® Stabilization: Face-based oo PRRIS
(Minimal value) bl it
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m Strong links between the methods of this family (HHO, HDG, WG, ncVEM)
@ Cockburn, Di Pietro, Ern (2016) @ Lemaire (2021) J
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m Strong links between the methods of this family (HHO, HDG, WG, ncVEM)
@ Cockburn, Di Pietro, Ern (2016) @ Lemaire (2021) J

m Seminal papers: [§ Di Pietro, Ern, Lemaire (2014) [ Di Pietro, Ern (2015)

m Wave propagation: D Burman, Duran, Ern (2022a)

D Burman, Duran, Ern (2022b)
D Ern, Steins (2024)

[@ Ern, Khot (2026)
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I. State of the art I.3. Further insight into HHO

1.3. Further insight into HHO

m Local degrees of freedom: > Cell unknowns: up € Pk/(T) > Face unknowns: ugp € Pk(aT)
EQUAL-ORDER: k' =k (=1) MIXED-ORDER: k' =k+1 (=2)
* o *+—oo *~—¢ *o——oo
< [ ] o ¢ ¢ O o ¢
4 ° s0 0 0 0 L 4 .'. $e'a’e |00 et
L oo * vov v.v * L 2 oo * v.v VOv *
s0 0 |0 09 DA A

* o D *~—¢ *o—oo
e CELL DOFS (DEGREE k') + FACE DOFS (DEGREE k)

~ y
Local HHO unknown: Gr := (ur,usr) € PE := P¥(T) x P*(0T)
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1.3. Further insight into HHO

m Local degrees of freedom: »> Cell unknowns: ur € Pk/(T) > Face unknowns: ugr € P*(9T)
EQUAL-ORDER: k' =k (=1) MIXED-ORDER: k' =k+1 (=2)
* o R * o R
< [ ] o ¢ ¢ O o ¢
4 ° s0 0 0 0 L 4 .'. $e'a’e |00 et
L 4 oo * vov v.v * L 4 eoe v.v VOv *
s0 0 |0 09 DA A
* o sol o0 * o AR
e CELL DOFS (DEGREE k') + FACE DOFS (DEGREE k)
Local HHO unknown: tr = (ur,upr) € Pl := P¥(T) x P*(0T)
m Global degrees of freedom: Uam = (ur,ur) € ]3/\'2 = Pﬁ/ x Pk

» Cell unknowns: uy € Pf,"—/ — >< Pk/(T)

» Face unknowns: ur € PE := X PF(F)
TET

FeF
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I. State of the art I.3. Further insight into HHO

m Algebraic realization for elliptic problem: (kVu, Vw)a = (f,w)a
Kr Krz||Ur | _ |Fr
Krr Kr Ur 0
» Coupling between cell and face unknowns: KrUr = -Kr7Ufr
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m Algebraic realization for elliptic problem: (kVu, Vw)a = (f,w)a
Kr Krz||Ur | _ |Fr
Krr Kr Ur 0
» Coupling between cell and face unknowns: KrUr = -Kr7Ufr

m Static condensation: Elimination of cell unknowns
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I. State of the art I.3. Further insight into HHO

m Design of local operators

> Gradient reconstruction (Vu)p ~ gr(ir) € P*(T): design mimics integration by parts

Yar € P (gr(ir), q)r = (Vur, @) — (ur — uar, @ nT)0T, Vq € P*(T)
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m Design of local operators

> Gradient reconstruction (Vu)p ~ gr(ir) € P*(T): design mimics integration by parts

Yar € P (gr(ir), q)r = (Vur, @) — (ur — uar, @ nT)0T, Vq € P*(T)

> Stabilization operator: Weakly enforces matching of trace of cell dofs with face dofs

8, (ur|or — uor) mixed-order (k' = k + 1): Lehrenfeld-Schéberl (HDG)

Sor(ur) ==
or(@r) {uT|5T —ugr + HOC equal-order (k' = k): Specific to HHO methods

HiGH-ORDER CORRECTION TERMS j
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I. State of the art

m Same advantages as dG with following improvements:
v Tuning-free and cell-based stabilization

v No integration needed on faces for nonlinear problems

» Explicit discretizations:

v Memory cost comparable to dG:
Face dofs represent only a small fraction of the total dofs in the discretization

I.3. Further insight into HHO

» Implicit discretizations:

v Improved convergence rates: |- || g1: O(h*TL) vs. O(R*) & ||-||p2: O(RFFT2) vs. O(RFH)

v Attractive computational costs leveraging static condensation
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» Implicit discretizations:

v Improved convergence rates: |- || g1: O(h*TL) vs. O(R*) & ||-||p2: O(RFFT2) vs. O(RFH)

v Attractive computational costs leveraging static condensation

Hybrid nonconforming methods are a versatile tool allowing both
efficient explicit and implicit discretizations!
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II. Elasto-acoustic coupling
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IT - HHO discretization of wave propagation problems
II.1 Model problem
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I1.3 Runge-Kutta time discretization

II.4 Numerical results
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m Wave equations in first-order formulation in time —» Wide range of efficient time integrators
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11.1. Model problem

m Wave equations in first-order formulation in time —» Wide range of efficient time integrators

» Acoustic wave equation (in Q"): » Elastic wave equation (in ©°):
Q —
P v —Vp=0 C_I(A, #)6[,55 - vsymv =0
1 ;
~Op—Vv=f" Pl — Vs = f°
K

. Unknowns: v velocity, s stress
Unknowns: p pressure, v velocity of

] ] A+2 7
Parameters: pf, kK — cp 1= = Parameters: p°, C —» ¢, := ﬁ, cs = /%
o* P P
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11.1. Model problem

m Wave equations in first-order formulation in time —» Wide range of efficient time integrators

> Acoustic wave equation (in QF):
pP'otv —Vp=0

1 5
—Op = Vo= f"
K

Unknowns: p pressure, v velocity

K
Parameters: pf, kK —» cp = [ —

pF

» Elastic wave equation (in ©°):

C_l()\, [L)a[,S — vsylnv =0
pPov — Vs = f9

Unknowns: v velocity, s stress

3 ] A+2
Parameters: p°, C —» cj := +‘ M, Cs 1= L]
p” /)5

m Coupling conditions (on T' = 802" N 99°):
» Kinematic condition: v - npr = v - np

> Balance of forces per unit surface: $-nr = p nr

g
A

OQF\T — OO\
QF Qs

~
A
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II. Elasto-acoustic coupling

> Acoustic wave equation (in QF):
pP'otv —Vp=0

1 5
—Op = Vo= f"
K

Unknowns: p pressure, v velocity

II.1. Model problem

11.1. Model problem

m Wave equations in first-order formulation in time —» Wide range of efficient time integrators

» Elastic wave equation (in ©°):
C~Y\, )08 — Vsymv = 0
pPov — Vs = f9

Unknowns: v velocity, s stress

. A+2p o
K . s S ._ —
Parameters: p*, k —>» cj 1= |/ — Parameters: p°, C —>» c; := 4| & @y = »
p
‘ y ¢
m Coupling conditions (on T' = 802" N 99°): T
nr
» Kinematic condition: v - npr = v - np OOF\I N AOS\T
> Balance of forces per unit surface: $-nr = p nr OF s
> £
m Initial conditions on (p,v) and (v, s)
m Homogeneous Dirichlet boundary conditions on 92 for simplicity
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II. Elasto-acoustic coupling II.2. HHO space semi-discretization

HHO

m Main idea: Primal variables p
» Local dofs: pr = (pr,par) € P¥'(T) x P*(F)
¢ ©
pF
X 3 .p ®
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II. Elasto-acoustic coupling II.2. HHO space semi-discretization

HHO dG

m Main idea: Primal variables p Dual variables v
» Local dofs: pr = (pr,par) € P¥ (T) x P*(F) vy € PR(T)
L 2 ([ r'S [}
pF
4 00 o0 o0
ApTA L 2 vrT
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II. Elasto-acoustic coupling

HHO

m Main idea: Primal variables p

» Local dofs: pr = (pr,par) € P¥'(T) x P*(F)

V. V.
v v

¢ ©

pF
d [ X J
pr P §

V. V.
v v

= Global dofs: Pa = (p7v,prFr) € Pl

X P(1),

TeTr

prr € Pk/F =

Romain Mottier

PFF € P;C_-p =

HHO methods for the numerical simulation of elasto-acoustic wave propagation

II.2. HHO space semi-discretization

dG

Dual variables v

vr € P*(T)

vre € PH(T)

X PH(T)

TeTT

X Pk(F),

FeFr

v7E € V’;—F =

12/29



II. Elasto-acoustic coupling II.2. HHO space semi-discretization

I1.2. HHO space semi-discretization

m Acoustic weak formulation: Find (v,p): (0,7f) = M" x P" such that, V¢ € (0,T¢),
(Dev(t),7) (prs00) — (Vp(), 7)o = 0
(8¢p(t),q)(%;m) + (v(t),Vg)ar = (fF(t): qQ)ar

» Acoustic wave equation: Find (prg, v7e) : (0,T¢) — Pl x V%, such that, Vt € (0,T%),

(Ovv7+(8), P7v) (ors08) — (g7 (Paer (8)), 777 )r = 0
Oep7e (1), 47%) (1308) + (07 (1), 97 (Grer)) e + sver (Banr (B), Gar) = (f7 (1), g7 )
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I1.2. HHO space semi-discretization

m Acoustic weak formulation: Find (v,p): (0,7f) = M" x P" such that, V¢ € (0,T¢),
(Dev(t),7) (prsar) — (Vp(t),7)ar =0

(8tp(t),q)(%;ﬂ.:) + (v(t), V(Z)QF = (fF(t)7 Q)QF

» Acoustic wave equation: Find (prg, v7e) : (0,T¢) — Pl x V%, such that, Vt € (0,T%),
(Oo7e(t), P7v) (ors08) — (g7 (Par (), 777 )r = 0

Oep7e (1), 47%) (1308) + (07 (1), 97 (Grer)) e + sver (Banr (B), Gar) = (f7 (1), g7 )

m Global operators: > g (Bar (1)), = g7 (BT)

> spr(Pars dmr) = Tr(Sar(pr), Sor(Gr))ar
TET"
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I1.2. HHO space semi-discretization

m Acoustic weak formulation: Find (v,p): (0,7f) = M" x P" such that, V¢ € (0,T¢),
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(Oo7e(t), P7v) (ors08) — (g7 (Par (), 777 )r = 0

Oep7e (1), 47%) (1308) + (07 (1), 97 (Grer)) e + sver (Banr (B), Gar) = (f7 (1), g7 )

m Global operators: > g (Bar (1)), = g7 (BT)

> spr(Pars dmr) = Tr(Sar(pr), Sor(Gr))ar
TET"

m Error analysis [ Mottier, Ern, Khot, Guillot (2025)

i
(@ (hk+ 2 ) on general meshes
[v—v7ellor + lp—prellLg S
r (’)(hk"'l) on simplices with HDG projections
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II. Elasto-acoustic coupling II.2. HHO space semi-discretization

DOFs of the HHO space semi-discretization of the elasto-acoustic coupling problem )

Fluid domain Q'

Cell TeT"

Solid material 2

Cell T° €T

Vo7 Vor?

Solid domain Q°

Romain Mottier HHO methods for the numerical simulation of elasto-acoustic wave propagation 14/29

. @ Scalar dofs

tensor dofs

@9  Vector dofs ’ Symmetric



II. Elasto-acoustic coupling I1.3. Runge—Kutta time integration

Runge-Kutta time integration

m Compact formulation of the space semi-discrete algebraic realization
My 0| d B {FT]
0 O 0

Ur
Ur

Kr Krr
Krr Kr

Ur
Ur

dt

> Cr is trivially block-diagonal

» Kr is block-diagonal under certain conditions
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II. Elasto-acoustic coupling I1.3. Runge—Kutta time integration

Runge-Kutta time integration

m Compact formulation of the space semi-discrete algebraic realization

Mzp 0 i Ur Kr Krr Ur _ |:F7-:|
o o |¥|us Krr Kr Ur 0
> Cr is trivially block-diagonal
» Kr is block-diagonal under certain conditions
m s-stage Runge—Kutta schemes
SDIRK(s, s + 1) : Truncation order: O(A¢*t!) ERK(s) : Truncation order: O(At®)
c1 '™ 0 cen 0 c1 0 .. .. 0
o, c2 | a2 0 e 0
C2 a1 Q% . 0
Cs as1 e As,s—1 A Cs st - ) v
b1 e bs—1 bs b1 bs—1 bs

Romain Mottier HHO methods for the numerical simulation of elasto-acoustic wave propagation 15/29



II. Elasto-acoustic coupling I1.3. Runge—Kutta time integration

IMPLICIT & FULL DISCRETIZATION

oo o o oo
v v v v v.v vV aV
¢ ¢ * 009009 P
¢ ¢ * ¢ 90 o 00
o000 | o0 00
NN |EPNDN A1 S
> A A 4 *e? *e? ‘p]:
4 4 * t00¢9c0s
4 4 ¢ % ecee P eooe ® 0 U
NI EPNDN AN S
o100 oo

m Implicit discretization
> Elimination of the cell unknowns: more than 80% of the system size
> Superconvergence of HHO unknown (k + 2) and classical rates for dG unknowns (k + 1)
» Competitive with respect to explicit methods in term of CPU time [§ Mottier, Ern, Guillot (2026)
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II. Elasto-acoustic coupling

ImpLICIT

I1.3. Runge—Kutta time integration

&+ FULL DISCRETIZATION — 4 EXPLICIT
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m Implicit discretization

> Elimination of the cell unknowns: more than 80% of the system size
> Superconvergence of HHO unknown (k + 2) and classical rates for dG unknowns (k + 1)
» Competitive with respect to explicit methods in term of CPU time [§ Mottier, Ern, Guillot (2026)

m Explicit discretization: dG rewritting

> Elimination of the face unknowns
> Classical convergence rates (k + 1) for HHO and dG unknowns
> dG-like discretization

Romain Mottier
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II. Elasto-acoustic coupling I1.3. Runge—Kutta time integration

m SDIRK(s,s + 1) schemes: For all i € {1, ..., s},

Mz 0 U?i My 0 U77l:1 : F?_ch Kr Krr UZL’J
= + Atz Aij —
0 o JLv o o J[uz] 0 Krr Kz | |U3
Moy + a Atk ax AtK Ut VL
> Each stage can be rewritten as T * T O TF T |7
ax AtKFT a Atk 7 Uy’ S

> Elimination of the cell unknowns: more than 80% of the system size
> Superconvergence of HHO unknown (k + 2) and classical rates for dG unknowns (k + 1)

» Competitive with respect to explicit methods in term of CPU time [J Mottier, Ern, Guillot (2026)
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II. Elasto-acoustic coupling I1.3. Runge—Kutta time integration

m ERK(s) schemes: For all i € {1, ..., s},

My 0 Ur%,i My 0 U;L'—l i—1 F;L:Hc]- Kr Krr U’}‘j
= + Atz Qij -
0 o] U 0 0 ! i=1 0 Krr Kr | [U%
» Face dofs elimination: IC].-U;-L’j = f/C]:TU;’j
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II. Elasto-acoustic coupling I1.3. Runge—Kutta time integration

m ERK(s) schemes: For all i € {1, ..., s},

M 0 Un,i M 0 Un—l i—1 Fn—1+cj- ’CT KT.F Un,j

T 7 = T T + Atz Qij T - T

0 o] U 0 o] U i=1 0 Krr Kr | [U%
» Face dofs elimination: IC].-U;-L’j = f/C]:TU;’j

> Each stage becomes (dG rewriting by static condensation):

i—1
) _ B e ‘
URt = U5 4 ALY iy (MPTFET 4 BrUpY)
=1
with Br := —M;—l (/CT - /CT]:/C}IK:]:T) the condensed system matrix
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II. Elasto-acoustic coupling

m ERK(s) schemes: For all i € {1, ..., s},

M 0 Un,i M 0 Un—l i—1 Fn—1+c]-
T T = T T + Atz (271 T
o o[ |[UF o o[ |UF! i=1 0
» Face dofs elimination: IC].-U;-L‘j = f/C]:TU;’j

> Each stage becomes (dG rewriting by static condensation):

i—1

I1.3. Runge—Kutta time integration

Kr Krz| |UZ

Krr Kz | |UY

URt = U5 4 ALY iy (MPTFET 4 BrUpY)

Jj=1

with Br := —M;—l (/CT - /CT]:/C}IK:]:T) the condensed system matrix

m Fully explicit scheme which handle general meshes with nonconformities

—> mesh generation easier + less small elements

m Remaining small elements require strategies to handle the CFL restriction
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II. Elasto-acoustic coupling

Fully explicit scheme which handle general meshes with nonconformities

v Mesh generation easier & less small elements

® Remaining small elements require strategies to handle the CFL restriction

m LTS-ERK(s) schemes [§ Grote, Mehlin, Mitkova (2015)

» Mesh partition: Spliting DOF's into coarse (step At)
and fine(step AT = At/p) parts

U(t)=(Z—-P)U(t)+PU(®)

uc(t) U (t)

Romain Mottier

coarse

fine

==

HHO methods for the numerical simulation of elasto-acoustic wave propagation
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I1.3. Runge—Kutta time integration
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II. Elasto-acoustic coupling I1.3. Runge—Kutta time integration

m ERK(s) coarse: Approximation of the coarse evolution via Taylor expansion. For all i € {1, ..., s}

i—1
(i) g « BrUF+Y B ¥y, (i) wY <« —Br (Z-P)g¥ + (I - P)M7'Fr
=0 (4)

(i17) wi « —KZ'Krrwh
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II. Elasto-acoustic coupling I1.3. Runge—Kutta time integration

m ERK(s) coarse: Approximation of the coarse evolution via Taylor expansion. For all i € {1, ..., s}
i1
(i) g « BrUF+> BF'FL (i) WP« —Br (Z-P)gl +(Z-P)MF'Fr

=0 (i) (’><— —KF K rr wir

m ERK(s) fine (on substeps): Approximation of fine part + synchronization with coarse part.
For all i € {1, ..., s},

@) v 0% +ek® (i) kP « M7 (7> F— Ky Pyl /CT;Py“))

(ii5) kP — —KF' Krr k)
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II. Elasto-acoustic coupling I1.3. Runge—Kutta time integration

m ERK(s) coarse: Approximation of the coarse evolution via Taylor expansion. For all i € {1, ..., s}
i—1
(i) g « BrUy+ > B FL, (i) WY« —Br (Z-P)gl +(Z-P)MFFr

=0 (i) WS — —KF' Krrwi

m ERK(s) fine (on substeps): Approximation of fine part + synchronization with coarse part.
For all i € {1, ..., s},

) . ) ) it
(@) v U 4k (@) K« M7 (73 F% — K7 Py - ’CTFPY(}Z‘)) +3 v
s=l g j=0 7"

[ - % T; i

(#41) k(F) — K Krr k%—) + Z 4! W

j=0
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II. Elasto-acoustic coupling I1.3. Runge—Kutta time integration

m ERK(s) coarse: Approximation of the coarse evolution via Taylor expansion. For all i € {1, ..., s}
i1
(i) g « By UF+ > By R, (i) wi « —Br (Z-P)gl + (T - P)MFFy

=0 (i) (’><— —KF K rr wir

m ERK(s) fine (on substeps): Approximation of fine part + synchronization with coarse part.
For all i € {1, ..., s},
) . ) ) it
(@) v U 4k (@) K« M7 (73 F% — K7 Py - ’CTFPY(}Z‘)) +3 v
s=l g j=0 7"
[ - % T;
(i) kP « K KrrkP +37 GV

J=0

m Final update (on substeps): 0 Z bk

Romain Mottier HHO methods for the numerical simulation of elasto-acoustic wave propagation 20/29



II. Elasto-acoustic coupling II.4. Numerical results

Numerical results

m Convergence rates on general meshes: I [lag: O(hk“) |+ luro: O(R*F2)

Implicit schemes

10!
107°
L 107
@]
et
o
& 10
i
107 — - lla ~ O
N Il o ~ O(*+2)
S k=1
0" .
—— k=3
—— k=4
2x 1072 5x 1072 107t

h
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m Convergence rates on general meshes: I [lag: O(th) Il - |lamO: O(hkﬂ)
ERK(s) schemes J
107
107
w 1077
S
[
o
g 107
s
109 B [ lag = O(R**")
P |- o & ORF)
" s —— k=1~ 00
107" X
P e k=3O
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II. Elasto-acoustic coupling II.4. Numerical results

m Convergence rates on general meshes: I [lag: O(th) Il - |lamO: O(th)
ERK(s) schemes J LTS-ERK(4) scheme: )
107! i
107
107
1076
1077
e
2
& =
2 10 o (U
a =
[ || - [lrmo & O(R**) -8 )
" s —— k=1~ 00 10
" é ‘
P e k=3O
—— k=4~ O} 100
2% 1072 5x 1072 107 107 2x1072  4x107?
h h
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II. Elasto-acoustic coupling II.4. Numerical results

Stability of the LTS-ERK(4) scheme

m Principle: One LTS-RK4 time-step is linear and U?H =CU%T with C the amplification matrix
m Construction: Apply LTS-RK(4) to each vector e; of the canonical basis

At? At? At
— C built column by column (instead of using C = Z + At By + —B2 + —BB + TB )
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m Principle: One LTS-RK4 time-step is linear and U?H =CU%T with C the amplification matrix

m Construction: Apply LTS-RK(4) to each vector e; of the canonical basis

At? At? At
— C built column by column (instead of using C = Z + At By + —BZ + —BB + TB )

m Procedure: For each refinement level, find the largest stable At (i.e. p(C) < 1)
for both RK4 & LTS-RK4
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II. Elasto-acoustic coupling II.4. Numerical results

Stability of the LTS-ERK(4) scheme

m Principle: One LTS-RK4 time-step is linear and U?H =CU%T with C the amplification matrix

m Construction: Apply LTS-RK(4) to each vector e; of the canonical basis
3
— C built column by column (instead of using C = Z + At By + A—BZ + A—tBS + %B )

m Procedure: For each refinement level, find the largest stable At (i.e. p(C) < 1)
for both RK4 & LTS-RK4

0.0600 gy 1y
0.0500 === 0043
0.0400

“/% 0.0300
0.0200
0.0100
00000 0.00694 0.05556

Standard RK4: At halved at each refinement (as expected, At = O(h))
LTS-RK4: At remains constant, thanks to the local time-step A7 J
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II. Elasto-acoustic coupling II.4. Numerical results

Propagation of a Ricker wavelet in a bilayered domain

m Test case setting
2
> wo(z,y) = fexp (— WQ%) (@ —2e,y — ye)T

> Fluid subdomain: Water
> Solid subdomain: Hardrock (Granite)
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II. Elasto-acoustic coupling II.4. Numerical results

Propagation of a Ricker wavelet in a bilayered domain

m Test case setting
2
> vo(z,y) = Oexp (f WQ%) (z — e,y — ye)T

» Fluid subdomain: Water
» Solid subdomain: Hardrock (Granite)

HEAD (CONICAL)
WAVES

DIRECT AND REFLECTED
ACOUSTIC WAVES

SCHOLTE WAVE RAYLEIGH WAVE

TRANSMITTED P-WAVE S-WAVE
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II. Elasto-acoustic coupling II.4. Numerical results

m Comparison to semi-analytical solution (Garémore) [J Diaz, Ezziani (2008)

100

—100

k=1
QF g 300 N
. = ke
S 20| — k-4
° 4 Gantvons
[ ] = FARGMORE
_ SR
> o)
1 =
S B 0
]
=)
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9]
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—200
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II. Elasto-acoustic coupling II.4. Numerical results

m Comparison to semi-analytical solution (Garémore) [J Diaz, Ezziani (2008)

100

k=1
QF o 300
e — k=3
F &
) 2 | — k=4
° ° g GARGMORE
- o 100
e °]
1 =
Ss S ; 0
=3
® g S —100
Q .
—200

0.00 0.05 0.10 015 020 025 030 035 040

TIME
m Efficiency study: Fair comparison (for 3D perspective)

> Implicit schemes with iterative (BiCG) solver (with ILU preconditioner)
» Explicit schemes (without LTS) with time step just below stability limit
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II. Elasto-acoustic coupling II.4. Numerical results

m Comparison to semi-analytical solution (Garémore) [J Diaz, Ezziani (2008)

100
k=1
QF o 300
S* £ — k=3
@2 2000 — k=4
° ° g GARGMORE
- o 100
°]
S5 S! E 0
=3
L4 g 8 —100
Q .
—200

0.00 0.05 010 015 020 025 030 035 040
TIME
m Efficiency study: Fair comparison (for 3D perspective)

> Implicit schemes with iterative (BiCG) solver (with ILU preconditioner)
» Explicit schemes (without LTS) with time step just below stability limit

SCHEMES SowLvERr | CFL* ct% Ratio | CPU [s] RaTIO ERr
» Implicit time steps: -
alnI:ost 7 larggr SDIRK(3.4) =2 | divect | nja | 04 690 1125 1 3.15¢-02
S 0414  6.90 2284 2.03 | 2.52¢-02
» Implicit schemes: k=2 0414  6.90 2228 1.98 | 3.91e-02
DIRK(3,4 iterati

%eg{?ise by 25% SDIRK(3,4) 4 | iterative | m/a [0 g 4216 3.75 | 3.11e-02
ime mRK) P2 | wa 0.138 | 0.095 1.36 1533 127 | 2.0le2
k=3 ¢ 0.087 | 0.060 1 5664 503 | 1.90e-2
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II. Elasto-acoustic coupling II.4. Numerical results

Propagation of a Ricker wavelet in a sedimentary basin

m Test case setting: typical geometry difficult to mesh in 3D

MATERIAL P[] LA ] ][]
ATMOSPHERE 1.225 343 n/a
SEDIMENTS 1300 1600 900
BEDROCK 2570 5350 3009

2
vo(z,y) == Oexp (— 7_) (@ — ey — o)
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II. Elasto-acoustic coupling II.4. Numerical results

Mixed meshes

m Elasto-acoustic coupling challenges:

» Difficulties in meshing the geometry of interest

Nonconforming meshes
with hanging nodes
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II. Elasto-acoustic coupling II.4. Numerical results

Mixed meshes

m Elasto-acoustic coupling challenges:
» Difficulties in meshing the geometry of interest

» Large contrast in wave speeds:

cp L cp = AT N

= 5 interpolation nodes per wavelenght

Acoustic subdomains need finner meshes
Nonconforming meshes
with hanging nodes

m Interest of our approach:

> Each subdomain can be meshed independently
with different mesh shapes

> Local time stepping used in the acoustic
subdomain & i the fine cells of the solid region
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m Comparison with a reference spectral solver
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II. Elasto-acoustic coupling II.4. Numerical results

m Comparison with a reference spectral solver

150
— 7
g 0f =——
S =

_ | == TANGLES “ONFORMING \/ —— TRIANGLES = NONCONFORMING
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— Mixip / —200| — Mnxep
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t s t [
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. ——

Romain Mottier HHO methods for the numerical simulation of elasto-acoustic wave propagation 28/29



II. Elasto-acoustic coupling II.4. Numerical results

m Conclusion: We developed a nonconforming hybrid method (HHO) which,

> handle general meshes
> have efficient explicit and implicit discretizations
> have a LTS strategy for fully explicit discretizations.
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> Adaptive mesh refinement strategies combined with LTS-ERK schemes
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II. Elasto-acoustic coupling II.4. Numerical results

m Conclusion: We developed a nonconforming hybrid method (HHO) which,

> handle general meshes
> have efficient explicit and implicit discretizations
> have a LTS strategy for fully explicit discretizations.

m Future work:
> Locally implicit time integration

> Adaptive mesh refinement strategies combined with LTS-ERK schemes

THANK YOU FOR YOUR
ATTENTION!
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II. Elasto-acoustic coupling II.4. Numerical results

100 500
—6—dG (2D) —6—dG (3D)

90 [ |~ & — HHO (2D, SC) 450 [ |- 8 — HHO (3D, SC)

80 400
= 70 + 350
= 1
£ £
s 60 b 300
o o
5 50 o 250
a a
2 40 £ 200
5 5 _n
O 30 O 150 .a

,B
20 a-a-0 100 2
. -3
10 a-8-% 50 -8
a- =
0 o
0 2 4 6 8 10 12 0 2 4 6 8 10 12
Polynomial degree k Polynomial degree k

2D; Triangle 3D; Tetrahedron

%(k+1)(k+2) dG é(k+1)(k-+2)(k-+3) dG
%(k+1) HHO (k+1)(k+2) HHO

After static condensation, HHO has dramatically fewer DoFs than dG for high-order approximations!
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m Approximation spaces

P = {pe H'(Q) :ploonr =0}, M":=L*Q")
Ve = {'v e HI(QS) S vlgonr = 0}, $° .= ]Lgym(Qs)



II.4. Numerical results

II. Elasto-acoustic coupling
m Approximation spaces

P i={pe H'(Q") : ploor =0}, M":=L*Q")

V= {'u S Hl(QS) tV|pos\r = 0} , $° = I[,fym(Qs)

m Weak formulation: Find (v,p): (0,7t) = M" x P" and (s,v) : (0,T;) — $° x V*® such that, V¢ € (0,T%),

> Acoustic wave equations: V(r,q) € M" x P",

(at’U(t),'I")pu;le - (Vp(t)7 T)Q"' =0
@ep(t),@) 1,00 + (v(1), Va)or + (v(1) - mr, @)r = (1 (1), @)or
» Elastic wave equations: V(b,w) € $° x V3,
(0(t), D) g-1,05 — (Vsymv(t),b)os =0,

(Opv (1), w) s, 0 + (8(1), Vsymw) s — (p()nr, w)r = (£7(1), w)as.

> Skew-symmetry of differential operators

» Coupling conditions weakly imposed
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II. Elasto-acoustic coupling II.4. Numerical results

IT1.4. Numerical results

m Implicit discretization

> k' = k+ 1 (mixed-order discretization)
—> More unknowns but removed by static condensation

— More efficient than equal-order with specific HHO stabilization

> Expected results: superconvergence of the primal variable

Romain Mottier HHO methods for the numerical simulation of elasto-acoustic wave propagation 29/29



II. Elasto-acoustic coupling II.4. Numerical results

IT1.4. Numerical results

m Implicit discretization

> k' = k+ 1 (mixed-order discretization)
—> More unknowns but removed by static condensation

— More efficient than equal-order with specific HHO stabilization

> Expected results: superconvergence of the primal variable

m Explicit discretization

> k' =k (equal-order discretization) —» Less degrees of freedom

> Nonstandard stabilization:
1. Plain Least-Squares —» Ensure block-diagonal structure
2. O(1)-stabilization —» Classical CFL condition: At = O(h)

> Expected results: classical convergence rates and CFL condition
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II. Elasto-acoustic coupling

m Influence of cell geometry

II.4. Numerical results

s=2 s=3 s=4
MESHES A O @] A O @] A O @]
R CFL* 0.191 0.205 0.264 | 0.238 0.253 0.329 | 0.265 0.282 0.363
RaTIio 1 1.07 1.38 1 1.06 1.38 1 1.06 1.37
k- 9 CFL* | 0.106 0.099 0.136 | 0.133 0.123 0.170 | 0.147 0.138 0.188
RATIO 1 0.93 1.28 1 0.92 1.28 1 0.94 1.28
- CFL* | 0.072 0.063 0.082 | 0.090 0.079 0.102 | 0.100 0.087 0.115
RATIO 1 0.88 1.13 1 0.88 1.13 1 0.87 1.15

» CFL* mildly sensitive to mesh geometry
» CFL improvement for meshes with higher face counts if k = 1

> Less pronounced improvement for k > 2
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II. Elasto-acoustic coupling II.4. Numerical results

m Space semi-discrete algebraic realization

o ~ - -

o0 0 0 100 My ] 0 G 0 0 Grre 0 J[Mr] [ o]
0 M; 0 0 0 0 Pre —G I 0 0 Sppe 0 Pr Fr
0 0 ME o o o0|d]5m 0 0 0 Hr 0 Hpp || s 0
Ts R a \/777) + 0 0 — H;rb Z’rb 0 ZTS FS \/YT‘ - F'Ts
s I RS I R R B o L I

0 0 0 0 100 A 0 0 Wit ctoon ,
L 0 0 0 0 0 0] _\/}‘~_ L T Mlsps Spspsi —Lgr FS ] _\/}-»_ L 0 ]
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II. Elasto-acoustic coupling II.4. Numerical results

m Space semi-discrete algebraic realization

o . - ~ -

M0 0 0 :0 0 My ] 0 Grr 0 0 Grepe 0 (M1 T 0 |
o ME o0 0 oo Pre G S 0 0 Zpe 0 || Pl |Fe
i - d Ss 0 0 0 ’HTS 0 HTS}'S S~ | | n°
0 0 ME" 0 00— [+ ; 7|0
0 0 OT M0 0 de| Vi ! E =l A el I\ Frs
00 s i N [ [y I e
T 1:).7:P _gTF]:F E'ITF}—F 0 .0 Z]:F C]:F P]:r O
0 0 0 0 :0 0 Ve 0 0 *'HT N 51 S 7C7L s v 0
L 0 0 0 0 0 04 LY/ L TSFS ZTSF Fl 1 LVF L i
My 0
m Compact formulation: T dg Ur + Kr Krr || Ur| {FT}
o o |9 |Ur Krr Kr | |Ur 0
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II. Elasto-acoustic coupling II.4. Numerical results

m Space semi-discrete algebraic realization

o . ~ ~ -

0 0 0 00 My ] 0 Gn 0 0 Gre 0 1[MnT T o]
1 e F

0 Mg 0 0 00 Pr %ﬁ EOTF 8 Ho ZTSF HU- | pf Fre

0 0 ./\/t(E:71 0 0 0 g ST\ + ; TS TSFS ST* _ 0

0 0 OT MEL0 0 de| Vi 0 0 ZHp o 0 Ere || ve Frs

e Pre _gTTFfF D L 0  Xp  Cyr Py 0
L 0 O 0 0 0 0 B L Val ] L TSFS ~TSFs FI F 11 7 | L |

M4+ 0
m Compact formulation: T di Ur n K+ Krr Ur _ I:FT:|
0 0 t Ur Krr Kr Ur 0

> K7 is trivially block-diagonal

¢ Local blocks of size dim(P* (T)) + dim(P*(T)) or dim(P* (T)) + dim(P* (T))

» Key question: Is r block-diagonal ? (Important for explicit schemes)
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II. Elasto-acoustic coupling II.4. Numerical results

m Structure of KCx:

ZJ_‘OF 0 0 O

Sre Cpr 0 Xgos 0 0
—C].—r Y Fs - 0 0 E].—F C]:F
0 0 —Crr Ypr

» Y zr and X zs block-diagonal only for Lehrenfeld—Schoberl and Least-squares stabilizations

Sor(pr) = %+ (prlor — por) mixed-order: Lehrenfeld—Schéberl (HDG)
oy prlor — par + P“C equal-order: Plain Least-squares
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II. Elasto-acoustic coupling II.4. Numerical results

m Structure of KCx: S Ser Cer Lol 0 0 ]
’ L 1t ;
Y For 0 0 0 7CF1F EFIF § 0 §

Ths o B Shw O @ |f | | —
K = = L

~Crr Eps 0 01 Ypr Crr SR N
' ; ;

b U0 e 2en {0 Xgr Cpp

Lo 0oy iy

» Y zr and X zs block-diagonal only for Lehrenfeld—Schoberl and Least-squares stabilizations

S (1) &, (prlar — Por) mixed-order: Lehrenfeld—Schéberl (HDG)
G =
T prlor — par + P“C equal-order: Plain Least-squares

» Coupling terms at interface: grouping acoustic and elastic dofs of each face

—>» IC+ is block diagonal J
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II. Elasto-acoustic coupling II.4. Numerical results

m SDIRK(s, s+ 1) schemes: For all i € {1, ..., s},

My 0 | | U7 My o0 | |UF! : e Kr Krz || U3

| = + ALY ai - |

0o o ||Uy 0o o ||Ux!t =1 0 Krr Kz | | U
My + a AKT an ALK Uy B!
» Each stage can be rewritten as T - T T T = T
ax AtK 7 A At E upey B
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II. Elasto-acoustic coupling II.4. Numerical results

m SDIRK(s, s + 1) schemes: For all ¢ € {1, ..., s},

My 0 | |UF My o | U : Fho it Kr Krz| |U3

| = + ALY ay - |

0o o ||Uy 0o o ||Ux!t =1 0 Krr Kz | | U
My + a AKT an ALK Uy B!
» Each stage can be rewritten as T - T T T = T
ax AtK 7 A At E upey B

m Usual static condensation: Cell dofs elimination
> Global system coupling only face dofs

> Cheap local postprocessing to recover cell dofs
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II. Elasto-acoustic coupling I1.4.
m ERK(s) schemes: For all i € {1, ..., s},
My o0 | U7 My 0| VT +Ati_zl ai; B | K Krs
0 o] [U¥ 0o o[ [UF! 7=t 0 Krr Kr
m Static condensation:
» Face dofs elimination: IC].-U?_-’j = —IC]:TU?]'

Numerical results

n.j
U7

n,j
U]:
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II. Elasto-acoustic coupling II.4. Numerical results

m ERK(s) schemes: For all i € {1, ..., s},

,/\/l 0 Un,i M 0 Un—l i—1 Fn71+c]- ,CT ICT]-‘ U”h]‘
T T T T T Atz aij T T
j=1

o o | |U¥ o o | |Uxt 0 Krr Kz | |UR

m Static condensation:

> Face dofs elimination: KrUR’ = —IC]:TU?]'

> Each stage becomes (dG rewriting by static condensation):

=1l
MpUR' = MpUT! + ALY ay (F;_ch - (’CT - ’CTf/C}lleT> U?’j)
J=1
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II. Elasto-acoustic coupling II.4. Numerical results

e e e At
m Impact of stabilization on CFL stability limit: - < CFL* (s, k,n",n%)
» Weighted O(1)-stabilization with n"/% := 2™ with m € [-3, 3]
~ ~ ~ L F ~ ~ ~ ~ N s .~ N
S (Baars Gaar) =0 s par Baars Gaar)s Sas (D aas, Wars) 1= 178 pas (D s, Wpas)
PurcLy AcousTic CASE PURELY ELASTICITY CASE
0.3 e
¢ k-2 02 ¢ k-2
02 N ¢ k=3 ¢ k=3
01 + ¢
01 ¢ ¢+ .
. ¢ L 006 + [}
= 06 = 3
e ¢ & .
|®] + ¢ Uuns
¢ ¢
¢ ¢
0.03 Iy .
¢ ¢ ¢
3 ¢
+
¢ )
278 272 2 2 2t 22 2 278 272 2t 2 2t 22 2
" Ui
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II. Elasto-acoustic coupling II.4. Numerical results
o1s . o1s o . At * f s
m Impact of stabilization on CFL stability limit: - < CFL"(s,k,n",n°)
» Weighted O(1)-stabilization with n"/% := 2™ with m € [-3, 3]

Spar(Baar, Gaar) = 0" s e (Baae s Ganr), Sas (D s, Wars) = 178 pas (D s, W ass)

PurcLy AcousTic CASE PURELY ELASTICITY CASE
0.3
0.3
¢ k-2 0.2 ¢ k-2
0.2 3 =
0 . 4 k=3 ¢ k=3
01 + ¢
01 ¢ ¢+ .
. ¢ L 006 + S
o = ¢+
e ¢ & .
O ¢ ¢ <,
0.03 'y .
0.03 ’ ¢
' + ¢
L] + I
+ ¢
+
+ ¢
2 22 2 2 2! 2 2 23 22 9L 2 9t 22 93
" n

» Evolution of CFL* as min(n,1/n) —» Optimal CFL for n* ~ 1~ n°

» nf/s > 1~ O(%)-stabilization — degrades CFL
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